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7^  H E want  of  fyftematic  treatifes  on  mechanics  and  hydro- 
ftatics  hath  long  been  confidered  as  equally  troublefome  to 
the  tutor,  and  difcouraging  to  his  pupils,  and  firft  induced  a defirc  to 
facilitate  the  attainment  of  thefe  branches  of  fcience  by  a collection, 
and  methodical  arrangement,  of  their  fcattered  parts.  The  prefent 
coincides,  very  nearly,  with  the  propofitions,  or  heads  of  IcCtures, 
upon  this  fubjeCt,  adopted  by  the  generality  of  tutors  in  the  univer- 
fity,  and  is  recommended  by  an  obvious  connexion  and  regular  order 
of  dependancy.  In  all  natural  fcience,  the  analytic  method  of  rea- 
foning  neceffarily  precedes  the  fynthetic,  and  the  converfe  of  this 
order  would  terminate  in  uncertainty  and  chimera.  The  exiftence 
and  delineation  of  thofe  properties  of  matter,  which  are  conceived 
to  generate  the  phenomena  of  preffiire  and  motion,  are  therefore 
concifely  and  generally  premifed  in  the  firft  fix  chapters,  and  fup- 
ply-data,  derived  from  experience  and  uncontroveited  f aC i s,  toi 
fynthetic  demonftrations.  The  general  propeitics  of  motion  aie 
ddicribed  in  the  chapter  upon  folidity,  becaufe  the  cleared  con- 
ceptions of  motion  are  derived  from  impulfe,  which  arifes  from 

itroduced  in  the  chapter 
are  infeparably  connected 

with 


folidity ; and  the  laws  of  motion  are  i: 
upon  the  inertia  o?  matter,  becaufe  they 
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with  it.  The  compofition  and  refolution  of  forces  are  immedi- 
ately fubfequent ; hecaufe  every  propofition  upon  this  fubjeCt  is 
deducible  from  the  fecond  law  of  motion,  and  may  be  efteemed 
a corollary  to  it.  The  connexion  of  the  other  parts  of  the  trea- 
tile  is,  I truft,  equally  natural  and  obvious.  To  have  diverted 
this  elementary  branch  of  philofophy  of  that  dry,  uninviting 
afpecV,  lb  frequently  and  feelingly  lamented  by  the  young  pupil, 
was  certainly  moft  deniable ; but  the  fame  complaint  is  applica- 
ble to  the  elements  of  all  fcience,  and  could  not,  I believe,  be  re- 
moved without  an  entire  change  of  the  formality  of  precife  de- 
finitions and  propofitions  into  a more  undefined  and  lefs  fcientific 
form  of  compofition,  nor  conlequently  without  facrificing  real 
advantage  to  lefs  material  amufement.  The  following  perform- 
ance, therefore, . claims  little  more  than  the  inferior  merit  of  faci- 
litating the  progrels  of  the  ftudent  by  a feleCtion,  from  the  works 
of  others,  which  may  fuperfe.de  the  neceflity  of  applying  to  a mul- 
titude of  books,  and  an  arrangement  coinciding  with  his  leisures. 
The  whole  is  written  in,  the  fame  language  for  the  fake  of  uni- 
formity; demonftrations  are  dilated  or  contracted  as  was  deemed 
expedient ; and  fometimes,  though  as  feldom  as  poflible,  new  proofs 
are  given.  It  is  no  eafy  talk  to  compofe.  a fyftem  equally  accom- 
modated to  every  defcription  of  underftandings,  and  1 dare  not 
hope  to  have  accomplilhed,  it : for  the  benefit  of  thofe,  who  may 
be  dilfatisfied  with  the  difcufiion  of  any  fubjeCl  here,  accurate  re- 
ferences to  the  page  or  chapter  of  the  beft  writers  where  it  is 
treated,  are  always  inferted.  To  be  of  fervice  to  the  ignorant  and- 
uninformed  was  the  chief  motive  for  undertaking  this  woik,  and 
the  foie  objeCt  of  attention  in  the  execution  of  it:  this  laft  con- 
lideration  may  ferve  to  obviate  fome  objections,  which  naturally 
will  occur  to  more  enlightened  readers  already  converfant  with 
the  fubject.  Left  I appear  to  prefume  upon  the  experience  that 
may  be  fuppofed  to  attend  my  fituation,  I beg  leave  to  explain 

my- 
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myfelf.  When  feveral  demonftrations  of  the  fame  propofition  are 
exhibited,  let  it  not  be  inferred  that  one  was  deemed  inefficient 
to  eftablifh  its  truth  and  required  an  auxiliary:  when  any  im- 
portant fubjeCt  is  treated  with  prolixity,  and  extended  beyond  the 
limits  ufually  preferred  to  an  elementary  treatife,  let  it  not  be 
attributed  to  negligence  or  inadvertency:  they  are  both  the  effects 
of  defign,  and  I am  warranted,  by  my  own  experience  at  leaft,  to 
affert  their  utility.  It  muff  be  remembered,  that  clear  and  ade- 
quate ideas  upon  a new  fubjeCl  are  not  communicated  by  a tran- 
fient  impreffion,  and  that  the  capacity  and  comprehenfion  of  an 
uninformed  mind  are  only  expanded  and  improved  by  repeated 
exertions  and  affiduitv.  Science  implies  fomething  more  than  a 
mere  ability  to  go  through  a demonftration ; and  a clear  compre- 
henfive  knowledge  of  a queftion,  which  may  be  competent  for  the 
folution  of  problems  and  diffipation  of  doubts  and  objections,  is 
perhaps  only  to  be  attained  by  long  reflection,  and  ffudioufly  con- 
templating it  on  every  fide;  and  thefe  are  certainly  much  a (lifted 
by  different  demonftrations,  which  place  the  fubjecl  in  different 
points  of  view,  and  by  tracing  its  affinity  with  other  truths  fimi- 
lar  to,  or  deducible  from,  it.  A fingle  demonftration  may  eafily 
be  too  long,  and  too  anxious  a defire  to  be  perfpicuous  may  occa- 
iion  perplexity  and  confufion  ; but  it  is  not  eafy  to  give  too  many 
demonftrations  of  a fundamental  propofition,  or  too  many  pro- 
blems and  corollaries  refulting  from  it.  This  fpecies  of  prolixity 
appears  to  me  to  be  extiemely  ufeful,  as  it  may,  at  leaft,  teach  a 
young  ftudent  the  art  of  thinking,  an  art  which  can  only  be  ac- 
quired,  and  is  found  indeed  to  be  no  eafy  acquifition.  For  thefe 
reafons,  the  reader  will  obferve  feme  leading  fubjecls  extended  be- 
yond the  bounds  abfolutely  neceflary,  and  fome  parts  will  appa- 
rently be  fuperfluous:  I (hall  hold  him  juftified  in  thinking  fo, 
•when  he  (hall  be  fo  informed  on  the  fubjeft  as  to  pronounce  them 
ufelels  to  him. 
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I cannot  conclude  this  preface  without  expreffing  my  fincere 
thanks  to  Mr.  Fifher  and  Mr. Vince,  of  Caius  College;  to  the  firft 
for  his  general  theorem  of  the  wedge;  to  the  latter  for  his  friendly 
revifion  of  the  whole  work.  Had  I confulted  thefe  friends  more 
frequently,  many  errors  and  imperfedtions,  for  I believe  there  are 
many,  might  poflibly  have  been  avoided.  My  thanks  are  alio 
juftly  due  to  thofe  gentlemen  who  have  kindly  honoured  this  un- 
dertaking with  their  approbation  and  fupport,  and  I willingly  em- 
brace this  public  opportunity  of  acknowledging  my  obligation* 
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INTRODUCTION 

TO  THE  STUDY  OF 

NATURAL  PHILOSOPHY. 


lVTATURAL  phenomena,  in  the  wideft  acceptation  of  the 
terms,  denote  any  effects  in  the  material  part  of  the  crea- 
tion addreffed  to  one  or  more  of  the  fenfes  ; and  natural  philofo- 
phy  is  the  hiftory  of  thefe  phenomena,  and  an  inveftigation  of  the 
caufes  employed  in  their  production.  A phenomenon  may  itfelf 
be  a natural  caufe  productive  of  numberlefs  effects,  and  each  of 
thefe  may  alfo  be  a caufe  of  others,  &c.;  for,  of  that  infinite 
variety  of  events  obfervable  in  the  material  world,  none  are  in- 
duced per  faltum,  but  effect  is  dependent  upon  effect  in  contiguous 
fucceffion.  As  matter  is  totally  inactive,  and  incapable  of  com- 
municating motion  to  itfelf,  all  its  motions,  and  powers  of  pro- 
ducing a change  of  motion,  in  the  various  operations  of  nature, 
are  derivative:  but  the  inftruments  immediately  directing  the 
movements  of  the  feveral  parts  of  the  fyftem  elude  the  inquifition 
of  human  ability,  and  whether  any  inexplicable  effect  be  owing  to 
the  Creator’s  immediate  fiat,  or  fome  fecondary  material  power, 
cannot  be  known;  for  the  action  of  a pure  fpirit  upon  matter  can- 
not be  comnrehended : but  many  fubordinate  inftruments  in  the  go- 
vernment of  nature  are  confpicuous,  matter  being  imprefl'ed  by  its 
great  Creator  with  feveral  attributes,  which  appear,  and  are  conceived 
by  fome  philofophers,  to  refide  in  it,  minifterial  to  the  continuance 
of  exiftence  and  prefervation.  The  rules  by  which  thefe  attributes 
are  directed  in  their  operations,  are  called  natural  principles  or 
laws,  becaufe  in  fimilar  circumftances,  they  are  invariably  the  fame; 
and  the  attributes  themfelves  are  generally  called  powers  or  forces, 
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from  the  fimilitude  of  their  effects  to  thofe  produced  by  animal 
exertions  : fuch  are  gravity,  cohefion,  elafticity,  magnetifm,  elec- 
tricity. The  uniform  and  regular  action  and  utility  of  fome  of 
thefe  natural  powers  are  very  obfervable;  but  the  laft  powers 
feem  to  be  (till  in  a Rate  of  analyfis,  and  the  laws,  by  which  their 
influence  is  directed,  very  imperfectly  afcertained.  The  attraction 
of  cohefion,  or  of  that  power  by  whofe  influence  the  minute  par- 
ticles of  matter  tend  to  each  other  at  fmall  diftances,  is  the  cement 
which  prevents  the  difperfion  of  the  component  parts  of  matter, 
and,  as  far  as  we  are  competent  to  decide,  adminifters  to  the 
growth  of  bodies  in  the  animal,  vegetable,  and  roflil  kingdoms. 
The  figures  and  motions  of  the  great  bodies  compofing  the  fo- 
lar  fyftem  are  preferved  by  an  uninterrupted  exertion  of  the  at- 
traction of  gravity.  Nor  is  the  oppofite  quality  of  elafticity  or  re- 
pulfion  lefs  regular  or  important.  The  particles  of  air  are  endued 
with  this  re  pul  live  power  which  is  eflential  to  the  prefervation  of 
all  bodies  contiguous  to  it,  and  a diminution  of  it  would  propor- 
tionably  diminifh  its  falutary  influence,  rendering  it  noxious 
to  animal  and  vegetable  life  3 and  many  hard  bodies  are  obvi- 
o wily  pofleffed  of  this  quality  probably  to  preferve  their  fpecific 
nature  by  protecting  their  conftituent  particles  from  the  effects 
of  attrition,  &c.  The  operations  of  other  attributes  of  mat- 
ter, however  defultory  and  accidental  apparently,  are,  upon  the 
fulled  information,  difcovered  to  be  retrained  within  prefcribed 
limits,  whofe  obfervance  is  productive  of  harmony,  and  violation 
of  diforder.  Plants  and  animals  are  always  produced  from  their 
proper  feed ; the  reflection  and  refraCtion  of  light  are  effeted  ac- 
cording to  inviolate  laws  $ matter,  by  its  vis  inertiae,  refills  the 
aclion  of  any  material  power,  and  when  in  motion  moves,  accord- 
ing to  determinate  rules,  &c*  To  defcribe  the  various  phenomena 
exhibited  in  the  production  and  change  of  motion  in  the  material 
world,  whether  explicable  or  not,  promifcuoufly,  is  the  bufmefs  of 
the  natural  hiftorian;  and  to  felect  thofe  which  are  explicable,  and 
inveftigate  the  fecondary  powers,  or  qualities,  conceived  to  be  refi- 
dent  in  matter,  by  whofe  inftrumentality  they  appear  to  be  effected, 
is  the  province  and  proper  occupation  of  the  natural  philofopher. 

2,  The 
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2.  The  historical  part  of  philofophy,  or  defeription  of  natural 
phenomena,  is  immediately  tranferibed  from  the  works  of  nature; 
and,  from  the  inadequacy  of  our  ideas  of  matter,  an  inveftigation 
of  the  fecondary  material  powers  producing  them  mult  be  derived 
from  the  fame  fource.  Some  phenomena  being  obferved  to  be 
invariably  coexiftent  or  fucceflive,  a connexion  is  underftood,  or 
prefumed,  to  obtain  between  them  ; and,  the  object  of  philofophy 
being  an  evolution  of  this  connexion,  the  works  of  nature  where 
only  it  is  difcoverable,  muft  be  attentively  explored,  the  relation 
noted,  and  extended,  by  a cautious  {election  of  all  the  circumftances 
of  fimilitude  in  other  phenomena,  to  a common  principle  or  law 
of  nature.  The  following  procefs  is  therefore  adopted  by  the  bell 
philofophers,  and  is  the  only  certain  method  of  philosophizing. 

Ftrjl,  By  repeated  and  accurate  obfervations  upon  matter,  or 
upon  fome  general  fimilar  phenomena  in  the  material  world,  the 
exigence  and  qualities  of  any  individual  caufc  are  demonftrated  from 
the  phenomena  evidently  and  invariably  attached  to  it;  the  caufe 
of  this  caufe,  and  the  caufe  of  this  laft,  See.  and  the  effects  fuccef- 
fively  more  fubordinate  and  particular  refulting  from  the  phe- 
nomena, confidered  as  mechanical  caufes,  are  then  inveftigat- 
ed  by  again  exploring  the  works  of  nature,  and  this  procefs 
is  repeated  to  the  limit  of  human  ability.  How  far  the  chain  of 
thefe  fecondary  material  powers,  either  progreffive  or  regreiiive, 
from  thofe  that  are  more  general  to  their  fubordinate  effects,  and 
vice  verfa,  is  extended,  is  undifcoverable;  but  the  philofopher’s  re- 
fearches  are  foon  limited  by  the  occurrence  of  bodies  inconceivably 
minute,  or  removed  to  itnmeaf arable  diftances.  An  examination 
of  the  few  powers  that  are  known  is,  however,  a rational  and  not 
unprofitable  employment;  for  they  exhibit  proofs  of  unbounded 
power,  confummate  wifdom,  and  paternal  benevolence  in  the  gieat 
Creator;  and  by  their  connexion  with  many  uieiul  aits,  aie  made 
fubfervient  to  the  wants  and  infirmities  of  his  creatines.  S 'condly. 
The  mtenfity  at  a given  diftance,  and  law  of  variation  at  different 
diftances,  of  any  material  power  being  aicertained  by  the  menfii- 
ration  of  its  effects,  it  is  alfumed  as  a principle,  and  from  its  in- 
fluence, all  fimilar  phenomena  are  demonftrated  to  refult  by 
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mathematical  or  other  fcientific  methods  of  reafoning.  For  many 
effects  are,  upon  examination,  found  to  bear  fcrong  marks  of 
iimilitude,  which  to  a negligent  obfervcr  exhibit  no  likenefs;  and, 
tbefe  being  diverted  of  all  adventitious  particularities,  and  ranged 
under  the  fame  caufe,  a few  principles  are  difcovered  to  pervade 
the  whole  fyftem  of  matter,  producing  innumerable  phenomena. 
The  flirt  of  thefe  is  called  the  analytic,  and  the  fecond  the  fyn- 
thetic  method  of  philofophizing. 

3.  Examples  illuftrating  the  analytic  method  of  reafoning. 

Ex  amp.  I.  The  fpherical  figure  of  the  earth  proved  ana- 
lytically. 

PHENOMENA. 

Phenom.  L The  altitude  of  either  pole  of  the  equator  is  al- 
ways equal  to  the  latitude  of  the  obferver. 

Phenom.  II.  In  an  eclipfe  of  the  moon  a flection  of  the 
earth’s  fiiadow  is  always  terminated  by  a circular  arc. 

Many  other  phenomena  might  be  adduced  in  proof  of  the  glo- 
bular figure  of  the  earth,  but  it  is  eftabliihed  by  thefe,  becaufe  no 
other  afford  a folution  of  them.  This  figure  was  imp  ref  fed  at  the 
original  formation  of  the  earth,  and  is  preferved  by  an  unremitted 
exertion  of  the  attraction  of  gravity  ; and  here  the  analyfis  ter- 
minates, the  caufe  of  gravity  being  undifcovered. 


4.  Examp.  II. 
analytically. 


The  diurnal  revolution  of  the  earth  proved 
PHENQMEN  A. 


Phenom.  L The  fun  and  moft  of  the  planets  revolve  round 
their  axes,  and  a fimilar  motion  of  the  earth  is  analogous  to  thefe. 

PH  ENOM.  II.  The  fun,  planets  and  fixed  ftars  appear  to  re- 
volve uniformly  in  circles,  whofe  planes  are  perpendicular  to,  and 
centers  in,  a line  parting  through  the  center  of  the  earth,  and  per- 
form one  revolution  in.  twenty-four  hours  nearly. 
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Phenom.  III.  The  gravity  of  bodies  is  leaft  under  the  equator, 
and  increafes  as  they  recede  from  it. 


If  this  motion  of  the  heavenly  bodies  were  real,  they  would  be 

retained  in  their  orbits  by  forces  tending  to  their  correfponding 

centers  in  the  axis  of  the  world  (Newt.  feci.  2.  prop.  2.),  which  are 

imaginary  points  in  which  no  attractive  powers  refide;  and  fome 

of  thefe  motions  could  not  be  effected  without  the  influence  of 

forces  infinitely  greater  than  any  mechanical  powers  yet  difcovered. 

They  are  therefore  apparent  only,  and  refult  from  the  rotation  of 

the  earth  round  an  axis;  and  this  is  confirmed  by  phenom. 2.  which 

is  eafily  explicable  by,  and  inexplicable  without,  fucli  rotation. 

¥ 

5.  Examp.  III.  The  properties  of  light  inveftigated  ana- 
lytically. 

PHENOMENA. 

Phenom.  I.  If  the  fun's  rays  be  admitted,  through  a fmall 
aperture,  into  a dark  room,  and  refracted  through  a glafs  prifm, 
an  oblong  image  confiding  of  feveral  colours  will  be  formed  upon 
a fheet  of  paper  placed  at  a proper  diftance. 

Phenom.  II.  If  another  prifm  be  placed  behind  the  former, 
fo  that  their  axes  be  perpendicular,  the  image  will  be  refradted 
on  one  fide,  of  the  fame  length  and  breadth  as  before. 

Phenom.  III.  Any  one  colour  refracted  through  any  number 
of  prifms,  always  exhibits  a circular  image  of  that  colour. 

If  the  fun’s  rays  were  equally  refrangible,  its  image  would  be 
circular,  and,  if  differently  refrangible,  oblong;  and  confequently 
(phenom.  x ft  and  2d)  light  is  compofed  of  heterogeneous  parts 
differently  refrangible.  If  the  fun’s  rays  fplitted  or  dilated  by  re- 
fraction, the  image  would  be  circular  and  increafed  by  every  re- 
fradtion,  therefore  (phenom.  2d)  they  do  not  fplit  or  dilate;  and 
(phenom.  3d)  the  properties  of  homogeneous  rays  are  innate  and 
unalterable  by  refradtion. 


6.  The 
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6*  The  conclufions  thus  derived  by  analyfis  are  analogical,  as 
they  refult  from  a companion  between  prefent  and  paid  pheno- 
mena, and  will  be  juft  only  when  thefe  companions  are  repeatedly 
made,  and  the  fimilitude  of  the  phenomena  perfectly  eftablifhed. 
In  example  the  iff:.  the  altitude  of  the  pole  being  found  equal  to 
the  latitude  of  the  obferver,  and  a feerion  of  the  earth’s  fhadow  to 
be  a circular  arc,  and  thefe  phenomena  being  invariably  the  fame 
in  innumerable  trials,  an  affurance  that  they  refult  from  fome 
fixed  caufes  and  will  never  vary,  arifes  and  commands  our  affent. 

Philofophy  therefore,  when  real  and  not  fantaftical,  has  for  its 
bafts  uniform  and  uncontroverted  experience ; and  hence  appears 
the  neceffity  of  adhering  to  the  firft  rule  of  philofophizing. 

RULE  L 

No  more  caufes  of  natural  events  ought  to  be  admitted  than  are  real \ 

and  fuff  dent  to  explain  the  phenomena . 

\ 

7.  Of  thofe  bodies  which  are  neither  concealed  by  their  minute- 
nefs,  nor  remote  di fiance,  few  can  undergo  an  analytical  difcuf- 
lion ; and  philofophy  would  be  very  limited,  were  it  confined  to 
thofe  only  which  have  actually  been  the  objects  of  experiments  $ 
but  it  is  rendered  univ'erfal  by  obferving  the  following  rules* 

RULE  IL 

EffeBs  of  the  fame  kind  are  to  be  afcribed  to  the  fame  caufe . 

The  fame  caufe  occafions  the  defcent  of  bodies  in  different 
places  of  the  earth,  refpiration  in  different  animals,  the  fenfatioa 
of  heat  from  a culinary  fire  and  the  fun,  folutions  of  bodies  in 
different  menftruums,  and  of  water  in  air,  &c. 


RULE  III. 

8*  *Thofe  qualities  of  matter  which  do  not  vary , and  are  found  in  all 
bodies  that  admit  of  experimental  examination , ought  to  be  confidered  as 
qualities  of  all  bodies  in  general . 


Thus 
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Thus  the  attraftion  of  gravity  is  difcovered,  by  experiments 
and  aftronomical  obfervations,  to  pervade  all  matter  with  which 
wc  are  acquainted  : all  bodies  near  the  earth’s  furface,  and  the 
rnoon,  gravitate  towards  the  earth  3 the  waters  of  the  fea  gravitate 
towards  tne  moon  3 the  fun,  planets,  and  comets,  gravitate  to-  # 

wards  each  other  mutually 3 and  of  this  principle  no  bodies  ac- 
ceftible  to  experiments  can  be  diverted,  and  therefore,  from  this 
rule,  it  is  inferred  to  be  an  univerfal  attribute  of  matter. 


9-  As  much  falfe  philofophy  hath  been  difleminated  by  fanciful 
hypothefes  and  mere  metaphytical  confiderations,  unfupported  by 
the  reality  of  facts,  the  only  fources  of  natural  fcience,  the  utility 
of  the  following  rule  is  apparent. 

RULE  IV. 

In  experimental  philofophy,  proportions  c die cled  from  phenomena  by 
induBion  are  to  be  deemed , notwithji  ending  contrary  h: pot  he  fey  either 
accurately  true  or  very  nearly  fo  3 until  other  phenomena  occur  by  which 
they  may  be  rendered  either  more  accurate , or  liable  to  exception . 

10.  The  exirtence,  quantity  at  a given  diftance,  and  law  of  va- 
riation at  different  diftances,  of  any  natural  power  being  demon- 
ffrated  by  the  analytic  method  of  reafoning,  the  only  way  by 
which  they  can  be  known  5 they  are  affumed  as  eftablifhed  gene- 
ral principles,  and  their  adequacy  to  the  produdtion  of  other 
phenomena,  fimilar  to  thofe  ufed  in  the  analyfis,  is  proved  fyn- 
thetically. 

Examples  illuftrating  the  fynthetic  method  of  reafoning. 

Examp.  I.  The  influence  of  the  attraction  of  gravity,  its 
quantity  and  law  of  variation,  being  afeertained  analytically,  it  is 
affumed  as  an  eftablifhed  general  principle,  and  demonftrated  geo- 
metrically to  be  an  adequate  caufe  of  the  motions  of  pendulums, 
projeftiles,  preceflion  of  the  equinoxes,  irregularities  of  the  moon’s 
motion,  riling  and  ebbing  of  the  fea,  and  innumerable  other  phe- 
nomena. 


Examp. 
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Ex  amp.  IL  The  weight  of  the  air  being  afcertained  by  expe- 
riments, it  is  fuppofed  to  be  allowed,  and  affords  an  eafy  folution 
of  the  phenomena  of  pumps,  fyringes,  barometers,  &c. 

Examp.  IIL  The  equality  of  the  angles  of  incidence  and  re- 
flection of  light,  of  the  conftant  ratio  obtaining  between  the  fines 
of  incidence  and  refra&ion,  and  the  unequal  refrangibility  of 
different  colours,  are  difcovered  by  experiments  ; and,  being  fup- 
pofed to  be  univerfally  true,  they  afford  eafy  explanations  of  the 
figure  and  magnitude  of  images  formed  by  reflection  and  refrac- 
tion, of  the  rainbow,  &c. 

t 

Examp.  IV.  The  fpherical  figure  of  the  earth,  its  diurnal 
motion,  and  obliquity  of  the  ecliptic  are  difcovered  by  repeated 
obfervation,  and,  being  afiumed  as  known  principles,  they  afford 
an  eafy  folution  of  the  dodtrine  of  the  fphere,  of  the  art  of  dial- 
ling, of  day  and  night  and  their  inequalities,  of  heat  and  cold,  and 
many  other  phenomena. 


ii.  Of  thefe  two  methods  of  reafoning,  the  latter  may  {briefly 
be  denominated  fcience  5 for  the  exiftence  of  any  natural  power, 
its  magnitude  and  variation  being  prefuppofed,  it  is  demonff rated 
geometrically  to  be  competent  to  the  production  of  various  effeCfs, 
and,  were  this  power  changed  or  annihilated,  the  truth  of  this 
reafoning  would  remain  unaltered.  Whether  this  fcience  be  chi- 
merical, or  accord  with  actual  exiftence,  depends  upon  the  truth 
of  the  prefuppofed  data,  or  analytic  conclufions,  which  admit  of 
various  degrees  of  conviction  from  bare  prefumption  to  certainty. 
The  exiftence  of  fome  undifeovered  and  ftili  unknown  quality  of 
matter,  collected  only  from  a few  experiments,  amounts  only  to  a 
prefumption ; but  the  degree  of  probability  increafes  with  their 
number,  and,  by  repeated  and  uniformly  concurring  trials,  efta- 
blifhes  at  length  an  evidence  as  unqueftioned  as  the  exiftence  of 
matter  or  the  fenfes.  That  the  qualities  of  matter  will  remain 
unchanged  and  continue  always  to  produce  the  fame  effeCts,  de- 
pends upon  the  will  of  that  divine  Agent,  who  ordained  that  the 

various 
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various  events  In  the  material  world  fhould  he  effected  by  the  In- 
tervention of  Ample  and  general  material  caufes,  a&ing  with  in- 
variable con  (fancy  and  ufefulnefs,  and  only  buffered  to  tranfgrefs 
their  prefcribed  bounds  according  to  the  dictates  of  infinite  wif- 
dom?  power  and  goodnefs.  Prefuming  therefore  upon  the  iden- 
tity of  the  fenfes  and  the  uniformity  of  natural  operations,  the 
ftudy  of  philofophy  may  be  deemed  icientific ; for,  being  founded 
upon  the  bafis  of  uniform  and  uncontroverted  experience,  and 
geometric  demonftration,  its  certainty  will  continue  with  them, 
and  confequently  can  only  be  aftefted  or  fubverted  by  a change  or 
fubverfion  of  the  conftitution  of  nature. 


12.  Of  all  magnitudes,  numbers  are  the  moft  fimple,  and  their 
minute  differences  moft  eafily  difcriminated,  and  therefore  more 
fufceptible  of  clear  ideas  than  any  other  magnitudes;  and  the  rela- 
tions fubfift ing  between  powers  or  forces,  and  the  changes  or  veloci- 
ties produced  by  their  exertions,  are  faid  to  be  known,  when  reduced 
to  numeral  expreffions,  though  the  mode  of  producing  thefe  effefts 
be  unknown,  and  perhaps  undifcoverable.  The  next,  in  degree  of 
fimplicity  and  clearnefs  of  comprehenfion,  are  lines,  furfaces  and 
folids,  being  permanent  and  eafily  compared  by  juxta-pofitiom 
The  conception  of  other  magnitudes  Is  more  remote  and  difficult. 
Forces,  velocities,  and  times,  having  no  permanent  reprefentatives 
like  numbers  and  geometric  magnitudes,  and  difappeanng  when  not 
actually  fubfifting,  are  beft  underftood  from  their  effects ; and  this 
ftudy  is  therefore  much  fimplified  by  finding  magnitudes  of  eafier 
conception,  and  more  eafily  meafurable  and  permanent,  as  numbers, 
lines  and  furfaces,  whole  relation  is  the  fame  with  that  of  times 
and  velocities,  and  natural  powers.  Philofophy  may  confequently 
be  reduced  to  an  inveftigation  of  the  relation  fubfifting  between 
lines,  furfaces,  See.  which  vary  as,  and  may  be  denominated  the 
reprefentatives  of,  natural  powers  and  their  effects  ; and  a know- 
ledge of  ratios,  or  of  the  rules  by  which  thefe  relations  are  in- 
creafed  and  diminifhed,  is  a neceffary  lemma  to  this  ftudy  and  here 
p re  mi  fed. 
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RATIOS. 


13.  DEt.pl/-HJTErBR  is  capable  of  increafe  or  deer  cafe , is 
^ * called  magnitude  or  quantity , as  numbers , lines,  velo- 
cities,  forces,  &c* 

34.  Def.  Ratio  is  the  mutual  relation  of  two  magnitudes  of  the 
fame  kind  in  refpedl  of  their  greatnefs  or  fmallnefs  *,  the  firjl  is  called  the 
antecedent  and  the  fecond  the  co?7fequent  of  the  ratio . 


15,  Ratio  is  therefore  a comparifon,  which  always  implies  a 
fimilitude,  and  is  limited  by  the  definition  to  the  relative  greatnefs 
or  fmallnefs  of  the  quantities  compared.  The  magnitude  of  the 
ratio  of  equal  quantities  is  equal  to  nothing ; for  the  exiftence  of 
ratios  refults  from  the  inequality  of  the  quantities  compared., 
though  not  meafured  by  it ; and  it  is  evident,  that  the  magnitude 
of  a ratio  may  increafe  or  decreafe  through  every  ftage  of  affign- 
able  quantity. 

EXAMPLES. 

FIG. I.  Examf.  I.  If  the  diftance  of  E from  B be  equal  to  nothings 
the  diameter  ^By  and  chord  g>E  coincide,  and  their  ratio  is  a ra- 
tio of  equality,  and  its  magnitude  equal  to  nothing  j but  as  the 
arc  BE  increafes  from  nothing  to  a femicircle,  the  magnitude  of 
this  ratio  increafes  from  nothing  through  every  ftage  of  affignable 
magnitude,  and,  when  E and  ^coincide,  is  unaffignably  great. 

Ex  amp.  II.  The  ratio  of  the  tangent  HA  to  the  fine  SN  of  an 
arc  SA,  or  of  the  fecant  CH  to  the  radius  CSy  is  a ratio  of  equa- 
lity, and  its  magnitude  equal  to  nothing,  when  the  arc  vanifhes, 
and  S and  A coincide.  But  as  the  arc  SA  increafes  from  nothing 
to  a quadrant,  the  magnitude  of  this  ratio  increafes  from  nothing 

through 
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through  every  ftage  of  aflignable  magnitude,  and,  when  S and  ^ 
coincide,  is  unaffignably  great.  If  the  magnitude  of  this  ratio 
(when  c.  g.  SA  = 30°)  be  expounded  by  any  finite  line  L$ 
and  twice  this  ratio  by  twice  this  line,  &c.  when  S and  A coincide, 
L is  equal  to  nothing ; and  as  S recedes  from  A , L increafes  and 
becomes  infinitely  great  when  S arrives  at 

Ratios  therefore  are  magnitudes,  and  like  all  other  magnitudes 
the  obje£t  of  ratios,  and  capable  of  addition,  fubtra&ion,  multipli- 
cation and  divifion.  They  are  pofitive  or  negative,  according  to 
their  different  effefts  in  addition.  The  fum  of  two  pofitive,  or  of  two 
negative  ratios,  will  conftitute  a pofitive,  or  negative  ratio,  greater 
than  either  of  them ; and,  according  as  a pofitive  ratio  is  greater 
or  lefs  than  a negative  one,  their  fum  will  be  pofitive  or  negative  ; 
and,  if  they  be  equal,  their  fum  is  nothing.  The  magnitudes  of  the 
ratio  of  L : M and  of  M:  L,  or  of  3 : 2 and  of  2:3,  are  clearly 
equal,  but  of  different  denominations  1 and  any  third  ratio,  of  the 
fame  denomination  with  the  ratio  of  L ; M,  will  be  equally  en- 
creafed  by  the  addition  of  the  ratio  of  L : M and  subtract  ion  of 
the  ratio  of  M : L.  If  the  ratio  obtaining  between  L and  M> 
of  which  L is  the  greateft,  be  called  pofitive,  and  repreiented  by 
any  line  or  number  a,  twice  this  ratio  will  be  repreiented  by  twice 
a,  and  n times  this  ratio  by  n x a,  The  ratio  alio  or  M*.L  will 
be  reprefented  by  — as  and  n x the  ratio  of  M : L by  n x —a ; 
and  a line  or  number,  reprefenting  any  third  affirmative  ratio, 
will  be  equally  encreafed  by  the  addition  of  n x a and  iubti  action 
of  n x— As  magnitudes  are  only  meafurable  by  magnitudes, 
fui  generis,  a line  by  a line,  a furface  by  a fui  face,  and  a ratio  by 
a ratio:  to  afcertain  the  quantity  of  any  ratio,  fome  moie  ample 
ratio  may  be  ufed  as  a criterion.  Thus  logarithms  are  a feries  o 1 
numbers  expreffing  the  relation  which  iubfifls  between  any  given 
ratio,  confidered  as  a criterion,  and  all  other  ratios  with  w 11c  1 it 

is  compared, 

16.  Bef.  In  a firm  of  magnitudes  of  the  fame  kind,  either  in - 
creafmg  or  decreafmg , the  ratio  of  the  extremes  is  /aid  to  be  compounded 

of  the  ratios  of  the  intermediate  terms . 

J b 2 
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In  the  feries  of  magnitudes  A , B , C,  D,  &c.  the  ratio  of  the  fix  ft 
to  the  3aft,  or  of  A : D,  is  faid  to  be  compounded  of  the  ratios  of 
A:  B}  B:C,  C : D and  any  ratio,  as  that  of  P^j.  PR,  is  faid  to 
HG.  II.  be  refolvable  into,  and  equal  to,  the  ratios  of  Pg>j.  Pa,  Pa  : Pi, 
Pi:  Pc PL:PR-,  for  the  ratio  of  Pg>j  PR  is  areal  magni- 

tude, and  like  other  magnitudes  divifible  into  its  component  parts* 
which  are  the  ratios  of  P^jPa,  Pa:Pb,  Pb:Pc,  &c.:  therefore 
the  fum  of  any  number  of  continued  ratios,  where  the  antecedent 
of  any  ratio  is  the  confequent  of  the  preceding,  is  equal  to  the 
ratio  of  the  firft  and  laid  terms* 

HG.  II.  17.  Cor.  When  any  ratio,  as  that  of  P^ : PR,  is  to  be  divided 
into  any  other  ratios  by  an  arbitrary  infertion  of  other  quantities 
Pa,  P b,  See.;  thefe  are  not  neceflarily  intermediate,  or  contained 
between  P^  and  PR,  the  ratio  of  P^>  : PR  being  equal  to  the 
ratios  of  P^j  Pv  and  of  Pv  : PR.  For  the  ratio  of  Pi^:  Pv  is 
equal  to  the  ratios  of  P^U  PR  and  of  PR  : Pv  (16),  and  confe- 
quently  the  ratio  of  PQj.  PR  is  equal  to  the  ratio  of  P^ : Pv 
diminifhed  by  the  ratio  of  PR  : Pv,  or  added  to  the  ratio  of 
Pv : PR  (15). 


ADDITION  of  RATIOS. 

18.  Prof.  To  add  the  ratios  of  A:B,  C : D,  E : F,  &c.  together. 

When  the  two  ratios  of  A : B and  C : D are  to  be  added,  let  A 
iUG.ilx*  and  C,  B and  D be  refpedtively  the  fides  of  two  reCtangular  paral- 
lelograms X and  Z;  and  (Euclid,  vi.  23.)  the  ratios  of  A:B  and 
CiD,  when  compounded,  are  equal  to  the  ratio  of  X : Z,  or  of 
A x C : B x D3  thefe  quantities  being  refpeCtively  equal  to  X 
and  Z*  When  the  ratios  of  A : B,  C : D,  E : F are  to  be  added, 
the  fum  of  the  two  firft  is  equal  to  the  ratio  of  AC:  BD  by  the 
procefs  above ; and,  by  making  AxC  and  E,  B x D and  Fr  re- 
fpeftively  the  Tides  of  two  rectangles,  it  appears,  by  the  fame  pro- 
cefs3  that  the  fum  of  the  ratios  of  AC:  BD  and  of  E : Pis  equal  to 

the 
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the  ratio  of  ACE  : BDF.  Whatever  be  the  number  of  ratios  to  be 
added  tne  piocefs  is  liniilar,  and  gives  the  following 

RULE. 

Multiply  the  antecedents  together  for  a ncvo  antecedent , and  the  con- 

fequents  for  a new  confequent . 


19,  Examp.  I.  The  fum  of  the  ratios  of  1:2,  3:4,  5:6,  7:8 
is  equal  to  the  ratio  of  1X3X5X7  : 2X4X6X8,  or  of  105:384. 

This  alfo  appears  from  the  following  analogies  and  article  (16); 
for  (38) 

1:2::  105  : 210 
3 : 4 ::  210  : 280 
* 5:6::  280  : 336 

7 *.  8 ::  336  : 384. 

The  fum  of  the  ratios  of  1 : 2,  3 : 4,  5 : 6,  7 : 8,  is  equal  to  the 
Turn  of  the  ratios  of  105  : 210,  210 : 280,  280 : 336,  336  .*384,  or 
(16)  to  the  ratio  of  105  : 384,  as  above* 


20.  Ex  amp.  II.  When  two  bodies  move  with  uniform  mo- 
tions, philofophical  writers  fay,  that  the  fpaces  deferibed  S and  ^ 
are  to  each  other  in  a ratio  compounded  of  the  velocities  and 
times ; the  meaning  of  which  is,  that  the  ratio  of  the  fpaces  is 
equal  to  the  fum  of  the  ratio  of  the  velocities  when  changed,  and 
the  ratio  of  the  times  when  changed,  or  that  the  ratio  of  S : s is 
equal  to  the  two  ratios  of  V : v and  of  T : /,  or  to  the  ratio  of 
Vx  T : v x /,  fuppofing  v and  t to  reprefent  any  correfponding 
values  of  the  velocity  and  time. 


21.  Cor.  1.  If  there  be  any  number  of  quantities  A , J5,  C,  D,  &c. 
of  which  A : h ::  R : r and  B : C ::  S :s  and  C:  D ::  T:  /,  A will  be 
to  D as  RST :rst ; for  A\D  in  a ratio  compounded  of  the  ra- 
tios of  A\B , B : ^ C:D  (1 6),  or  their  equals  R:r,  S:s , T :ty  or 
as  RST ; rst  (18  . 
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22.  When  the  terms  of  any  ratios  are  forces,  times,  velocities, 
&c„  lines  or  numbers  are  fuppofed  to  be  taken  whofe  ratios  are 
the  fame  with  them,  and  redtangular  parallelograms  whofe  Tides 
are  thefe  lines,  or  the  products  of  thefe  numbers  a&ually  multi- 
plied together,  are  always  implied  in  the  multiplication  of  fuch 
magnitudes.  The  fum  of  the  ratios  of  L:M  (denoting  forces), 
of  N:P  (denoting  velocities),  of  $>j  R (denoting  fpaces),  and  of 
S : T (denoting  times),  is  equal  to  the  ratio  of  Lx  N x S : 
M X P X R x T,  which  fignify  two  produdts  of  numbers  whofe 
faftors  are  as  L : AT,  N : P,  : R,  S : T 1 


SUBTRACTION  of  RATIOS. 

23.  Prop.  To  fubtraffl  the  ratiG  of  C : D from  that  of  A : B. 

Let  the  ratio  of  A : B be  equal  to  the  ratios  of  C : D and  x :y  % 

A B 

and  ( 18)  A:  B ::  xC  :yD,  and  x : y ::  ~q  .*  (Euc.  v.4.)  ::  AD  : BC 
(Euc.  V.  10. )$  from  hence  we  have  the  following 


RULES. 

RULE  I.  Divide  the  antecedent  of  the  fubtr  abend  by  the  antecedent 
of  the  ratio  to  be  fubt  raffled  for  a new  antecedent , and  the  confequent  by 
the  co?ifequent  for  a new  confequent . 

Or,  II,  hivert  the  terms  of  the  ratio  to  be  fubtraffled7  and  proceed 
as  in  addition . 


24.  Ex  amp.  I.  The  ratio  of  6 : 5 fubtradled  from  the  ratio  of 

3 2 

3 : 2 is  equal  to  the  ratio  of  g : - or  of  15:12,  which  is  thus  con- 


firmed. The  ratio  of  3:2  is  equal  to  the  ratio  of  6 : 4,  which  is 
equal  to  the  ratio  of  6 : 5 and  of  5:4  (16);  and  if  the  ratio  of 

6 ••  5 
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6 : 5 be  taken  away,  the  remainder  is  the  ratio  of  5 : 4 or  of  i ? : j 2 
(Euc.  v.  1 5.). 


25.  Ex  amp.  II.  The  ratio  of  2 : 3 diminifhed  by  the  ratio  of 

2 7 

4 • 5 is  equal  to  the  ratio  of  - : - or  of  10:1 2,  which  is  thus  con- 

4 5 

firmed.  The  ratio  of  2 : 3 is  equal  to  the  ratio  of  4 : 6 (Euc.v.15.), 
that  is,  of  4 : 5 and  5:6(16;;  and,  if  the  ratio  of  4 : 5 be  taken 
away,  the  remainder  is  the  ratio  of  5 : 6 or  of  10 : 12  (Euc.v.15.). 

MULTIPLICATION  of  RATIOS. 

26.  Prop.  To  multiply  the  ratio  of  A : B by  any  number  m. 

The  ratio  oiA:B  added  to  itfelf  is  equal  to  the  ratio  of  A2 : B2, 
and  this  added  to  the  ratio  of  A : B is  equal  to  the  ratio  of  A> : £3, 
and  this  repeated  m times  will  clearly  give  the  ratio  of  A”:Bm(  18), 
and  we  have  this  rule. 

RULE. 

Involve  the  terms  of  the  ratio  to  a dimenfion  equal  to  the  multiplier. 


27.  Ex  amp.  I.  Four  times  the  ratio  of  A'.B  is  equal  to  the 
ratio  of  A 4 : £4,  which  is  confirmed  by  the  following  procefs  > 
for  (38) 

A:  B::  A*  : AlB 
A:  By.  A^B  : A2B2 
A:  B ::A2Bzi  A2BZ 
A : B ::  ABi  : £4. 

Therefore  four  times  the  ratio  of  A\ B is  equal  to  the  ratios  of 
A$ : AiB,  AiB  : A2B2,  A2B 2 : AB\  ABi : B%  or  the  ratio  of 

^4:  £4  (i6)» 


28.  Examp. 
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28.  Examp.  II.  Five  times  the  ratio  of  2:3  is  equal  to  the 
ratio  of  25:  3S  or  32  : 243,  which  alfo  appears  from  the  procefs 
above  and  (16).  For  (38) 


2 : 3 ::  32 

48 

2 : 3 ::  48 

72 

2 : 3 ::  72 

108 

2 : 3 ::  108 

162 

2:3::  162 

243- 

Therefore  the  ratio  of  2:3  multiplied  into  five  is  equal  to  the 
ratios  of  32  : 48,  48  : 723  72  : 108,  108  : 162,  162  : 243  ; or  to  the 
ratio  of  32  : 243  (16). 

DIVISION  of  RATIOS. 

29.  Prop.  To  divide  the  ratio  of  A : B by  any  number  m. 

Let  A — xm  and  B —ym\  and  the  ratio  of  A : B is  equal  to  the 

ratio  of  xm  %ym  or  to  m times  the  ratio  of  x :y  (18),  which  is  there-* 

1 . 1 i. 

fore  ~ part  of  the  ratio  of  A:  B,  and  equal  to  the  ratio  of  Am:  Bmi 

1 1 

becaufc  x — Am  and  y = B,r\  Whence  we  have  the  following 

R U L E. 

Extrabf  that  root  of  the  terms  of  the  ratio  which  is  expreffed  by  the 

divifor . 

30.  Examp.  The  ratio  of  32:162  divided  by  four  is  equal  to 

t 1 

the  ratio  of  3 2: 4 : T62)  4 or  of  2 : 3.  And  this  is  confirmed  by  the 
procefs  ufed  in  example  (28),  where  the  ratio  of  32  : 162  is  equal 
to  the  ratio  of  2 : 3 x 4,  and  confequently  the  ratio  of  2 : 3 is  Jtth 
of  the  ratio  of  32 : 162. 

31.  Prop.  When  the  difference  of  two  magnitudes  is  very  f mall 
compared  with  the  magnitudes  themfelves , their  ratio  is  multiplied  or 

divided 


>7 
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dhided  by  any  number  m,  by  increafing  or  diminijhing  their  difference 
m times. 


Dem.  Let  the  two  magnitudes  be  A and  A^=y,  whofe  differ- 
ence y is  very  fmall  compared  with  A-,  and  m times  the  ratio  of 
A : A^±zy  is  equal  to  the  ratio  of  A " : A~=±Ty}a,  or  of  Am : A”  — 

m — i . . 

tn  Am  'y  + m . — - — Am  *y2,  &c.  or  (dividing  the  antecedent  and 
confequent  by  Am~l ) to  the  ratio  of  A\A^=.my\  becaufe  the 

y2  y3 

terms  involving  &c.  are  evanefcent  compared  with  the  two 

firft,  and  may  be  negledled. 

By  a fimilar  procefs  ~th  part  of  the  ratio  of  A : A appears 

y 

to  be  equal  to  the  ratio  of  A : A =±=  — . Q^E,  D, 


32.  Ex  amp.  Twice  the  ratio  of  11 : 10  is  equal  to  the  ratio 
of  TP 2 :7ol2  or  of  12 1 : iooj  and,  according  to  this  propofition, 
it  is  the  ratio  of  11:9,  or  of  12 1 : 99.  _ 

Twice  the  ratio  of  101  : 100  is  equal  to  the  ratio  of  iof!2 : 100  2 
or  of  1 020 1 : tooooj  and  according  to  this  propofition  it  is  equal 
to  the  ratio  of  101 : 99  or  of  10201  : 9999,  which  is  nearly  equal 
to  the  former. 

' 1 » * * 5 v * , if  * 


33.  Ex  AMP.  II.  A half  of  the  ratio  of  10 1 : 100  is  equal  to  the 

ratio  of  101T:  ioo)T,  or  of  10.049  '• 10  nearly ; and  by  this  pro- 
pofition it  is  equal  to  the  ratio  of  iool:  100,  or  of  201  : 200,  or 
of  10.05  : 10. 

* * f » * . ■ - * S % * '5 

METHODS  of  comparing  RATIOS. 

34.  DEF.  Proportion  is  an  equality  of  ratios.  When  the  ratios  of 
A : B and  C : D are  equal,  they  are  faid  to  be  proportional , and  ufually 

'written  thus  A : B N C : D,  or  A is  to  B as  C to  D. 

C 


3 5-  Cor. 
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S „•  v *.  i / 1 i . - -*  * • 

772 

35.  Cor.  If  E,  C,  D be  proportional,  and  _^  = j5,  or  - x B , 

v i * * ' A * M 


771 

C will  be  equal  to  {D,  or  to  - x D j or  if  thefe  magnitudes  be 

incommenfurate,  and  A be  greater,  or  lefs,  than  any  part  or  parts 
of  B , C will  be  greater,  or  lefs,  than  the  fame  part  or  parts  of  X). 

If  A be  contained  between  - x B and  — x B,  (m  and  n being 

n n ~ & 

any  numbers  whatever,)  C will  alfo  be  contained  between  — x D 
x D.  This  is  evident  front  the  definitions  of  ratios  and 


and 


m + 1 


* .1 


n 


18  1 

proportion  : for  if  A were  contained  between  — x B and  — x B, 

1 r ' /q  17  Y7 

m _ . m-hi 


*9 

7 

18 


or  — x B and  — x B,  and  C were  not  contained  between  — x Z> 

n n --  ' j 7 

~ x D,  or  — x D and  — — — x D,  A9 s magnitude  compared 


and 


with  Z’s,  would  not  be  equal  to  Cs  magnitude  compared  with  D’s. 
or  the  ratios  of  A:  B and  C:  D would  not  be  equal,  and  they  would 

1 ' ’ •>  ^ J . -■  * - « 

not  be  proportional.  , : 0 : : ' ' 


i i • / ^ i. 


i it.  V 

r r 


36.  Prop.  If  A cannot  be  greater  than,  equal  to,  or  lefs  than,  any 
fart  or  parts  of  B,  but  at  the  fame  time  C is  greater  than , equal  to,  or 
lefs  than , the  fame  part  or  parts  of  D,  they  will  be  proportional , or  A : B 
::  C : D. 


tn  771 

Dem.  Let  A:B ::  E : Dj  and  if  ^ = — x B,  E = - x D (35),,. 

l ’ 11  . . 3 ’ * ' * ' * *' 


O * '}  r 

V • 4.  ^ J * 


and,  from  the  hypothefis,  C = - x D : therefore  E = C and 
A ’■  B :\C : D.  Let  thefe  magnitudes  be  incommenfurate,  and  if  A 
be  contained  between  — x B and  - x B,  E will  be  contained 


m 


n 

7)1  + I 


between  - xD  and  ~ 

• \n  ’ a ; \rr>  n \ 


:t  * \ ‘ • * *■  •* 

x/Z)  ( 3 5) > , apd>  from  the  fuppofition. 


v 

t -,f?; 


VJb.  Va 


' O / , 


* ^ 1.  > 


, lv; 
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• * • tYl  7)7  '(  ~ 1 

C will  be  contained  between  - x D and  x D.  The 

71  • 71 


i 


v . w . „ , fjj 

ence  therefore  between  C and  E is  between  - x D and 

n n 

and  confequently  is  not  greater  than  ~ ; and  hecaufe  this  is  true 
whatever  be  the  magnitude  of  the  number  n}  which  may  be  un- 

. S :>  • » * ; V ■>  p - 1 ; ) . *,  r 

affignably  great  and  — = ~o,  C will  be  equal  to  E,  and  A:  B ::  C 
: Z).  Q^E.  D.  * ‘ J ” 


m -4-  i 


x D> 


V- 


1 9 


37.  Cor.  1.  If  four  magnitudes  A,  B}  C,  D be  proportional,  the 
products  of  the  extreme,  and  middle,  terms  are  equal,  or  A x D — 

x f}%  fft 

B x C.  For  let  A~  — xB,  and  therefore  C = — x D (3  c) : confe- 

n " n 

*7  * • ' *«  V ' V \ \ 

r pi  ‘ ‘ ~ ‘ " If} 

quently  A x D — — x B x X),  and  B x C — B x — x D = A x 19.  If 

■ i-,  fp 

they  be  incommenfurate,  let  A be  greater  than  — x B,  and  lefs  than 

J . 72  • ' - - - 


m + 1 


" * v. 

*4\ 
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x Jh  and  C will  be  contained  between  - x D and  

n : , « n 

...  ;/7 

xD  (35)5  therefore  AxD  is  contained  between  D x x i?  and 


D x — x 7?,  and  C x J3  is  contained  . between  B x - x X),  and 
» • « 


5 X ^.+i  x D.  The  difference  of  thefe  produds  is  therefore  not 

71 

greater  than  "-^y  which,  becaufe  n may  be  taken  unafllgnabij 


72 

great,  = 0 ; and  confequently  A xD  = B x C\ 


38.  Cor.  2.  If  two  produ&s  be  equal,  their  factors  are  propor- 

> m . ~ : A x D 

tional.  Let  AxD  = B x Cj  and  if  then  C = — g~ 

€2  =(by 


1 
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(by  fubftituting  yf ’s  value)  — x jD  $ or  if  ^ be  lefs  than  — — - 


x Z>,  but  greater  than  ~ x 2?$  then  C,  being  equal  to  — -g — will 


Ax  D 


be  lefs  than  x D,  and  greater  than  ~ x Z?;  confequently  (36) 

A:  B::C:  D.  In  the  fame  manner  it  may  be  proved,  that  A : C 
::  B : Z>,  if  they  be  fimilar;  or  that  A : BC::  1 : X),  and  B : A:: 

BC 

D : C,  or  B : A x D ::  1 : C,  or  A : B::C : . Any  equation  is 

therefore  refolvable  into  a proportion  by  fo  arranging  the  terms, 
that;  the  rectangle  of  the  extreme  terms  may  be  one  fide  of  the 
equation,  and  that  of  the  mean  terms  the  other. 


39.  Cor,  3.  Ratios,  which  are  equal  to  any  ratio,  are  equal  to 
each  other.  Let  A : B ::  C : D and  C : D ::  E : F 5 and  if  A be  equal 

4 T 11  ■ " " "■  Ll 

to  — xB,  or  contained  between  — x B and  m-^~-  x B,  C will  be 
n n n 

V ' > t - — 

equal  to  - x D,  or  contained  between  - xD  and  — x D ( 3 c), 
^ n n n 

fft  m fft 

and  alfo  E will  be  equal  to  — x F,  or  contained  between  — xF  and 

1 n n 

tft  I j 

— ~ — x F (35)5  therefore  A and  E are  either  equal  to,  or  contain- 
ed between,  the  fame  parts  of  B and  F refpe&ively,  and  A : B :: 
E:F(  36). 


4®.  Cor.  4.  If  B ::  C:  D they  will  be  proportional  inverfely, 

tft 

or  B : A :: D : C.  Let  A be  equal  to  — x B or  contained  betweea 

™ x B and  — - 1 x B,  and  C will  be  equal  to  ~ x jD,  or  contained 
n n n 

between  -xD  and  -----  x D (35)5.  therefore  — x A is  equal  to 
n n * 

or 


2? 
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n 

or  greater  than,  and  - x A is  lefs,  than  J5,  or  B is  contained 

n . . n n 

between  -—777  * A and  - x A,  or  equal  to  - x A;  and  for  the 

m a Til  771 

« ♦ 71  71 

fame  reafon  D is  contained  between  — - — x D and  - x ZX  or  eaual 

m - j-  1 m 1 

to  - x C;  therefore  (76)  B : A::  D :C. 
in 


41.  Cor.  5.  Magnitudes  are  proportional  to  their  equimultiples 

771 

or  equal  parts*  Let  A — - xB,  and  2 A will  be  equal  to  - x 2 By 

3 71  71 

771 

and  \A—~x\B%  therefore  (36)  A : B ::  zA\ 2B  ::  \A : \ B*,  or 


® fit  771  "4"  I 

let  A be  contained  between  — x B and x B3  and  2 A will  be 

n n 


contained  between  - x 2 B and  2 B-,  and  {A  between  ~ 

72  71  n 


x \B  and 


m-*r  1 


n 


x{B',  therefore  (36)  A:  B ::  2 A : 2B  ::  \A\\B> 


&c. 


42.  Cor.  6.  If  A:  B ::  C : D,  Am ; Br ::  Cm:  Dm  and  Am:Em::Cm 


: Dm»  For  m times3  or  an  mth  part  of,  the  ratio  of  A : J5  is  equal 
to  m times,  or  an  part  of,  that  of  C:D%  becaufe  thefe  ratios 
are-equal  to  each  other $ therefore  (34)  Am  : Bm::  Cm  : Dm*,  and 

A” : B™\\  C™\  Dm. 


43.  Cor. 7.  If  A : B ::  C : then  A+B  : B ::C+D  :D.  Let  A 

be  equal  to  - x B>  or  contained  between  ~ x J3  and 

tn  m 

and  (35)  C will  be  equal  to  - x D>  or  contained  between  - xi) 

and 


.22 


i 
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and 


m H-  i 


n 


x Dj  therefore  adding  B to  both,  A + B will  be  equal 


m -f-  n -n  y - m ~h  n n , , r . m-h  i -hn 

to x B , or  greater  than  — x B and  lels  than  — — - 

n n n 

772  | - 

x B ; and  C D will  be  equal  to  — ^ x D,  or  greater  than  this, 


n 


and  lefs  than  m-^r  1 x D ; and  confequently  (36 ) A + B 


72 


C + D : D.  In  the  fame  manner  it  may  be  proved,  that  A 
B ::  C — D : D $ and  A : B ::  A =±=  C : B =±3  D . 


• T>  . '• 
. . . 

- B : 


44.  Def.  7/W  ra//0  is  faid  to  be  greater  or  lefs  than  another , whofe 
antecedent  has  a greater  proportion  to  its  confequent  than  the  antecedent 
of  the  other  to  its  confequent . 


Two  ratios,  whofe  antecedents,  or  confequents,  are  the  fame, 
are  ealily  compared : for  it  is  evident  that  the  ratio  of  6 : 3 is  greater, 
and  the  ratio  of  4 : 3 lefs,  than  the  ratio  of  5:3;  and  the  negative 
ratio  of  3 : 6 is  greater,  and  of  3 : 4 lefs,  than  the  ratio  of  3 : 5. 


43.  The  firft  method  of  comparing  tuiequal  ratios  is  to  reduce  them  to 
other  ratios  equal  to  them  with  a common  antecedent , or  confequent . ' 


Ex  amp.  To  compare  the  ratios  of  A : B and  of  C : D.  Find  a 
ratio  equal  ;to  either  of  them,,  whofe  antecedent  or  confequent  is 

JBG 

the  antecedent  or  confequent  of  the  other;  thus,  A:R::  C : —'(38), 


and  confequently  the  ratio  of  A : B being  equal  to  that  of  C : 

> • „ , . ■ C V ’ v,  \ 


BxC 


A 


BC  . 


Is  greater  or  lefs  than  the  ratio  of  C:  D,  according  as  —j  is  lefs 
or  greater  than  D„ 


Let 


23 
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Let  the  ratios  of  3':  5 and  of  6 : 9 be  compared ; and  3 : 5 ::  6 : 

~ ( Jo),  therefore  the  ratio  of  3 : 5,  being  the  fame  with  that  of 
6 : io3  is  a greater,  negative  ratio  than  that  of  6 : 9. 


46.  The  fecond  method  of  comparing  ratios , is  to  divide  the  antece- 
dents by  their  refpeflive  confequenfs , and  that  ratio  will  he  the  greatef 
the  quotient  of  wh  of e terms  is  the  greatef » 


BC 

Ex  amp.  The  ratio  of  A:  B,  being  equal  to  that  of  G;  — (38)5. 
is  greater  than,  equal  to,  or  lefs  than  the  ratio  of  C:D,  according 

as  —jpx  is  lefs  than,  equal  to,  or  greater  than  H,  or  - lefs  than, 

n. , ^ ; . . 

equal  to,  or  greater  than  or  ^ greater  than,  equal  to,  or  lefs 

B 

than  jy  This  method  is  expeditious  and  true,  but  let  it  be  re- 

A . 

membered  that -g- is  a number  as  every  quotient ;is,  and  does  notr> 

meafure  the  ratio  of  A : B,  nor  is  the  relative  magnitude  or  ratio 

A C 

of  the  ratios  of  A : B and  C : D equal  to  the  ratio  of  : * 


47.  The  third  method  of  comparing  ratios . • If  A he  cent ained<  he4 

tween  — x B and  — x B,  and  C he  contained  between  - xD  and 

n n n 


m 


•nr 


..  - t ••  • v g v ...  - ...  - ii  1 4 *.  <*  v 

x D5  the  ratios  of  A : B and  C : D equal 4.  if  therefore  A be  ^ 


m 


m 


greater  than  ~ x B C he  not  greater  thajiAxTI>  or  ifnA  he 

greater  than  m B,  but  n C ?70t  greater  than  m D , the-  ratio  of  A : B ^ 
greater  than  that  of  C : D* 


EX  AMP.. 
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;'2'3c  A M P . Let  the  ratios  to  be  compared  be  7 : 5 and  4:3.  Mul- 
tiply the  firft  and  third  by  3,  and  the  fecond  and  fourth  by  4,  and 
the  refulting  numbers  are  21,  20,  12,  12;  and  the  firft  multiple 
being  greater  than  the  fecond,  hut  the  third  not  greater  than  the 
fourth,  7 has  to  5 a greater  ratio  than  4:3. 


48.  Def«  Any  mag?iitude  A is  / aid  to  be,  or  vary , direBly  as  an- 
other B,  when  A is  to  any  new  value  of  A as  B to  a correfponding  new 
value  of  B,  that  is,  when  A : a : : B : b,  a and  b being  correfponding  new 
values  of  A and  B . 


FIG .IV.  Examp.  I.  If  the  line  tnn  move  parallel  to  itfelf,  and  its  extre- 
mities m and  n be  always  in  the  lines  LP,  Lm  varies  as  tnn. 
For  LA9.  La  (a  new  value  of  Lm) ::  mn  ; AB  (a  correfponding 
new  value  of  mn). 


Ex  amp.  II.  The  area  Lmn  varies  directly  as  the  fquare  of  Lm 
or  mn-,  for  Lmn\LAB  (anew  value  of  Lmn)  ::mnz : AB%  (the 
fquare  of  a new  value  of  mn). 


49.  Def.  Any  magnitude  A is  [aid  to  be,  or  vary,  inverfely  as  an- 
other B,  when  A is  to  a new  value  of  A,  as  a cotemporary  new  value  of 
B is  to  B,  or  when  A : a ::  b : B. 

7 \ ¥ • x X V i t 

Examp.  I.  In  the  lever  the  power  is  inverfely  as  the  perpendi- 
cular let  fall  from  the  center  of  motion  upon  its  dire&ion ; for 
let  F and  /be  two  powers  in  equilibrio,  P and  p the  perpendicu- 
lars let  fall  from  the  center  of  motion  upon  their  direftions;  and 
F:f  l a new  value  of  the  power): :p  (the  perpendicular  let  fall  upon 
f\ s direction) : P. 


Examp. 
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Ex  AMP.  II.  If  a given  fpace  be  defcribed  in  different  times 
Tand  with  unequal  uniform  velocities  ^and  v,  the  velocities 
and  times  are  inverfely  as  each  other;  for  V:  v (a  new  value  of 
the  velocity)  t (a  new  value  of  the  time  correfponding  to  <u)  :VT, 


Examp.  hi.  if  two  variable  right  lines  AB,  AC  form  the  equal  F 1 
rectangles  AD,  EF,  they  are  inverfely  as  each  other;  for  (Euc. 
vi.  14.)  AB  : CF  (a  new  value  of  AB)  ;:CE  (a  new  value  of- 
AC)  : AC, 


SCHOLIUM. 

50.  When  any  quantity  A varies  direCtly,  or  inverfely  as  any 
other- £?,  an  analogy  is  always  implied,  and  A and  B are  not  neeef-  - 
farily  homogeneous. . 

r 

51.  Cor.  1.  If  A be  direCtly  as  B,  and  B direCtly  as  C,  A will 
be  directly  as  C ; for  (48)  A : a'.'.B'.b  and  B'.b  V.C : c ; theiefoie 
(39 ) A :a::C:  c,  and  A is  directly  as  0(48).-. 

52.  Cor.  2.  If  ^Tbe  as  B 'and  B as  C-,  A 'will'  be  as  Bzi=C,  or 

as  v/ifC;  for  A:a::B  :b::C:c,  and  (43)  B : b :: B =±=  C:  b =t=c  ; - 
therefore  (39)  A 1 a \ \ B C :b  z±=  c , and  A is  as  B C (4  } , . an 
becaufe  the  ratios  of  B ; b and  C ; c are  equal,  B2 : b2 : : B C : b e.  and 
B:b::  s/BC  • k/Tc-  B therefore,  and  confequently  A (51),  is  as 

ABC.- 

A 

53.  Cor.  .3.;  A varies  as  mx  A,  or  as  — ; for  A \ a ::  m x A ; • 

A 

a,  or  as  ~ ~ (4  0 >■  therefore  (48)  A is.  as  m x A,  or  as  > - 
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54.  Cor.  4.  If  A be  as  B,  Az  will  be  as  Bz,  and  Am  as  Bm,  and 

£ J_  _L.  jl 

Am  as  for  fince  Ax a ::  B : b (48)  Am : am ::  or  Am:am:: 

-C  JL  t r 

Bm : bm  (42)5  therefore  Am  is  as  Bm  and  Am  as  Bm  (48). 


55.  Cor.  5.  If  S be  as  V xT,  will  be  as  Vy  as  T,  and  ^ 


FxT 

S s S 

a given  quantity:  for  (48)  S : s ::  FT:  vt  and  ~ ::  2":  t and-^ 

: “ ::F\  v , and  — : 1 : 1 (41)5  therefore  ^is  as  T,  ^as  F,  and 

S 

does  not  vary  (48), 


56.  Cor.  6.  If  A be  as  B,  and  C as  D,  A xC  will  be  as  B x D; 
for  A : a ::  B : b and  C : c::  D : d\  therefore  the  ratios  of  A : a and 
C : c are  equal  to  the  ratios  of  B : b and  D : d \ and  the  fums  of  thefe 
ratios  are  equal,  or  the  ratio  of  AC  : ac  is  equal  to  that  of  B D : 
b d (18),  and  AC:  ac::  BD  : bd  (34),  and  AC  is  as  BD  (48)* 


57.  Cor.  7.  If  A be  inverfely  as  B , then  B will  be  inverfely  as 

A ; for  A:  a:\B\b  (49)  and  b : B ::  a : A 5 and  if  B be  to  b as  4 : 5, 
A:a\:  4. 

58.  Cor.  8.  If  ^ be  diredtly  as  and  5 inverfely  as  C,  will 
be  inverfely  as  C ; for  A:  a:\B\b  (48)  and  B : b ::  c : C 5 therefore 
A:  a::c  :C  (39),  and  is  inverfely  as  C (49). 


59.  Cor.  9.  If  ^ be  inverfely  as  B3  and  B inverfely  as  C-}  A 
will  be  diredlly  as  C:  for  A : a:\b\B  and  b : B ::  C : c,  therefore 
A : a ::  C:c  and  A is  as  C» 


€0.  Cor. 
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60.  Cor.  io.  If  A x B be  always  the  fame,  A is  inver 
for  AxB-.axby.  i : i and  „ ::  b : £;  or  otherwife 
B = a x A : a ::  b : B (2 8). 


fely  as  5; 
fince  ^ x 


61.  Cor.  11.  If  A be  inverfely  as  B,  it  will  be  as  ~ and  v.v 
for  A \a\\b  \ B (49)  ^ (41),  therefore  A is  as  (48).  If  ^ 

1 1 II 

be  as  g,  A:  a::  ^ ^ (48) ::  b : JS  (41 );  and  yf  is  inverfely  as  B (49).. 


62.  Cor,  12,  If  be  as  A will  be  inverfely  as  -y;  for  A : 

cfcj 


a :: 


L l 


m M 


M 


M:  m 7 1 ~L  ^l^‘}  and  A ls  *nver-fety  as  ^ (49). 


63,  Def,  Ij  any  quantity  A be  dependent  upon  feveral  others  P, 

R,  S,  T,  ^//  independent  of  each  other,  fo  that  none  of  the  quantities  P, 
QAl  can  vary,  but  A varies  in  the  fame  ratio , nor  either  S or  T can 
vary , but  A varies  in  a contrary  ratio ; A A (aid  to  be  as  P and 
and  R directly,  and  S T inverfely . 


LMAT 


Thus,  the  fraction  —^7^-  varies  as  L and  Af  and  JV  directly  and 


X and  Z inverfely;  becaufe  none  of  the  factors  in  the  numerator 
can  vary,  but  the  value  of  the  fraction  varies  in  the  fame  ratio ; 
and  none  of  the  factors  in  the  denominator  can  vary,  but  the  value 
of  the  fraction  varies  in  a contrary  ratio.  If  any  one  of  the  factors 
in  the  numerator  be  multiplied  by  2,  3,  &c.  the  value  of  the  frac- 
tion is  2,  3,  Sec.  times  its  former  value;  and  if  any  of  the  factors 
in  the-  denominator  be  multiplied  by  2,, .3,  Sec.  the  value  of  the.. 

11 

fraction  becomes  &c.  of  its  former  value. 

1 9 
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..  Cor.  i.  If  any  magnitude  A vary  as  P and  and  R di- 
redtly,  and  as  X and  Z inverfeiy,  thefe  magnitudes  being  inde- 
pendent of  each  other,  and  any  one  may  vary  without  affedting  the 

P x9xR 

reft,  A will  vary  as  — F°r  an^  new  coleniPorary  va“ 
lues  of  P , S^  I?,  X,  Z,  be  refpeclively  equal  to  p,  q,  r,  a:,  2;,  and  let 
Ay  when  changed  in  the  ratios  of  Pip,  q>  R : r,  -p:  and 

: - , become  a;  that  is, 

Z z 

;Let  P : p ::  A : B — A’s  value  after  the  change  of  P. 

£>j  q ::  B : C = A's  value  after  the  change  of  P, 

R : r ::  C : D — A’s  value  after  the  change  of  P,  ^ R> 

- ::  D : £ = As  value  after  the  change  of  P,  SB  R,  X 
X x P 


Z 


::  E : a — A’s  value  after  the  change  of  P,  P,  X,  Z. 

The  fum  of  the  ratios  of  A 1 B,  B : C,  C : D,  D : E,  £ : a,  or  the  ratio 
of  A : 0 ( 16)  is  equal  to  the  fum  of  the  ratios  of  Pip,  S^i  q,  R:  r , 


z '■  ;■ 01 10 

(48). 


, . c PP^R  pqr  , . P^P 

the  ratios  or  ■ vrr  : — 2 — ( r8);  and  vanes  as  ■ 


65.  Cor.  2.  If  any  of  the  quantities  P,  P,  X,  Z be  given  or 
remain  invariable,  they  are  to  be  rejedted,  and  A will  vary  as  the 
reft.  Let  P be  given  or  P — p,  and,  becaufe  P :p::A:  B,  A—  B 
(38),  and  the  ratios  of  B : C,  C : D,  D : E,  E : a,  or  the  ratio  of 

$R 

xz 

C)  : 


S?R  q v 

B = A : a,  is  equal  to  the  ratio  of  pr= : — ( 1 8),  and  A i 


is  as 


XZ  xz 

(48).  Let  ^ be  alfo  given  or  ^ = q,  and  A ,(=  B 
a::  , or  A is  as  -^(48).  Hence  may  be  underftood  what 

A Z X Z A Z 

is  meant  by  philofophical  writers,  when  they  fay  the  velocity  (F) 

u varies 
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varies  as  the  fpace  (S)  dire&ly,  and  the  time  (T)  inverfely,  or  as 

s 

and,  if  T be  given,  V is  as  S,  and,  if  S be  given,  P varies  as 


66.  Ex  amp.  I.  The  number  of  feet  (S)  defcribed  in  any  time 
(TJ,  with  an  uniform  velocity  (V)}  encreafes  or  decreafes  direftly 
with  V and  7,  both  of  which  are  independent  of  each  other,  and 
therefore  varies  as  V x T.  If  V be  doubled  or  encreafed  in  the  ra- 
tio of  2:1,  and  T be  encreafed  in  the  ratio  of  3 : 1,  S will  be  en- 
creafed in  the  ratios  of  2 : 1 and  3 : 1,  or  of  6 : 1. 


67.  Ex  amp.  II.  The  quantity  of  matter  (£P)  in  different  bodies 
varies  as  the  magnitude  ( M ) multiplied  into  the  denfity  (D).  For 
if  the  magnitude  vary  in  the  ratio  of  M : m>  and  the  denfity  or 
clofenefs  of  the  conflituent  parts,  in  the  ratio  of  D : d,  the  quan- 
tity of  matter  will  be  changed  according  to  both  thefe  ratios,  or 
S^qwM\m  and  D : d ::  M x D : m x d,  or  ^varies  as  M x D (48). 


68.  Ex  amp.  III.  The  velocity  (V)  of  a body  moving  uniformly 
In  the  peripheries  of  different  circles,  varies  as  the  radius  ( R ) di« 
refilly,  and  periodic  time  (P)  inverfely.  For,  if  P remain  conftant 
whiift  the  fpace  defcribed  or  periphery  varies,  the  velocity  will  en- 
creafe  or  decreafe  direSUy  as  the  fpace,  or  as  P,  becaufe  the  peri- 
pheries of  circles  are  as  their  diameters ; and  if  the  periodic  time 
be  encreafed  in  the  ratio  of  2 or  3 : 1,  or  univerfally  in  the  ratio 
of  P:  the  velocity  will  be  changed  in  the  ratio  of  1 : 2 or  3,  or 
of  p : P.  If  therefore  the  radius  be  changed  in  the  ratio  of  R : r, 
and  periodic  time  in  the  ratio  of  P :p,  and  V become  v,  F:v  as 

R : r,  and  p : or  as  p : and  the  velocity  is  as  p (4 8). 


69.  Ex- 
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69.  Ex  amp. IV.  If  F be  the  velocity  communicated,  by  the  adtion 
of  a force  F,  to  a quantity  of  matter  reprefented  by  and  thefe 

F 

quantities  be  fuppofed  to  vary,  V will  be  as—;  for  if  the  force 

become  2 F,  3 F,  &c.  the  velocity  will  become  2F,  3F,  &c.  and  if  a 

quantity  of  matter  become  2^  3^  &c.  the  velocity  communicated 

V v F 

will  be  &c.  and  V therefore  is  as  ^ (64)0 
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MECHANICS. 


T%  M ECHANICAL  philofophy  acquired  the  name  from  its 
JLV  JL  utility  in  the  conftrudtion  of  machines;  but  it  is  now,  in  a 
more  general  fenfe,  underftood  to  comprehend  two  branches  of 
fcience,  cultivated  at  different  periods  of  time,  denominated  Statics, 
or  the  fcience  of  the  equilibrium  and  relation  of  powers,  and  Dy- 
namics, or  the  fcience  of  actual  motion,  The  firft  profeffes  to 
defcribe  the  conftrudtion,  properties,  and  mechanical  advantages 
of  machines,  and  their  various  combinations,  calculated  to  fuftain 
the  preffure  of  heavy  bodies  and  facilitate  their  motion ; and  to 
investigate  the  equilibrium  of  powers  acting  upon  them,  or  their 
relative  magnitudes,  when  by  oppolite  exertions  they  deftroy  each 
other’s  effect  or  remain  quiefcent.  This  branch  comprehends 
that  part  called  the  mechanical  powers,  and  is  fometimes  called 
practical  mechanics.  The  objedi  of  dynamics  is  the  nature,  ge- 
ne fis,  and  change  of  actual  motion,  or  an  inveftigation  of  the  di- 
rection, 


MECHANICS. 

reCtion,  quantity,  and  law  of  variation,  of  a force  or  power  capa- 
ble of  generating  any  motion  or  change  of  motion  5 and  vice 
versa.  This  comprehends  the  laws  by  which  all  motions  are  re- 
gulated, the  motions  refulting  from  oollifions,  the  theory  of  ofcil- 
lations,  projectiles,  and  centripetal  forces,  and  is  fometimes  called 
rational  mechanics.  The  principles  of  ftatics  were  calculated  and 
eftablifhed  by  Archimedes,  and  have,  fince  that  period,  been  al- 
moft  exhaufted  by  the  labours  of  fucceeding  writers.  Galileo  de<- 
monftrated  the  laws  of  defcent  of  heavy  bodies,  and  from  him  origi- 
nated the  fcience  of  dynamics,  which  has  fince  been  profeeuted  to* 
an  amazing  extent  in  Eulers  Mechanica,  and  Newton’s  Principia. 
As  the  objects  of  mechanical  philofophy  are  the  equilibrium  and 
motions  of  bodies ; a delcription  of  the  different  qualities,  or  mecha- 
nical affections  of  matter,  producing  preffure,  motion,  and  other 
phenomena,  ought  to  be  premifed.  Mechanics  therefore  might  with, 
great  propriety  be  divided  into  two  parts;  of  which  the  fir  ft  would? 
contain  the  properties  of  matter,  or  the  exiftence,  intenfity  at  a 
given  diftance,  and  laws  of  variation  at  different  diftances,  of  thofe : 
general  principles  which  are  the  apparent  origin  of  motion,  and  the : 
continuation  of  motion  in  the  material  world,  inveftigated  by: 
analyfis : and  the  fecond  would  be  an  application  of  thefe  princi- 
ples, containing  fynthetie  demonftrations  of  their  effects  upon 
machines,  commonly  called  the  mechanical  powers,  when  in  equi- 
librio,  and  their  relation  to  aCiuah motions,,  rectilineal  and  curvi- 
lineal,  uniform  and  variable.  This  is  the  mod  obvious  divifion 
of  the  fubjeCt,  and  every  deviation  from  it  muft  be  attributed  to  , 
the  defign  of  this  felection,  which  is  foJely.  the  utility  of  the  acade- 
mic Undent, 
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MATTER,  and  its  PROPERTIES. 


CHAP.  I. 
Of  MATTER. 

* 


7°-l\ /f  ATTBR  is  the  fubftance  employed  in  the  formation 
JLV JL  of  that  part  of  the  creation,  whofe  exiftence  is  evi- 
denced by  the  teftimony  of  the  fenfes  j and  the  mod  charafteriftic 
and  prominent  marks  of  it  feem  to  be  extenfion  and  folidity.  In- 
deed folidity  is  the  mod  difcriminating  mark  of  matter,  as  it  di» 
ftinguifhes  it  from  every  thing  elfe;  but  taftes,  fmells,  founds  equally 
indicate  the  exiftence,  though  whatever  is  folid  and  extended  is  the 
common  and  mod  general  defcription,  of  matter.  Many  other 
qualities  invariably  adhere  to  all  matter  with  which  we  are  ac- 
quainted, whether  hard,  foft,  or  fluid  5 and  from  our  ignorance  of 
its  internal  conftitution,  or  that  latent  principle,  by  whofe  influ- 
ence its  qualities  are  connected,  and  from  which  they  neceflarily 
derive  their  origin,  thefe,  and  many  others  inacceffibie  to  the  fenfes, 
may  be  ingredients  in  its  effence.  All  our  knowledge  of  matter, 
as  far  as  it  is  related  to  the  prefent  fubjecf,  is  either  geometrical,  or 
philofophical : the  fir  ft  confiders  matter  as  being  of  fome  magni- 
tude, or  circumfcribing  fpace  and  having  fome  figure,  then  called 
body,  and  is  ufually  denominated  ftereometry,  or  the  menfuration 
of  magnitudes  of  three  dimenfions,  length,  breadth,  and  thick- 
nefs;  and  the  fecond  comprehends  all  the  properties  of  matter  ad- 
dreffed  to  the  fenfes,  which  may  be  filled  phyfical  or  philofophical, 
becaufe  all  the  phenomena  of  nature  are  conceived  to  refult  ini  me- 

E diately 
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diately  from  them;  as  extenfion,  folidity,  inertia,  and  thofe  appa- 
rently more  active  qualities,  gravity,  magnetifm,  electricity,  cohe- 
fion,  elafticity,  Thefe  laft  are  called  mechanical  affections  of  matter* 
or  mechanical  caufes,  becaufe  they  are  conceived  to  refide  in  matter, 
and  all  mechanical  phenomena,  or  changes  of  motion  obfervable  in 
the  material  world,  appear  to  be  directed  by  their  neceffary  and  uni- 
form agency.  The  philofophical  properties  of  matter  are  diftin- 
guifhable  into  two  kinds,  general,  and  fpecific:  the  fir  ft  are  fuch  as 
univerfally  adhere  to  every  fpecies  of  matter,  and  of  which  no  art 
hath  been  able  to  divert  them,  as  extenfion^ folidity  > mobility , quiejci - 
bility , inertia , figure , attractions  and  repufions , and  probably  many 
more  which  are  too  fubtle  for  the  obfervation  of  fenfe,  or  have 
yet  eluded  the  inquifition  of  the  philofopher;  and  the  fecond  are 
fuch  as  are  attached  only  to  particular  fpecies  of  matter,  as  opa- 
city, tranfparency,  hardnefs,  fluidity,  colour,  magnetifm,  eiafticity, 
&c.  Another  difc.rimination  of  thefe  qualities  is,  that  fome  are 
incapable  of  iiitenfion  or  remiffion,  as  extenfion,  folidity,  inertia, 
mobility,  figure,  which  are  infeparable  from  a body  and  its  com- 
ponent parts;  and  others  are  relative  and  capable  of  encreaft  and 
decreafe,  as  attractions  and  repulfions,  whofe  in-ten  fity  depends 
upon  the  magnitude  and  diftance  of  the  attracting  or  repelling  bo- 
dies, and  as  that  magnitude  and  diftance  may  vary  without  limit, 
the  influence  of  thefe  powers  may,  by  remotenefs,  decreafe  with- 
out limit,  and  become  evanefcent.  A knowledge  of  the  exiftence, 
and  difcrimination  of  thefe  qualities,  is  entirely  derived  from  ex- 
periment and  obfervation,  and  conftitutes  the  fum  of  all  that  is 
known  concerning  matter.  The  internal  conftitution  of  it  is  un- 
known, and  its  effefts  cannot  be  inveftigated  without  the  afliftance 
of  experience;  and  whether  any  more,  befides  thofe  eight  general 
properties  enumerated,  belong  to  it,  and  what,  or  whether  any, 
connexion  fubfift  between  thofe  already  difeovered,  and  to  what 
particular  conftitution  fpecific  qualities  are  owing,  muft  be  derived 
from  the  fame  fource,  experiment,  and  if  ever  difeovered,  will  pro- 
bably refult  from  the  labour  of  the  chymift® 


C H A P. 


EXTENSION. 


C H A P.  II. 

Of  EXTENSION. 


7]*}  | ' HERE  are  three  kinds  of  extenfion,  lineal,  as  the  line  fig. 

A A B;  fuperficial,  having  length  and  breadth,  as  A BCD;  V1IL 
and  folid,  having  length,  breadth  and  thicknefs,  as  AH . Ideas  of 
thefe  three  kinds  of  extenfion  are  undefinable,  and  only  to  be  ac- 
quired by  the  fenfes  of  feeing  and  feeling.  The  perceptions  in- 
troduced to  the  mind  by  feeing  or  feeling  two  diftant  parts  of  the 
line  AB,  a furface  A BCD,  and  material  body  AH,  convey  re- 
fpedtively  the  meaning  of  lineal,  fuperficial  and  folid  extenfion; 
which  are  difiimilar  magnitudes,  and  incapable  of  comparifon 
with  each  other.  A line,  having  no  breadth,  cannot,  however  re- 
peated, conftitute  a furface;  and  a furface,  having  no  thicknefs, 
cannot  conftitute  a folid.  The  parts  of  a line,  though  divided 
without  limit,  are  ftill  lineal  extenfion,  and  the  parts  of  a furface, 
or  folid,  though  divided  into  a number  of  parts  unaffignably  great, 
are  ftill  fuperficial  and  folid  extenfion.  This  quality  is  fo  far  ef- 
fential  to  matter  that  it  cannot  be  divefted  of  it,  or  conceived  to 
exift  without  it. 

72.  Def.  A magnitude  is  faid  to  be  finite  when  an  equal  to  it  can 
be  ajjigned- > or  when  its  encreafe  and  decreafe  are  limited  within  ajjign - 
able  bounds . 


73.  Def.  A magnitude  is  faid  to  be  infinitely  great  or  ftnalf  when 
no  finite  ratio  obtains  between  it  and  a finite  magnitude , or  when  its 
encreafe  or  decreafe  is  not  limited  by  any  affignable  boundary . 

74.  Prof. 

* Keil’s  Phyfics.  Mufchenbroek. 
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FIG.  VI.  74.  Prop,  A finite  right  line  E X is  divfible  in  infinitum . 

Dem.  A mathematical  point  A may  be  taken  between  X and 
E , and  another  B between  A and  E,  and  this  procefs  may  be  con- 
tinued without  limit,  becaufe  the  intermediate  points  A , B,  &c. 
having  no  length,  can  never  coincide  with  X or  E,  or  with  each 
other,  QJE,  D, 

FJG.VH.  Otherwife  : Through  E and  X draw  EP,  X C parallel  to  each 
other,  and,  becaufe  they  never  meet,  a number  of  points  a , b , c,  d9 
See.  greater  than  any  afiignable  number  may  be  taken  in  X C-, 
and  if  right  lines  be  drawn  from  them  to  any  point  P on  the  other 
fide  of  EX,  they  will  divide  it  into  a number  of  parts  equal  to 
the  number  of  points  a,  b,  c,  See. : for  if  they  did  not,  two  lines 
mu  ft  pafs  through  the  fame  part,  that  is,  either  interfefk  each 
other  in  EX,  or  coincide  till  they  arrive  at  it,  and  then  diverge, 
both  of  which  are  impoflible.  There  is  therefore  no  afiignable 
limit  to  the  divifibility  of  EX  QJE.  D. 

Fi  G.  75,  Cor,  1.  The  finite  furface  A BCD  is  infinitely  divifible* 
“ for  it  is  equally  divided  with  A B,  by  drawing  mathematical  right 
lines  pf,qg,rh9  See . from  the  points  p,  q,  r,  Sec.  parallel  to  A D, 
which  having  no  breadth  cannot  coincide.  If  A BCD  be  a boun- 
dary of  the  folid  AH , and  mathematical  planes  be  drawn  through 
pf9  qg,  rh , See.  parallel  to  AF,  they  cannot  coincide,  having  no 
thicknefs,  and  consequently  will  divide  the  folid  into  the  fame 

number  of  parts  with  the  furface  ABCD,  or  line  AB. 

% 

76.  Cor.  2.  Every  finite  line,  furface  and  folid,  is  therefore  com- 
pofed  of  an  unlimited  number  of  parts;  and  each  of  thefe  parts 
F1Gt  ix.  is  compofed  of  an  unlimited  number,  Sec.  For  let  LM  be  infi- 
nitely greater  than  Ln,  and  take  LM : Ln  ::  Ln  : Low  Lo  : Lpy 
Seer,  and  drawing  any  finite  line  MAy  making  an  angle  with  LM, 

and 
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and  n B,  oC , pD,  &c.  parallel  to  MA  and  terminated  by  LA^ 
MA  is  infinitely  greater  than  n B ; nB  than  o C;  oC  than  p D, 
&c.  But  MA  is  infinitely  divifible,  and  right  lines,  drawn  from 
L to  the  points  of  divifion,  will  cut  nB,  oC,  into  the  fame 
number  of  parts  with  it, 

77.  Cor.  3.  Matter  is  therefore  infinitely  divifible,  becaufe  ex- 
tended. And  this  propofition  and  corollaries  are  applicable  to 
magnitudes  of  every  kind,  as  velocities,  forces,  times,  &c. 

SCHOLIUM. 

78.  The  terms  infinitely  great  and  fmali  are  ^relative,  and  Im- 
ply a comparifon  with  an  afiignable  magnitude,  and  compared  with 
it,  all  infinitely  great  or  fmali  magnitudes  are  to  each  other  in  a 
ratio  of  equality;  but,  compared  with  each  other,  they  admit  of 
the  fame  inequality  of  ratios  with  finite  magnitudes.  The  line 
AM  is  infinitely  divifible,  and  if  the  points  of  divifion  be  equi- 
diftant,  any  one  part  xy,  multiplied  into  their  number,  is  equal  to 
AM ; and  xy  : AM ::  unity:  a number  unaffignably  great,  or  x y 
is  an  infinitefimal  of  the  firft  order.  The  infinitefimal  xy  is  infi- 
nitely greater  than  wt,  and  wt  than  r s;  for  xy  : w t ::  w t : x s a* 
LM : Ln . But  infinitefimals  of  the  fame  order  may  be  to  each 
other  in  any  afiignable  ratio;  for,  let  LM  be  to  LF  as  3,  4,  c,  or 
or  m : t,  and  FG,  being  drawn  parallel  to  MA,  will  be  equally  di- 
vided with  it,  and  the  infinitefimal  vz  : xy  ::  LM:  LF ::  1 13,4,  5, 
or  any  number  m.  This  is  called  the  mathematical  divifibility  of 
matter,  and  is  equally  applicable  to  fpace  and  all  other  magnitudes, 
which  may  be  represented  by  extenfion;  but  that  an  afl'ual  divi- 
fibility, or  actual  fepa ration  of  the  parts  of  matter,  is  limited  by 
certain  inviolate  bounds,  is  inferred  from  the  identity  of  natural 
fubftanc.es. 


Phenom.  1.  Salt  diflfolved  in  a men-ftruum,  becomes  the  fame 
fait  when  the  menftruum  is  fuppofed  to  dry  gradually.  Salt  con- 
verted 
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verted,  by  a chymical  procefs,  to  an  acid  fpirit,  is,  by  reverfing  the 
procefs,  regenerated  into  the  fame  fait.  Metals  liquidated  by  fire, 
are  reftored  to  their  priftine  ftate  by  the  attraction  of  cohefion. 
But  were  the  decompounded  particles  of  the  fait,  or  metal,  at- 
tenuated by  the  aftion  of  the  menftruum  or  fire,  and  again  to  co~ 
alefce  by  their  cohefive  force,  fubftances  of  a different  texture  and 
appearance,  and  of  different  fpecific  gravities,  would  refult.  The 
mo  ft  powerful  natural  agent,  with  which  we  are  acquainted,  is  fire; 
which,  whether  artificial  or  collected  in  the  focus  of  a burning  glafs, 
only  attenuates  bodies  to  a limited  degree  by  converting  them  into  a 
thick  fmoke,  glafs, &c.  Every  fpecies  of  matter  fludtuates  and  decays 
by  the  feparation  of  its  component  parts,  and  is  renovated  by  their 
accefiion ; but  were  the  nutritious  particles,  adminiftering  to  the 
encreafe  of  natural  fubftances,  capable  of  divi ability  or  diminu- 
tion by  attrition,  &c.  new  fpecies  of  fubftances  would  refult  with 
new  properties  and  characters.  Water  and  earth,  compofed  of 
old  particles,  and  fragments  of  particles  produced  by  attrition, 
would  have  a different  fpecific  gravity,  from  water  and  earth  com- 
pofed of  entire  and  unbroken  particles ; and  the  nature  and  tex- 
tures of  thefe  and  all  other  fubftances  would  by  repeated  attritions, 
be  perpetually  changing,  which  is  contrary  to  experience.  Bodies 
therefore  break,  not  in  the  midft  of  folid  particles,  but  where 
thofe  particles  cohere  in  a few  points;  and  the  divifibility  of  mat- 
ter is  only  a feparation  of  its  conftituent  parts,  effected  by  a di Ab- 
lution of  that  cohefive  force  which  unites  them,  and  is  limited  by 
ultimate  elementary  particles  which  are  a perfect  repletion  of 
fpace,  without  pores  and  indivifible. 


C H A P. 


SOLIDITY. 


39 


C H A P.  IIL 


Of  SOLIDITY. 


79.^T^HE  fecond  philofophical  quality  of  matter  is  that  by 
JL  which  it  occupies  fpace  to  the  exclufion  of  all  other 
matter,  and  is  called  its  folidity;  but  the  meaning  of  it  cannot  be 
conveyed, by  words,  being  undefinable  and  only  to  be  acquired  by 
the  fenfe  of  touching.  The  perception  introduced  to  the  mind 
by  the  insuperable  refiftance  felt  in  a body  is  an  idea  of  folidity* 
This  refiftance,  and  total  exclufion  of  matter  from  fpace  already 
occupied,  is  infeparable  from  all  matter  with  which  we  are  ac- 
quainted, whether  hard,  foft,  or  fluid;  and  the  little  refiftance  ex- 
perienced in  fo-me  bodies,  is  not  owing  to  a want  of  folidity,  but 
to  their  fluidity  and  foftnefs,  by  which  qualities  their  component 
parts  are  eafily  difplaced.  That  hard  and  foft  bodies  are  folid,  and 
cannot  occupy  the  fame  part  of  fpace,  appears  from  uncontroverted 
experience;  for  the  oppofite  Tides  of  the  fubftance  compreffing 
them  are  never  found  to  meet,  but  by  removing  the  intervening 
parts.  And  the  fame  is  difcovered  to  obtain  in  all  fluids  within 
the  reach  of  obfervation ; for  no  portion  of  water,  air,  mercury, 
&c.  can  occupy  the  fame  place,  becaufe  they  afford  an  infuperable 
refiftance  preventing  the  coincidence  of  the  oppofite  fides  of  the 
fubftance  comprefling  them;  and  their  ditnenfions  are  never  found 
to  be  diminifhed  by  preffure  without  an  adequate  caufe,  viz.  com- 
preffibility,  and  tranfmifiion  through  the  vacuities  of  the  veffel 
containing  them.  Numberlefs  faffs  demonftrate  eleffric  and 
magnetic  effluvia,  whofe  parts  are  immeafurabiy  minute,  to  be 
capable  of  impulfe  and  refiftance  like  other  fluids ; and  it  is  in- 
ferred from  analogy,  that  thefe  fluids,  circumfcribed  and  com- 
preffed  by  plane  furfaces,  would  invariably  oppofe  their  jun- 
ction, were  the  vacuities  in  thofe  furfaces  lefs  than  the  particles  of 
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the  fluids.  Solidity  therefore  is  an  univerfal  attribute  of  matter, 
but  its  caufe  is  unknown  and  probably  undifcoverable  by  human 
faculties.  The  approach  of  one  body  to  another  is  apparently 
limited  by  the  adtual  contact  of  their  neareft  parts,  which  abfo- 
lutely  fill  the  fpaces  occupied  by  them,  and  confequently  a nearer 
accefs  and  greater  furfaces  of  contadf,  only  refult  from  their  diflo- 
cation ; but  this  is  not  allowed  without  controverfion.  Com- 
prefiibility,  contraction  by  cold,  elaflicity,  &c.  prove  that  the  mi- 
nute parts  of  fome  bodies  are  not  in  mathematical  contadf,  and 
their  refiflance  is  an  indication  of  repulfion  ; and  the  nearer  accefs 
therefore  of  two  bodies  is  imagined  to  be  impeded  by  a ftrong 
repulfive  power,  which  being  overcome,  a mutual  penetration  of 
parts  enfues,  and  the  bodies  occupy  the  fame  part  of  fpace.  But 
this  dodtrine  is  ftill  only  hypothetical;  and  though  the  minute 
parts  of  fome  bodies  do  exert  an  influence  at  a diftance,  and  a 
repulfive  power  be  confefied  to  obtain  between  them,  it  cannot  be 
concluded,  generally,  to  be  the  only  caufe  preventing  their  nearer 
approach,  nor  admitted  as  a general  principle  in  nature,  contrary 
to  the  common  apprehenfion  of  mankind,  till  eftablifhed  by  fatif- 
fadtory  and  uncontroverted  experiments.  The  tranfmifiion  of  one 
body  through  another,  and  apparent  penetration  of  parts,  feem, 
and  may  be  conceived,  to  refult  from  empty  unoccupied  fpace  be- 
tween thofe  parts;  and  the  quantity  of  thefe  vacuities  is  colledted 
from  the  following  phenomena. 


80.  Phenom.  Many  vacuities  or  pores  are  actually  vifible, 
through  a microfcope,  in  every  fpecies  of  animals,  vegetables  and 
foffils.  The  bottom  of  the  fea  is  vifible  at  a greater  depth  than 
fixty  feet.  A man's  finger,  placed  before  the  aperture  of  a dark 
chamber,  is  tranfparent  by  the  paflage  of  light  through  its  pores : 
and  light  is  tranfmitted  in  almoft  every  diredtion  through  glafs 
and  water,  and  when  condenfed  three  thoufand  times  in  the  focus 
of  a burning  glafs,  it  fee  ms  to  be  admitted  into  water  and  glafs 
without  obftrudtion.  Bledtric  effluvia  pafs  through  gold  with  a 
velocity  unafiignably  great,  and  the  magnetic  power  is  tranfmitted 
through  every  fpecies  of  matter,  except  iron,  without  diminution. 

The 
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The  volatile  fpirit  of  fulphur  tinges,  with  a brown  colour,  filver 
furrounded  with  repeated  coverings  of  cloth  or  paper;  the  fcents 
of  mufk,  civet,  &c.  pafs  through  wood.  Air  and  water  imbibe 
each  other;  oils  penetrate  the  vacuities  of  fulphur  and  fome  Hones ; 
mercury  penetrates  the  pores  of  gold,  brafs,  and  is  tranfmitted 
through  human  fkin,  leather,  &c.;  water  is  tranfmitted  through 
the  membranes  of  animals,  and  the  fine  tubes  of  vegetables,  and 
may,  by  compreflion,  be  forced  through  gold,  filver,  &c.*  From 
numberlefs  chymical  experiments  it  appears,  that  ail  animals,  ve- 
getables, and  fofills,  yield  water  plentifully  by  the  force  of  heat; 
and  all  bodies,  whether  hard  or  fluid,  admit  the  particles  of  fire 
into  their  pores,  through  which  it  pafles  and  is  diflipated. 

8 1*  Def.  The  magnitude  of  a body  is  the  magnitude  of  folid  exten- 
tenfion , that  is , length , breadth  and  t hi  chiefs,  or  the  number  of  cubical 
inches  contained  in  it. 

\ , . ' • 

82.  Def.  The  quantity  of  matter  in  a body  is  the  number  of  equal 
particles  contained  in  it . If  the  matter  compofmg  different  bodies  be 
reduced  to  equal  particles  without  pores , the  quantity  of  matter  in  each 
will  be  equal  to  one  particle  multiplied  refpe lively  into  their  number . 

83.  Def.  Denfity  of  a body  is  the  contiguity , or  clofe  adhefion , of  its 
particles ; but  this  term  ufually  implies  the  ratio  obtaining  between  the 
number  of  equal  particles,  or  quantities  of  matter,  in  bodies  of  the  fame 
magnitude . 


84.  Def*  Homogeneous  bodies  are  thofe  which  have  the  fame  den - 
jlty  in  every  party  heterogeneous  are  thofe  which  have  not . 

85.  Def. 

• In  the  celebrated  Florentine  experiment,  a quantity  of  water  was  enclofed  in  a hollow 
fphere  of  filver*  and  then  forcibly  compreffed  by  fcrews,  till  the  fluid  was  teen  to  oose 
through  the  pores  of  the  metal  and  cover  its  furface  like  a dew. 
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85.  Dff.  The  per  oft y of  a body  is  the  remotenefs  of  its  elementary 
p articles , or  the  ratio  of  the  quantities  of  vacuity  in  different  bodies  of 
equal  bulk . 

86.  Prop.  If  Q^D,  B reprefent  refpeSiively  the  quantity  of  matter , 
denftyy  and  magnitude , of  a body , and  be  fuppofed  to  vary  \ Q ytvill  vary 
as  D x B. 


Dem.  If  D,  or  B}  be  encreafed  or  diminifhed  in  the  ratio  of 
2,  3 ? &c.  to  i,  j^will  evidently  be  encreafed  or  diminifhed  in  the 
fame  ratio,  and  D and  B are  unconnected ; therefore  (64)  £>  is  as 
DxB.  QJS.  D. 


87.  Cor,  i«  Since  i^is  asBxB,  if  y,  d , b be  cotemporary  new 
values  of  Z),  B 5 §>j  q : : DB  : d b3  and  ^ : : B : b,  & | - 

D : (41  );  or  if  D be  given,  i^is  as  B 5 and  if  B be  given,  ^.is 

1 1 

as  D;  and  if  ^_be  given,  D is  -g  and  B as  g.  This  cor.  fol- 
lows alfo  from  (65), 


88.  Cor.  2.  If  numbers,  or  lines,  whole  ratio  is  the  fame  with 
that  of  D and  B,  be  fubftituted  for  them,  i^is  properly  expreffed 
by  the  produCt  of  thefe  numbers,  or  a reCtangle  whofe  fides  are 
thefe  lines. 


89.  Cor.  3.  If  the  denfity  of  a body  be  encreafed  in  the  ratio  of 
2,  3,  &c,  to  1,  the  porofity  (P)  will  be  diminifhed  in  the  ratio 

1 B 

of  1 to  2,  3,  &c,;  and  confequently  P is  as  jj,  or  (87)  as  7,-.  If 

B be  given,  P is  as  and  if  ^be  given,  P is  as  B-,  and  P being 
given,  B is  as  % 


Examp. 


0 


SOLIDITY. 

Ex  ami  . I.  11k  denfity  of  gold  is  to  that  of  vvatex- as  iq--  j 

and  confequently  the  relative  quantity  of  pores  in  gold  and  water 

is  as  i : ig\.  The  relative  denfities  of  gold  and  cork  are  as  SV : i 

and  their  quantities  of  pores  therefore  as  i : 8 1|.  If  one  half  of 

the  magnitude  of  gold  were  vacuous,  the  relative  quantities  of 

pore  and  fohd  parts  in  the  water  and  cork,  would  be  refpectivelv 
as  39 : i and  163 : r.  ' 1 


Ex  amp.  II.  If  a body  whofe  magnitude  is  A were  conftrucfed  of 
particles  cohering  in  fuch  a manner  as  to  have  j of  its  magnitude 
vacuous,  and  thefe  particles  were  fimilarly  conftructed  of  other  lefs 
particles  having  f of  their  magnitude  vacuous,  and  the  third  order 
of  particles  were  elementary,  and  a perfe£t  repletion  of  fpace, 
the  quantity  of  vacuity  would  be  equal  to  A x|-j-  A x x 1 + A 

= = And  the  magnitude  of  va- 

cuity is  to  the  magnitude  of  matter  as  7 : 1. 

I 

SCHOLIUM. 

90.  What  the  figure  and  magnitude  of  the  elementary  particles 
of  matter  are,  cannot  be  known  from  the  fenfes,  which,  with  every 
microfcopical  affiftance,  are  unable  to  difcern  them.  An  ele- 
mentary particle  of  matter  hath  probably  never  yet  been  feen.  A 
number  of  elementary  particles,  uniting  by  the  power  of  cohefion, 
form  greater  particles ; and  thefe,  uniting  again  by  the  fame 
power,  form  greater  ftili ; and,  this  procefs  being  made  repeatedly, 
a corpufcle  is  at  length  formed  of  a fenfible  bulk.  All  bodies 
feem  to  be  compofed  of  thefe  derivative  corpufcles,  which,  formed 
of  more  or  fewer  repeated  unions,  compofe  bodies  more  or  lefs 
denfe.  Thefe  derivative  corpufcles  feem  fometimes  to  be  fimilar: 
if  a beam  of  light  be  feparated  by  a.prifm  into  finall  coloured  rays, 
and  any  fender  ray  of  the  fame  colour  be  minutely  examined,  its 
component  parts  feem  to  be  fimilar,  becaufe  they  affect  the  fight 
exactly  in  the  fame  manner.  Pure  mercury  fqueezed  through  the 
pores  of  leather,  or  raifed  into  fume,  and  received  upon  dean  glafs, 

F 2 exhibit 
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exhibit  globules  fimilar  and  undiftinguifhable.  This  is  alfo  ob- 
fervable  ot  the  vapours  of  pure  water.  And,  in  other  fpecies  of 
matter,  the  derivative  particles  are  combined  from  others  exaftly 
fimilar  to  them;  a red  globe  of  blood  is  obferved,  through  a mi- 
cro (cope,  to  be  compofed  of  fix  yellowilh  ferous  globes,  and  every 
one  of  thefe  is  compofed  of  fix  lymphatic  globes ; but  farther  the 
microfcope  does  not  enable  us  to  proceed.  Every  fpecies  of  mat- 
ter, however  different  in  denfity,  may  be  conceived  to  be  formed 
of  equal  and  fimilar  elementary  particles.  Thus,  the  particles 
FIG.  X.  Ay  By  Cy  compofed  each  of  fix  equal  elementary  particles,  are  dif- 
ferent; and  thefe  particles  may,  by  a different  combination,  form 
different  ft  ill ; and  thefe  repeated  coalitions  may,  by  changing  the 
original  and  fucceeding  numbers  and  their  pofitions,form  maffes  of 
matter  differing  in  endlefs  variety. 

UNIFORM  MOTION. 

91.  From  the  folidity  of  matter,  whether  owing  to  repulfion  or 
adtual  contaft,  refults  its  capacity  of  impulfe  or  of  being  protruded, 
and  confequent  mobility  of  body,  as  far  as  the  caufe  of  mobility 
Teems  to  be  known.  If  the  body  Ay  in  motion,  ftrikes  another  body 
By  not  retained  in  its  place  by  any  force,  B will  be  protruded  and 
move;  becaufe,  from  their  folidity,  they  cannot  penetrate  each 
other’s  dimenfions ; and  the  communication  of  motion  in  this  cafe 
is  the  neceffary  confequence  of  folidity.  Motion  fuppofes  the  fuc- 
ceffive  exigence  of  the  body  moving  in  different  parts  of  fpace,  and 
therefore  cannot  be  underftood  without  prefuppofmg  a knowledge 
of  fpace  and  time ; which  therefore  mu  ft  be  premifed. 

92.  Def.  Space  is  that  which  contains  the  whole  fenfibie  creationy 
is  unlimited , and  its  parts  are  homogeneous , infeparable , co*exi fling  and 
unreflfling . 


93.  Cor.  Since  fpace  is  unlimited  in  every  direction,  and  its 
parts  fimilar  and  undiftinguifhable,  any  portion  of  it  can  only  be 

1 after- 
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afcertained  by  its  relation  to  fome  affumed  fenfible  mark  or  ob- 
jeft*  Hence  of  place,  which  is  a part  of  fpace,  there  are  two 
kinds,  abfolute  and  relative. 

94*  abfolute  place  of  a body  is  that  portion  of  this  unli- 

mited fpace , which  is  occupied  by  it  when  fixed  and  immoveable 3 and 
the  7 elative  place  of  a body  ts  its  ftuation  with  refpedl  to  fome  affumed 
mark  or  cbjeff , which  it f elf  may  be  moveable . 

95*  Cor.  The  abfolute  and  relative  place  of  a body  coincide, 
when  it  and  the  affumed  objeft  are  immoveable,  or  remain  in  the 
fame  part  of  fixed  fpace.  But  we  cannot  perceive  the  abfolute 
place  of  any  object. 


96.  Def.  Duration  is  that  which  flows  uniformly , is  unbounded \ 
continuous , whofe  parts  are  fimilar , and  no  two  exifl  together . An  idea 
of  duration  is  obtained  by  obferving  the  interval  between  our 
ideas,  or  between  the  fuccefiive  appearances  of  any  external  object; 
and,  as  it  is,  ftribtiy,  only  meafurable  by  a portion  of  duration, 
and  no  two  parts  exift  together,  confequently  cannot  be  compared 
by  juxta  pofition,  time,  which  is  a part  of  duration,  is  of  two 
kinds,  abfolute  and  relative. 

97.  Def.  Abfolute  time  is  a portion  of  duration , whofe  quantity  is 
only  known  by  a comparifon  with  another  portion  3 and  confequently  the 
relation  between  any  two  parts  of  abfolute  time  is  undif cover  able . Re- 
lative time  is  a part  of  duration  which  elapfes  during  any  motion  of 
body , or  any  fucceflion  of  external  appearances . 

98.  Def*  An  infant  is  the  boundary  between  any  two  contiguous 
portions  of  time , as  a point  is  the  boundary  of  any  contiguous  lines  3 and 
a moment  is  any  final/  portion  of  time* 


99.  Def- 
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99.  Def.  Ahfolute  motion  is  a change  of  abfolute  place,  and  abfo - 
lute  reft  is  a permanence  in  the  fame  abfolute  place . 

100.  Def.  The  direction  of  motion  is  the  pofttion  of  the  line  upon 
which  it  is  made . When  the  motion  is  reBi  lineal,  its  direBion  is  this 
right  line ; when  curvilineal , the  direBion  is  the  tangent  to  that  point 
of  the  curve  where  the  moving  point  is. 


10 1.  Def.  Velocity  is  the  quicknefs  or  Jlownefs  of  motion,  or  the  rate 
at  which  a body  moves . 


102.  Def.  A body  is  [aid  to  move  with  an  uniform , accelerated or 
retarded  velocity,  when  it  continues  the  fame,  encreafes , or  decreases. 
When  the  encreafe,  or  decreafe,  of  velocity  is  the  fame  in  atiy  equal  times , 
the  acceleration,  or  retardation,  is  faid  to  be  uniform  \ and  when  this 
encreafe  or  decreafe  of  velocity,  encreafes  or  detreafes  in  any  equal  times, 
the  acceleration,  or  retardation,  encreafes  or  decreafes  in  the  fame  ratio. 

103.  Def.  The  line  joining  all  the  fucceffive  places,  through  which 
a moving  body  pajfes , is  called  the  fpace  defcribed* 

304.  Prop.  If  S reprefent  the  fpace  uniformly  defcribed  with  the 
velocity  V in  the  time  T,  and  thefe  magnitudes  be  fuppofed  to  vary,  S 
will  vary  as  V x T.* 


Dem. 

* This  proportion  is  proved,  not  inelegantly,  by  the  following  procefs : Let  S and  s be 
refpedlively  defcribed  uniformly,  with  the  velocities  V and  <v>  in  the  times  T and  /;  and 
S x t 

38)  “ the  fpace  defcribed  in  the  time  t with  an  uniform  velocity  equal 

to  V ; and  : s i:  V;  v and  S X t X <v  zz  s x F X T (37),  and  (38)  S : s ::  V X T : 
X /.  <^E  D. 


/ 
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DEM.  If  either  V or  T be  encreafed  or  diminifhed  in  the  ratio 
of  2,  3,  4 i,  the  fpace  will  evidently  be  encreafed  or  dimi- 

nifhed in  the  fame  ratio ; and  becaufe  V and  T are  unconnected, 
or  either  of  them  may  be  changed  without  affefting  the  other, 
S will  vary  as  Vx  T (64).  C^_E.  D. 


s s 

105.  Cor.  1.  Becaufe  S is  as  Vx  T,  V will  be  as  L,  T as  pr,  and: 
if  5 be  given,  T as  ^.and  V as  L (65). 


ic6.  Cor.  2.  If  Vbt  given,  S is  as  T’,  or  the  fpaces  defcribed, 
with  the  fame  uniform  velocity,  are  true  meafures  of  time,  and 
may  be  fubftituted  for  it.  And,  T being  given,  S is  as  Fy  or  the 
fpaces  defcribed  in  the  fame  time  uniformly,  are  meafures  of  the 
velocity:  if  Fy  or  any  other  fymbol,  be  called  velocity,  it  denotes 
the  length  or  number  of  feet  defcribed  uniformly  in  one  fecond, 
or  any  other  time.  Let  any  values  of  the  velocity  be  to  each  PLfTE 

i 9 

other  as  A : B,  or  as  3 : 2,  and  any  cotemporary  values  of  the  time  FIG.  m. 
be  as  C : D,  or  as  5 : 4,  and  the  fpaces  defcribed  will  be  to  each 
other  as  X:  Z,  or  as  3 x 5 : 2 x 4. 


107.  Cor.  3.  If  lines  therefore  be  fubftituted  for  V and  T>  the 
fpace  S will  be  as  the  redtangle,  whofe  fides  are  thefe  lines  y and, 
if  numbers  be  fubftituted  for  them,  the  fpace  will  be  equal  to  the 
product  of  thefe  numbers,  the  time  equal  to  the  quotient  of  the 
fpace  divided  by  the  velocity,  and  the  velocity  equal  to  the  quo- 
tient of  the  fpace  by  the  time.  Let  V be  equal  to  n feet  in  one 
fecond,  and  — p feconds;  and  S is  actually  equal  to  n%p  feet,  T 

S S 

actually  equal  to  y feconds,  and  V feet  in  one  fecond, 

Keil’s  Phyfics,  Lea,  IX, 


V # R I- 
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VARIABLE  MOTION. 

iq  8e  Prop.  In  variable  finite  velocities , the  velocity  during  an  in~ 
finitely  f mall  time , is  uniform . 


D em.  The  encreafe,  or  decreafe  of  velocity  produced  in  any 
finite  time,  is  finite,  and,  if  the  whole  encreafe  or  decreafe  be  di- 
vided into  any  infinite  number  of  increments  or  decrements,  each 
will  be  infinitely  fmall  and  vanifh,  compared  with  the  whole  velo- 
city, which  therefore  is  uniform.  Q^E.  D. 

• ^ 

109.  Cor.  If  therefore  S\  V\  reprefent  correfponding  incre- 
ments of  5,  V%  Ty  refpectively*  F'  will  be  evanefcent  compared 

with  F\  S'  will  vary  as  V x 2T'  (104),  V as  and  T as  y ( 105). 

plate  no.  Prop.  If  the  abficijfia  AS  of  any  curve  DEF  reprefent  the 
FIGLxr  whole  time , and  the  ordinates  AD,  BE,  CF,  &c.  be  as  the  velocities  at 
the  infants  A,  B,  C,  &c.,  the  J paces  defcribed  in  the  times  AB,  B C, 
will  vary  as  the  areas  A E,  B F,  &c* 


Dem.  For  let  Am,  mn , np,  &c.  be  moments  of  time,  and  the 
fpaces  defcribed  in  thefe  moments,  are  as  the  rectangular  paralle- 
lograms Aq^  mr , n v,  (107)  &c.;  and  the  whole  fpaces,  defcribed 
in  the  fums  of  thefe  moments,  i.e.  in  the  times  AB,  BC$  are  as  the 
fums  of  thefe  parallelograms,  or  as  the  areas  AB>  BF*  Q^E.  D. 

hi.  Cor.  1.  If  the  relation  between  V and  7,  or  the  ordinate 
and  abfciffa,  be  given,  the  relation  between  the  fpaces,  or  the  areas 
AEfiBF  may  be  found. 


n 


H2.  Cor. 
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112.  Cor.  2.  If  the  area  AE  be  always  as  the  fpace  defcribed  plate 
(S)  in  the  time  AB  or  T,  the  velocity  is  as  the  ordinate  BE-,  fig!  xi 
for  according  to  this  fuppofition,  S'  is  as  AD  x Am,  or  ADxt] 
and  (109)  as  Vx  T-,  therefore  Visas  A D. 


1 13.  Cor.  3.  If  AS  reprefent  the  fpace  defcribed,  and  the  or- 
dinates AD,  BE,  CF,  &c.  be  always  inverfely  as  the  velocities  at 
thofe  points;  the  times  of  defcribing  AB,  BC,  &c.  will  be  as  the 
correfponding  areas  AE,  BF,  &c.  For  the  time  of  defcribin»  any 

p & J 

fmall  fpace  Am  is  as  — , or  as  Am  x AD  ; and  confequently  the 

fum  of  the  moments,  or  whole  time  of  defcribing  AB,  is  as  AE. 

& 

1 141  Prop*  ! The  acceleration  and  retardation  of  velocity,  vary  as  the 
change  uniformly  produced  dire  Elly , and  the  moment  of  time  in  which  they 
are  produced  inverfely . 

If  the  changes  of  velocity,  uniformly  produced  in  the  fame  time, 
be  as  2:1,  the  acceleration  is  as  2: 1 ( 102)  ; and  if  the  times,  in  which 
the  fame  change  of  velocity  is  effefted,  be  as  1:3,  the  law  of  ac- 
celeration is  as  3 : 1,  or  inverfely  as  the  times;  becaufe  if  the  times 
were  as  3:3,  the  changes  of  velocity  uniformly  produced  in  thefe 
equal  times,  which  meafure  the  ratio  of  acceleration,  would  evi- 

V9 

dently  be  as  3:1,  therefore  the  acceleration  is  as  and  in  the 

V9 

fame  manner  the  retardation  is  as  Q^E.  D. 


1 15.  Cor.  If  the  velocity  vary  as  the  time,  the  acceleration  and 
retardation  are  conftant;  for  V : v ::  T : t,  and,  fuppofing  n — 

V 

the  number  of  moments  of  time,  or  changes  of  velocity,  {V  ) : 

7 1 


NOTE. 
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NOTE. 

P LAT  E *i  1 6.  PROP.  In  variable  motions , if  the  velocity  (V)  in  any  point  L,  be  as  any  power  of  the 
I*  /pace  defcribed , the  time  (T)  of  defcribing  hat  f pace  may  be  found, 

FIG.  XII* 

Let  the  body  begin  to  move  from  A,  and  A L zz  z,  and  V be  as  z”,  and  T the  time  of  de- 

® * I — it 

fcribing  AL . 7* is  as  ~ (109)  as  and  T — -f  C (correction).  CL  E.  D. 


1 17.  Cor.  i.  If  Fhe  conftant,  or  nzz  0 ; T will  be  as  (%)  the  fpace  defcribed. 

* . | 

1 18.  Cor.  2.  If  V be  as  the  fpace  defcribed,  or  n zz  1 ; T — - or  is  infinite,  and  the  body 

will  never  move  from  the  points.  There  are  therefore  no  motions  in  nature,  whofe  velo- 
cities are  not  in  a lefs  ratio  than  that  of  the  fpaces  defcribed,  in  the  beginning  of  motion. 


1 19.  Cor.  3.  If  V be  as  the  power  of  the  fpace  defcribed,  whofe  exponent  is  — L 
— 1 — 2,  &c.  the  time  will  be  as  that  power  of  the  fpace  defcribed,  whofe  exponent  is  i,  f, 
2,  3,  &c. 

FIG.  120.  Cor.  4,  Let  the  body  mo*  e in  AL , and  the  velocity  (V)  be  as  the  ordinates  of  the 
XIII.  curve  line  AM,  which  meets  LA  in  A,  and  cc  ifequently  at  i/=  0.  It  is  evident,  that  if  the 
time  of  defcribin  gAL  be  finite,  or  (1  iSjFbeas  fome  power  of  AL,  whofe  exponent  is  lefs  than 
unity,  or  fractional,  the  tangent  at  A will  be  perpendicular  to  AL.  Let  V be  as  A Ln  and  v 
as  n X ALn~"  X a'l,  and  V : a'l  : : n X A Ln~l  : 1;  and,  if  V be  as  any  power  of  AL,  whofe 

i-  I I 

exponent  is  lefs  than  unity,  viz.  •£,  v : AL  : : * X AL~~X  : 1 : : : 1 : : - : i,when  AL  va - 

iAU-  0 

nifties,  and  ccnfequently  the  fluxion  of  the  ordinate  LM  is  infinitely  greater  than  that  of  the 
abfcifs  4L. 


121.  EXAMP,  If  A MB  be  a femicircle,  Ab  -jz  2 a,  AL  = s,  and  velocity  at  any 
point  L,  as  LM,  or  fuch  as  would  defcribe  n X LM  feet  in  1";  T ~ the  fluerr  of  or  of 

AM 


a s 


„ or 


F»  or 


n a 


X v' 


las 


or 


AMB 


n X LM  n X V las  — s 
time  of  defcribing  AB  — 
length  of  AB,  it  will  be  delcribed  in  the  fame  time. 


n X A 


z,  'been- i*.  Therefore  the  whole 


X AC 


% feconds,  which  i*  1 gi/e»:  quantity,  and  whatever  be  the 


P LAT  E 122.  PROP,  ^he  times  of  defcribing  AL  and  at  'T  and  t)  with  Vi  '0  cities  which  are  a lav  ays 
II.  to  each  ether  as  the  ordinates  LM,  1 :tl  f fimilar  cur-  s AM,  am,  are  equal. 

F I G. 

XIV . * Euler's  Mechanica. 


* Euler's  Mechanica. 


DEM. 


S O L I D I T 

DEM.  Let  A L and  a l be  homologous  fpaces,  vvhofe  ratio  is  that  of p : qy  and  if  AL  zz  sy 
and  LM  ~ v ; a l zz  and  Im  ~ LM  x The  time  of  defcribing  AL  or  (TJ  zz. 


P 

• • • * 

flu.  — , and  / zz  flu.  ~ zz  flu.  '‘j—  zz  flu.  - zz  T*.  Q.  E.  D. 

<z>  /«*  LM  v 


123.  DEF.  The  fcale  of  velocity  is  a line  whofe  ordinates  are  as  the  velocities  at  thofe  points 
f om  whence  they  are  drawn.  Jf  the  body  jnove  in  AL,  as  in  the  laji  propoJition3  &c.  AM  is  the 
fcale  of  velocity . 

124.  DEF.  The  fcale  of  time  is  a line  whofe  ordinates  are  as  the  time.  If  the  ordinate  M Q^P  LAT  E 

be  always^  as  the  time  of  defcribing  AM,  the  line  AQ js  called  the  fcale  of  time.  H. 

FIG, XV  • 

125.  PROP.  If  the  fcale  of  velocity  (V)  be  given , the  fcale  of  the  time  (T)  may  be  found . 


V 5 

For  t Is  as  L and  T zz  flu.  of  — fl-  C,  and  if  the  relation  of  the  ordinate  and  abfcifs,  or 

s 

V and  S be  known,  the  fluent  of  p may  be  found.  Q^E.  D. 


126.  Cor.  If  the  fcale  of  velocity  AN  be  a circular  arc,  the  time  is  that  arc;  for  t is  as 

% «* 

s S 

~ or  — • , or  an,  and  T is  as  A N. 

V MN 

127.  PROP.  The  fcale  of  time  AQ feing  given  to  confirutt  the  fcale  of  velocity . 

\ 

T is  as  I,  and  V as  | or  ^ fnppofing  $0  to  be  perpendicular  to  the  curve.  Take 
therefore  MU  etc  , '/ which  is  " ~ or  a.  • and  A A is  the  lea.e  0!  velocity, 

irx  (J 


128,  Cor.  i.  If  Ad>Jo%  a right  line,  and  T as  m X S ; f is  as  m X s , and  /'is  as  t 
— as  - , and  AN  is  a right  line. 


as 


m X S m 


s 


129.  Cor.  2.  If  T be  as  S”  and  f as  m X S’—s;  r will  be  as  — or  as 

If  ^ be  the  common  parabola,  or  « = f ; — ^ wU1  be  ^ t0  2^’  and  ^is  alf° 

a parabola;  and  the  relation  of  T(M%)  and  the  abfcifs  AM  or  S being  known,  the  rela- 
tion  of  V (MN)  to  S may  always  be  found. 

G 2 R E L A* 
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XVI. 


RELATIVE  MOTION. 

130*  Def,  Relative  motion  is  a change  of  relative  place , and  re- 
lative reft  is  a permanence  in  the  fame  relative  place . Relative  and 
apparent  motion  are  fometimes  diftinguilhed  from  each  other,  the 
firft  being  defined  to  be  that  which  is  attributed  to  a moving  ob- 
ject by  an  obferver  in  motion,  and  the  fecond  that  attributed  to 
an  objeCt  really  quiefcent  by  an  obferver  in  motion. 

13 1.  De Fe  The  relative  velocity  of  two  bodies  is  the  velocity  with 
which  they  accede  to , or  recede  from > each  other , 


132.  Cor.  1 . Relative  motion  and  reft  of  a body  coincide  with 
abfoiute,  when  the  affirmed  objeCt,  by  which  its  fituation  is  deter- 
mined, remains  in  the  fame  part  of  fixed  (pace.  If  the  earth  be 
quiefcent,  every  fhip  which  moves,  or  is  quiefcent,  with  refpeCt  to 
a fixed  objeCt  upon  the  fhore,  moves  alio  abfolutely,  or  is  abfo- 
lutely  quiefcent. 


133.  Cor.  2.  If  the  objeCt,  by  which  the  fituation  of  a body  is 
determined,  move,  abfoiute  and  relative  motion  and  reft  do  not 
coincide.  If  the  body  R}  fixed  at  the  point  B in  the  line  A B>  be 
the  affumed  object  with  which  the  fituation  of  A>  placed  in  the 
fame  line  and  partaking  of  its  motion,  be  compared,  its  abfoiute 
velocity  will  be  the  fum  or  difference  of  its  o wn  velocity  and  that 
of  the  line,  according  as  they  move  in  the  fame,  or  oppofite,  di- 
rections. If  the  line  A B move  in  the  direction  TX}  with  an  uni- 
form velocity  of  100  feet  in  1",  and  A alfo  move  in  the  fame  di- 
rection, with  an  uniform  velocity  of  50  feet  in  1";  A' s whole  ab- 
foiute velocity  in  the  direction  TX  is  150  feet  in  1",  and  its  rela- 
tive velocity,  or  uniform  recefs  from  B,  is  50  feet  in  T.  If  the 
line  A B move  uniformly  in  the  direction  TX  with  a velocity  of 
100  feet  in  1",  and  A move  in  the  oppofite  direction  XT \ with  a 
velocity  of  100  feet  in  1",  it  will  be  abfolutely  quiefcent,  and  its 
£ relative 
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relative  velocity,  or  B's  accefs  to  it,  will  be  ioo  feet  in  i"  uni- 
formly: if  velocity,  in  the  laft  fuppofition,  be  50  feet  in  1" 
unifoimly,  its  relative  velocity,  or  approach  to  B will  be  co  feet 

in  1 , and  its  abfolute  velocity  will  alfo  be  50  feet  in  1"  in  an  op- 
pofite  direction.  ~ i 


x34*  Cor.  3.  A fpeftator  therefore,  placed  upon  the  moving  line 
AB  at  the  point  B,  only  perceives  A's  relative  motion,  which 
may  be  always  different  from  the  true. 


*135°  Prop.  If  two  bodies  A and  B move  at  the  fame  time  from  A PLATE 
&n  the  directions  AM  and  AL,  with  uniform  velocities  a and  b re - pjq 
fpeChvely , their  relative  velocity  will  be  uniform , and  to  a as  the  fine  XVlf. 
of  A BAD  : Z..  B DA,  and  to  b as  fin.  Z.  BAD  : Jin.  Z_  DBA  or  z.  BAF, 

fuppofmg  B and  D to  be  cotemporary  pofitions  of  A and  B,  and  AF  to 
be  parallel  to  BD. 

Dem.  Let  B,  Dj  C,  E,  M,  L;  be  cotemporary  pofitions  of  A 
and  Bj  and  ( 106)  a : b ::  A B : AD  ::  AC  : AE  ::  ; and 

eonfequently  2LZ),  CEy  LMy  which  meafure  the  relative  velocity, 
are  parallel  to  each  other,  and  encreafe  uniformly  becaufe  AM 
does.  But  the  relative  velocity  is  to  a ::  LM : AM ::  fin.  Z-MAL 
: fin.  z.  ALMy  and  it  is  to  b ::  LM  : AL  ::  fin.  Eh  AM  : fin.  lLMA 
or  L MAH . QMJ.  D. 

136.  Cor.  r«  The  only  fenfible  motion  of  I?  to  a fpeflator 
placed  at  Ay  and  fuppofmg  himfelf  to  be  quiefcent,  will  be  along 
Ah  parallel  and  equal  to  ML,  and  when  A hath  really  defcribed 
AM,  B will  appear  to  have  defcribed  Ah  — ML  uniformly. 

137.  Cor.  2.  If  A and  B move  uniformly  with  any  equal  velo-  fig.. 
cities  in  parallel  directions  AMyBLy  their  relative  fituatiom  is  XVJ1Ia~ 
not  changed,  being  always  equal,  and  parallel,,  to  AB±  and  if  any 


* Euler’s  Mechanics. 
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fpace  AMBL , containing  any  number  of  bodies,  move,  their  re- 
lative fituation'S  are  not  affected  by  it.  To  a fpectator  therefore 
placed  in  A,  in  this  moving  fpace,  and  fuppofing  himfelf  to  be 
quiefcent,  any  body  B will  appear  to  be  quiefcent. 


138.  Cor.  3,  It  is  evident  that  the  abfolute  motion  of  a body 
may  be  changed  into  innumerable  relative  motions  uniform  and 
recStillneai,  if  its  abfolute  motion  and  that  of  the  body,  by  which 
its  fi tuation  is  determined,  be  fo. 


PLATE  139.  Prop.  If  two  bodies  A and  B move,  at  the  fame  time , from 
the  point  A,  in  the  dire 51  ions  AM,  AL,  with  uniform  velocities,  as  AM, 
XIX.  AL  refpedlively,  and  B be  confidered  as  quiefcent $ A’s  apparent  motion 
will  be  uniform  and  its  diredlion  and  velocity  as  the  diagonal  of  a paral- 
lelogram whofe  fides  are  AM,  and  AD  equal  and  oppofite  to  AL. 


Dem.  Let  m,  l be  cotemporary  pofitions  of  A and  B , or  let 
Am  : A l ::  AM  : AL  and  l m,  Lm  are  parallel.  But  when  B is 
at  / and  L,  A s diftance  is  equal  to  / m,  LM ; or,  fuppofing  B to 
be  quiefcent  at  the  point  A , and  AE , AD  be  refpeCiively  equal  and 
oppofite  to  A l,  A L,  and  En , DN  be  drawn  parallel  to  AM,  A 
will  appear  at  n and  Ah  But  An  varies  as  Am,  and  therefore  en- 
creafes  uniformly,  and  AN  is  the  diagonal  of  a parallelogram, 
whofe  Tides  are  AD  = AL,  and  A M.  QCB.  D. 


140.  Cor.  1.  The  apparent  and  real  velocities  of  A are  to  each 
other  as  AN : AM::  fin.  L.  MAD  : fin.  L NAD. 


141.  Cor.  2.  Suppofing  A and  B to  move  as  before,  and  A to 
be  quiefcent,  the  diftances  and  directions  of  A from  B will  be  Ah, 
and  AH,  fuppofing  them  to  be  refpeCtively  equal  and  parallel  to 
ml,  ML . Whilft  B therefore  really  defcribes  AL,  it  appears  to 
defcribe  AH ~ AN,  and  in  the  fame  right  line  with  it ; and  the 
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apparent  motion  of  A and  B,  feen  from  each  other,  are  equal  and 
oppofite. 

142.  Cor.  3.  An  uniform  relative  motion  along  the  diagonal 
of  any  parallelogram  AMND  may  be  confidered  as  refulting  from? 
and  equivalent  to,  two  uniform  ahfolute  motions  in  the  fides  AM 
and  AL  = AD-,  and  thefe  motions  are  in  the  fame  plane,  and  their 
velocities  are  to  each  other  as  the  diagonal  and  Tides. 

143.  Cor.  4.  If  the  motions  of  A and  B be  oppofite,  their 
relative  motion  is  equal  to  the  furn  of  their  real  motions,  AN 
being,  in  that  fuppofition,  equal  to  AM  + AD.  If  the  motions 
of  A and  B confpire,  their  relative  motion  is  equal  to  the  differ- 
ence of  their  real  motions,  or  of  A M.  and  AD . And  if  the  real 
velocities  of  A and  B be  variable,  according  to  the  fame  law,  their 
relative  velocity  will  vary  according  to  that  law. 


144.  Cor.  5.  The  real  motions  in  AM  and  AL  are  faid  to  be 
equivalent  to  a motion  in  AN,  becaufe  they  produce  the  fame 
effeft  in  the  fame  time,  as  if  B were  quiefcent  at  A,  and  A were 
to  defcribe  AN  uniformly  in  that  time.  And  in  the  fame  man- 
ner two  motions  in  AN  and  AD  are  equivalent  to  a motion  in 
AM , or  its  oppofite  and  equal  AP 3 according  as  the  body  de- 
ferring AD,  or  AN,  is  fuppofed  to  be  quiefcent. 


14  5.  Cor.  6.  If  the  real  motion  of  A and  B,  or  AM  and  AL , 
and  their  inclination  be  known,  the  relative  motion  of  either  of 
them  may  be  found;  for  AM,  MN and  z.  MAD , and  confequently 
its  fupplement  AMN,  being  known,  the  bafe  AN,  and  the 
/_  MAN , or  the  inclination  of  As  apparent  to  its  real  path,  may 

be  found. 


F I G. 
XIX. 
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146.  Cor.  7.  The  relative  and  real  motion  of  A , or  AM,  AN, 
and  the  angle  MAN,  being  known,  the  real  motion  of  B , which 
is  luppofed  to  be  quiefcent,  or  AL  = AD  may  be  found. 

147,  Prop.  If  two  bodies  A and  B move  at  the  fame  time  uniformly 
in  the  directions  AM,  BL,  with  velocities  equal  to  a and  b,  the  rela- 
tive motion  of  will  be  uniform  and  re  Bilineal  upon  the  line  BN,  f up - 
pofing  AN  to  be  always  equal , and  parallel  to  right  lines  joining  the  co- 
temporary pofitions  of  A and  B. 


Dem.  Let  m,  l,  M,  L , be  cotemporary  pofitions  of  A and  B , 
or  let  a : b ::  A m : B l ::  AM : BL,  and  m /,  ML  will  be  the  di- 
ftances  of  B from  A in  the  points  rn  and  M.  And  if  A be  con- 
fidered  as  quiefcent  at  A,  taking  An,  AN,  refpectively  parallel 
and  equal  to  ml,  ML,  B will  appear  at  n and  AT  in  the  line  BnN, 
which  is  therefore  the  apparent  path  of  B . But  a:  b ::  Am  (n  l)  : 
B l ::  AM  (NL)  :BL-,  therefore  BnN  is  a right  line,  and  en- 
creafes  uniformly,  becaufe  it  varies  as  j BL.  QJE.  D. 


148.  Cor.  If  A and  B move  as  in  this  proportion,  and  B be 
con  fidered  as  quiefcent,  A's  apparent  path  will  be  in  the  right  line 
ADE , parallel  and  equal  to  BnN , as  is  evident  by  taking  B D 
and  BE  refpeftively  parallel  and  equal  to  Im  and  LM.  A's  ve- 
locity will  therefore  be  uniform  and  equal  to  B's  velocity,  when  A 
was  confidered  as  quiefcent. 


149.  The  abfolute  and  relative  motions  of  B , and  their  di- 
reftions  being  known,  the  direction  and  velocity  of  A's  motion, 
which  occafioned  B's  relative  motion,  may  be  found;  for,  let  A 
and  B be  cotemporary  pofitions  of  A and  B,  and  let  Bl,  Bn,  be 
the  fpaces  defcribed  in  the  fame  time  by  B's  abfolute  and  apparent 
motion,  and  if  In  be  joined,  AM  drawn  parallel  to  it,  will  be  A’s 
path,  and  A* s velocity  : B's  velocity  ::  nl : BL 


150.  Cor. 
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150.  Cor.  1.  An  abfolute  uniform  and  reailineal  motion  B L fig. 

be  <;hanSed  into  a»y  infinite  number  of  uniform  relative  XX‘ 
reailineal  motions,  by  changing  the  direaion  and  velocity  of  A’s 

motion  5 for  A TV  may  be  drawn  of  any  length,  and  in  any  direaion, 
and  the  direaion  and  velocity  of  A , moving  uniformly  fo  as  to 

produce  this  relative  motion,  may  be  found  by  drawing  AM  pa- 
rallel and  equal  to  NL. 


15 1.  Cor.  2.  When  two  bodies  move  uniformly  in  right  lines, 
and  one  of  them  is  confidered  as  quiefcent,  the  relative  motion  of 
the  other  is  therefore  uniform  and  reailineal;  and  the  (paces,  de- 
fcribed by  it  relatively,  vary  as  the  velocity  multiplied  into  thefime 

s s 

( 1 04),  or  S varies  as  Vx  T as  y}  and  V as  ^ . 


152.  Cor.  3.  If  the  relative  motion  of  B be  variable,  the  abfo- 
lute motion  of  either  A or  B is  variable. 


153.  Prop.  If  a body  A move  in  any  curve  line  AmM,  and  an- - plate 
other  body  B move  in  any  other  curve  B 1 L,  B 9s  apparent  motion  may  be  Fuy 
found • xxi. 


Let  m , /,  M,  L}  be  cotemporary  pofitions  of  A and  L;  and  B' s 
diftance  and  the  right  lines  in  which  it  appears  at  m and  M,  are 
ml  and  ML*  Or,  if  A be  confidered  as  quiefcent,  and  An , AN, 
be  taken  reflectively  parallel  and  equal  to  ml , ML,  B will  appear 
at  n and  N , and  its  path  will  appear  to  be  BnN . QJB.  L 

154.  Cor.  It  is  evident  that  the  curve  BnN , the  relative  path 
of  B , may  be  defcribed  by  the  motion  of  A in  different  curves ; but 
all  the  curves  defcribed  by  A will  be  equal  and  fimilar,  and  have 
their  correfponding  parts  parallel,  becaufe  they  are  always  fubtend- 
ed  by  right  lines  equal  and  parallel  to  nl , NL,  &c. 

H 
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155.  Prop.  If  Vi  be  abfolutely  quiefcent , and  A move  in  any  curve 
line  A m M uniformly , B will  appear  to  move  uniformly  in  a curve 
equal  and Jimilar  to  A m M,  and  thefe  curves  are  fimilarly  fituated  with 
refpeffi  to  the  points  A and  B. 


Let  m,  M be  any  contiguous  pofitions  of  A , which  being  confi- 
dered  as  quiefcent  at  the  point  A,  the  cotemporary  pofitions  of  B 
are  n and  2V,  fuppofing  An,  AN  to  be  refpeftively  parallel  and 
equal  to  Bm , B M,  And  becaufe  An  — Bm  and  AN—  BM,  and 
the  angle  NAn  = angle  mBM,  the  fmall  arc  N n — mM , and  they 
make  equal  angles  with  the  diftances  AN,  BM,  and  An,  Bm . 
Q^E.D. 

156.  Cor.  1.  If  B move  in  the  curve  BnN,  and^  be  quiefcent 
at  the  point  A,  it  will  appear  to  defcribe  the  curve  Am  M fimilar 
and  equal  to  BnN 


157.  Cor.  2.  If  A and  B , placed  in  the  fame  right  line  ABC, 
defcribe  the  circles  AmM,  B l L in  the  fame  time  uniformly,  and 
A be  confidered  as  quiefcent,  B's  apparent  path  is  a circle  whofe 
center  is  A and  radius  AB . For  let  m,  l,  and  M,  L,  be  cotem- 
porary pofitions  of  A and  B,  and  B will  appear  at  / and  L 1 or, 
fine qA  is  confidered  as  quiefcent,  if  An,  AN,  be  drawn  parallel 
and  equal  to  ml,  ML,  it  will  appear  at  n and  N,  and  its  appa- 
rent diftance  from  A always  = AB,  and  the  direction  of  IT s ap- 
parent motion  is  the  fame  with  that  of  A and  23. 


158.  Cor.  3.  If  B be  confidered  as  quiefcent,  and  they  move  as 
in  the  laft  corollary,  A’s  apparent  path  will  be  a circle  whofe  cen- 
ter is  B and  radius  BA,  and  the  direction  of  its  motion  is  the 
fame  with  that  of  B in  that  corollary.  For  taking  any  cotempo- 
rary pofitions  m,l,  and  M,  L\  and,  drawing  Bn,  BN  refpedtively 
parallel  and  equal  to  ml,  m L,  A will  appear  at  n and  N,  and  its 
apparent  diftance  from  B always  = AB , 
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1 5 9*  Cor-  4*  The  relative  motions  of  A and  B feen  from  each 
other,  are  equal  and  in  fimilar  curves.  For  let  m and  M be  any 
contiguous  pofitions  of  A , and  /,  L correfponding  pofitions  of  J3; 
and  joining  ml,  ML , £’s  relative  motion,  whilft  it  really  defcribes 
/ L , will  make  it  defcribe  nN,  fuppofing  A to  be  quiefcent,  and  An , 
AN  to  be  lefpeftively  equal  and  parallel  to  Im,LM»  Suppofing 
B to  be  quiefcent,  and  Bh,  BH  to  be  equal  and  parallel  to  ml, 

ML,  or  An,  AN , A will  appear  to  defcribe  hH,  which  is  equal 
and  fimilar  to  Nn* 

160.  Cor.  5.  If  B be  immoveable  and  not  placed  in  the  plane 
of  A* s motion,  it  will  appear  to  defcribe  a line  equal  and  fimilar 
to  the  line  deferibed  by  A , and  they  will  be  in  parallel  planes  3 for 
taking  any  two  contiguous  portions  of  A's  path,  the  right  lines 
joining  the  real  and  apparent  places  of  A and  B are  equal  and  pa- 
rallel, and  confequently  the  fmall  right  lines  joining  them  are  equal 
and  parallel:  and  this  and  the  preceding  corollaries  are  true  where- 
ever  the  eye's  imaginary  place  is. 

SCHOLIUM. 

1 6 1 . To  diftinguifti  real  and  abfolute,  from  relative  motion,  is 
an  important,  but  very  difficult  problem  3 becaufe  the  fame  appa- 
rent motions  may  refult  from  real  motions  combined  in  endlefs  va- 
riety. Every  apparent  motion  of  a body  refults  from,  and  may  be 
explained  by,  its  real  motion  and  that  of  the  fpeclator  and  v,v  3 and 
therefore  its  real  motion,  and  the  real  motion  of  the  fpe£lator,  or  this, 
and  the  apparent  motion  of  the  body,  mull  be  prefuppofed,  and,  with 
the  affiftanceof  mathematics,the  other  may  then  bedete<5led.  Afpec- 
tator  ignorant  of  the  earth's  annual  and  diurnal  motion,  and  fuppot 
inghimfelf  to  be  quiefcent,  mult  draw  erroneous  conclufions,  in  all 
his  reafonings,  concerning  the  abfolute  motion  of  any  body,  becaufe 
thefe  motions  of  the  earth  will  communicate  an  apparent  motion 
to  a body  abfolutely  quiefcent,  and  aftefl  the  abfolute  motion  of  a 
body  moving  (134).  The  relative  motions  of  bodies  muit  there- 
fore be  afeertained  from  obfervation,  and  their  real  motions,  when 
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difcoverable,  are  deduced  from  thefe,  the  properties  of  real  motion, 
and  the  quantity  of  mechanical  powers,  or  qualities  in  matter, 
that  are  found  to  generate  motion*  If  the  properties,  invariably 
attached  to  all  real  motions,  obtain  in  any  obferved  motion;  or  if 
any  mechanical  caufe  be  proved  to  exert  an  influence,  which  is  ex- 
actly competent  for  the  production  of  any  obferved  motion,  it  may 
fafely  be  inferred  that  this  motion  is  not  imaginary,  but  real. 

Examp.  1*  The  variation  of  diftance  between  a fhip  and  a re- 
mote objeft  is  owing  to  the  motion  of  the  fliip,  when  the  wind 
and  current  aft  and  are  competent  for  its  production. 

fig.  Ex  amp.  II.  A fliip  failing  from  fouth  to  north  at  the  rate  of 
X ' * five  miles  in  an  hour,  obferves  another  fliip  which  failed  from  the 
fame  point  E going  to  the  fouth-weft  at  the  rate  of  ytQ  miles  in  an 
hour  nearly,  and  from  hence  it  appears,  that  the  laft  fhip  failed 
from  eafl:  to  weft  at  the  rate  of  five  miles  in  an  hour  nearly  (139). 


Ex  amp.  III.  The  magnitude  of  the  earth's  attractive  power,  or 
any  other  mechanical  caufe,  is  incompetent  for  the  production  of 
the  diurnal  revolution  of  the  heavenly  bodies,  which  is  therefore 
probably  apparent. 


Examp.  IV.  The  aberrations  of  the  fixed  ftars  are  proved  geo- 
metrically to  refult  necefiarily  from  the  progreffive  motions  of 
light  and  of  the  fpeftator  combined,  and  are  confequently  only  ap- 
parent. 

1 1 .4 

Ex  AMP.  V.  A real  circular  motion  is  infeparably  attended  with 
a centrifugal  force,  and  diftinguilhable  therefore  by  this  effect. 
Thus  the  diminution  of  gravity,  which  is  obferved  in  acceding  to- 
wards the  equator,  affords  a proof  of  the  diurnal  rotation  of  the 
earth. 
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162.  Def.  T}OWER  and  force  are  ufed  fynonimoujly  to  fgnify  any 

aft  ion  upon  a body , which  produces  motion , or  a tendency 
to  motion 3 as  animal  exertions  and  the  influence  of  phyfical  caufes,  gra- 
vity, elafticity , magnetifm , £s?r.  /Fto  ytop  afts  always  with  the 
fame  intejifity , or  produces  the  fame  ejfeft  in  a given  time , //  yto  /<? 
^ uniform  or  confant,  and  variable  when  it  does  not . 


363.  Def,  Any  momentary  imprefjion  upon  a body  producing  motion 9 
or  a tendency  to  motion,  is  called  an  impulfe , or  per cufjion,  of  a power  or 
force . 

164.  Def.  Whatever  refifts  the  aftion  of  a force  is  called  an  oh- 
ft  a cl e. 


165.  Def.  Inertia , or  vis  inert  ice,  of  matter , /to  quality  by 
whofe  influence  a change , in  the  direftion  or  quantity  of  its  motion , can- 
not be  produced  without  the  application  of  a force . The  caufe  of  a 
body's  continuing  in  a ftate  of  reft,  or  of  uniform  rectilineal  mo- 
tion, is  not  any  external  force,  but  the  nature  and  conftitution  of 
matter;  and  this  internal  caufe  or  principle  is  called  its  inertia. 


166.  This  property  of  matter,  or  inertia,  is  efTential  in  the  con- 
ftitution of  a fyftem,  whofe  prefervalion  is  neceflarily  dependent 
upon  the  regular  obfervanceof  prefcribed,  determinate,  laws;,  but 
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its  exigence  can  only  be  colledted  from  experience.  Firji,  Every 
change  in  the  fituation  of  a body,  from  reft  to  motion,  and 
from  motion  to  reft  and  to  an  encreafe  or  decreafe  of  motion, 
indicates  an  inertia,  which  is  found  to  pervade  every  fpecies  of  mat- 
ter acceffible  to  obfervation,  the  particular  fadts,  adduced  in  proof 
of  it,  being  innumerable  and  concurring  to  eftablilh  its  univerfal 
exiftence.  A quiefcent  body  is  never  difcovered  to  move,  and  mo- 
tion, or  change  of  motion,  is  never  induced,  without  the  adtual  im- 
preffion  of  a caufe  able  to  produce  thefe  effedts ; for  matter  not 
only  continues  in  a ftate  of  reft,  by  an  incapacity  to  give  motion  to 
itfelf,  but  never  ceafes  to  move,  or  changes  the  quantity  and  di- 
redtion  of  its  motion,  without  the  application  of  I'ome  philofophic 
influence  adequate  to  their  produdtion,  as  magnetifm,  elafticity, 
gravity,  &c.  or  animal  exertion,  as  percufiion,  protrufion,  &c. 
The  time  of  the  motion  of  a wheel  upon  its  axis,  or  brafs  topp 
upon  a polilhed  furface,  is  encreafed  with  the  diminution  of  fric- 
tion upon  the  axis,  or  furface;  and  the  motion  of  a body,  placed 
upon  the  deck  of  a fhip,  and  partaking  of  its  motion,  continues 
in  the  fame  diredtion  after  the  fhip  has  ceafed  to  move;  and  thefe 
motions  are  evidently  difcontinued  by  the  operation  of  a caufe, 
i.  e.  fridtion,  competent  to  deftroy  them.  New  motions  are  ob- 
ferved  without  any  fenfible  material  impulle,  refulting  apparently 
from  an  innate  tendency  to  motion  ; thus,  a body  not  fupported 
defcends  towards  the  earth,  and,  projected  in  a diredtion  not  per- 
pendicular to  the  earth’s  furface,  deviates  from  the  line  of  pro- 
jedtion  with  a velocity  perpetually  variable;  and  new  motions 
arife  amongft  the  minute  particles  of  bodies ; but  thefe  are  the 
neceflary  refult  of  eftablilhed  natural  powers,  gravity,  elafticity, 
&c.  Secondly , This  quality  is  fometimes  called  the  vis  lnlita,  or 
vis  inertise,  of  matter,  from  the  fimilitude  of  its  effects  to  thofe 
of  animal  powers  exercifed  upon  a body,  both  producing  a 
change  of  motion.  If  a body  A,  placed  upon  a polilhed  table, 
or  fufpended  by  a rope,  be  quiefcent,  it  will  continue  in  that  ftate 
till  urged  by  feme  external  caufe ; and  if  another  body  B be  pro- 
ved with  any  velocity,  and  impinge  upon  A,  it  will  communi- 
cate motion  to  it,  and  be  itfelf  retarded.  When  the  effect  of  B’s 
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impa£l  is  considered  in  relation  to  the  change  produced  in  A,  B is 
faid  to  a£l  upon  A ; and,  when  confidered  in  relation  to  the 
change  of  motion  produced  in  itfelf,  it  is  faid  to  be  refilled  by 
A.  Aflion  is  ufually  afcribed  to  a moving,  and  refinance  to  a 
quiefcent,  body;  but  they  may  both  be  confidered  as  a&ions,  be- 
caufe  they  produce  fimilar  effects,  that  is,  a change  of  motion.  A , 
by  its  vis  inertiae,  deftroys  a part  of  B’s  motion,  and  B,  by  endea- 
vouring to  retain  its  prefent  Hate,  that  is,  by  its  vis  inertias,  pro- 
trudes, and  communicates  motion  to,  A.  Thirdly , Every  change 
in  the  Situation  of  a body  is  therefore  univerfally  allowed  to  in- 
dicate Some  philofophical  influence,  or  animal  exertion  ; and  whe- 
ther a body  be  quiefcent,  or  moving,  the  quantity  of  its  inertia 
is  invariably  the  fame ; for  it  is  difcovered  from  experiments,  the 
only  Source  of  information,  that  a force,  communicating  a velocity 
equal  to  a to  the  quiefcent  body  A,  will  communicate  an  encreafe 
of  velocity,  equal  to  a , to  that  body  moving.  The  force  of  gra- 
vity, which  communicates  a velocity  nearly  equal  to  thirty-two 
feet  in  one  Second  of  time,  to  a body  falling  from  a Hate  of  reft, 
communicates  an  encreafe  or  decreafe  of  velocity  equal  to  this,  in 
one  Second,  to  a body  already  moving,  according  as  it  confpires 
with,  or  is  oppofite  to,  the  direction  of  the  body’s  motion.  And 
if  the  body  B,  moving  with  a velocity  equal  to  b,  impinge  upon 
A at  reft,  and  communicate  a velocity  to  it  equal  to  a , and  lofe  a 
velocity  equal  to  /,  it  appears  from  experiments,  that  B moving 
with  the  velocities  b m,  b -+-  2 m,  b -f-  3 ot,  &c.  will  communi- 
cate an  encreafe  of  velocity  equal  to  a,  and  lofe  a velocity  equal 
to  /,  by  impinging  on  A moving  in  the  fame  dire&ion  with 
velocities  equal  to  m,  2 m,  3 m,  &c.  Consequently  the  vis  in- 
cise of  ^/eftimated  by  the  velocity,  and  encreafe  or  decreafe, 
communicated  to  it,  is  the  fame  in  a ftate  of  motion  and  reft. 
Fourthly,  As  the  whole  vis  inertiae  of  a body  is  compofed  of 
that  of  all  its  parts,  and  as  wc  cannot  conceive  the  vis  iner- 
tia: of  the  fame  or  equal  particles  to  be  encreafed  or  dimi- 
niftted,  the  whole  vis  inertias  of  different  bodies  will  vary  as  the 
number  of  equal  particles,  or  quantities  of  matter,  contained  in 
them.  The  invariable  reful t of  experiment  is,  that  bodies  equal 
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to  A , 2 A,  3 A , &c.  and  heterogeneous  bodies,  whofe  weights  are 
as  1,2,  3,  &c.  receive  the  fame  velocity  by  the  adtion  of  forces, 
whofe  magnitudes  are  as  i,  2,  3,  &c. 

167.  Def.*  Fhe  moment , quantity  of  motion , vis  injit  a , of  a body , 
«/£*/ fynonimoufly  to  denote  the  impetus , en  force , with  which  it  moves, 
or  its  capacity  to  communicate  motion  or  prejfure . 


1 68.  Prop.  IjfM,  Q^V,  reprefent  moment , quantity  of  matter , 
velocity,  refpecfively,  and  be  fuppofed  variable , M will  vary  as  Q^x  V. 


D FM.  Prefuming  that  equal  particles  of  matter  have  an  equal 
inertia,  it  is  evident  that  the  preffure  of  one  particle  upon  an  im- 
moveable obftacle,  or  the  force  requifite  to  generate  or  deftroy  its 
velocity,  will  vary  as  this  velocity,  or  as  Z7 ; and  becaufe  the  impetus 
of  any  body  is  compofed  of  that  of  every  particle  or  ^ and  ^and 
V are  independent,  M will  vary  as  V x ^(64).  Q^E.  D* 

Another  demonflration. 

The  moments  of  different  bodies  vary  as  the  uniform  forces 
capable  of  generating  or  deftroying  them,  in  equal  times,  being 
their  whole  cotemporary  efFe&sj  but  forces  equal  to  F,  2 F,  3 F, 
Sec.  will  evidently  communicate,  in  the  fame  time,  the  fame  velo- 
city to  1,  2,  3,  &c.  equal  particles  endued  with  an  equal  inertia, 
and  velocities  as  1,2,3,  &c.  to  one  particle.  Therefore  F,  which 
is  as  My  is  encreafed  in  the  fame  ratio,  with  the  velocity  or  V,  and 
number  of  equal  particles  or  and,  thefe  being  independent, 
vary  as  V (64).  CbE«  D* 

# KeiPs  Pbyfics,  Left.  IX. 
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169*  Thefe,  or  firailar  demonftrations,  are  ufually  adduced  in 
fupport  of  this  proportion,  which  is  perhaps  more  properly  and 
with  more  conviction,  demonftrated  by  experiments.  The  mo- 
ments ot  different  bodies  are  collected  by  meafuring  the  magni- 
tudes of  the  forces  required  to  produce  them,  or  the  magnitudes 
of  their  cotemporary  effeCts  fimilarly  produced,  in  the  fimpieft  and 
moft  intelligible  inftances,  which  may  be  deemed  the  common  mea- 
fure  of  their  moments. 


Exp.  I.  If  two  unequal  fpherical  bodies,  moving  in  oppofite 
directions,  meet  and  after  impact  be  quiefcent,  their  moments  muft 
be  equal  $ but  their  quantities  of  matter  are  always  found  to  be  in- 
verfely  as  their  velocities.  Or,  if  they  move  in  the  fame  direction, 
and  one  overtakes  the  other,  the  velocity  gained  by  the  ftruck 
body,  and  loft  by  the  ftriking  body,  are  always  found  to  be  inverfely 
as  their  quantities  of  matter. 


Exp.  II.  If  a body  A be  placed  on  the  fame  fide  of  the  ful- 
crum of  a ftraight  lever,  at  the  diftance  of  i,  2,  3,  &c.  feet  from 
A , it  will  move  with  velocities  as  1,  2,  3 ; and  be  reftored  to  an 
equilibrium  by  the  bodies  Ay  2 or  3 Aj  &c.  placed,  at  the  diftance 
of  one  foot,  on  the  other  fide.  And,  in  general,  a body, whofe  weight 
is  n x A pounds,  at  the  diftance  of  one  foot  from  the  fulcrum,  is 

$2  x n x 

found  to  equilibrate  with  bodies,  whofe  weights  are  — — , — — , 

&C.  at  the  diftance  of  2,  3,  4,  &c.  feet  from  the  fulcrum  re- 
4 

fpedtively.  The  preffures  or  moments,  are  juftly  inferred  from 
thefe  experiments,  to  be  as  their  weights  multiplied  into  their  di- 
ftances,  or  as  the  quantities  of  matter  multiplied  into  their  velo- 
cities. ' And  the  fame  conclufion  refults  from  experiments  upon 
every  other,  however  complicated,  machine,  when  allowance  is 

made  for  friaion,  and  the  velocity  is  properly  eftimated, 

I 170.  Cor. 
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170.  Cor*  i. 


bince 


as  -y  (55).  If  lines  be  taken  in  the  ratio  of  i^to  Vy  M will  vary 

as  the  area  of  a reflangle,  whofe  fides  are  thefe  lines $ and  if  num- 
bers be  taken  in  that  ratio,  M will  vary  as  their  product* 


271.  Cor*  2*  If  S reprefent  the  fpace  defcribed,  in  the  time  Ts 
with  the  velocity  F>  My  varying  as  i^x  V\  will  vary  as  - (105), 

M x T S x O 

5,  varying  as  V%  Ty  will  vary  as  — and  T will  vary  as  0 


172.  Cor.  3,  If  two  bodies  therefore  A and  B\  moving  in  op- 
pofite  diredtions  with  velocities  refpe<5tively  equal  to  a and  by  meet, 
and  after  impadl  be  quiefcent;  or  if  their  effedfs  to  produce  mo- 
tion upon  any  machine  be  oppofite  and  equal,  and  their  velocities, 
when  properly  eflimated,  be  a and  by  A x a — B x by  and  A : B\i 
b : a ( 38),  or  A and  B are  to  each  other  inverfely  as  their  veloci- 
ties. The  converfe  of  this  is  true,  and  if  the  bodies  be  inverfely  as 
their  velocities,  or  A : B ::b  :ay  their  moments  are  equal,  or  they 
are  in  equilibrio  upon  any  machine,  and  A X a —B  x b (37). 

S C H O L I U M. 

173.  Forces  are  diftinguifhed  by  fome  foreign  writers  into  two 
kinds ; ift,  of  bodies  at  relt,  and  2dly,  of  bodies  in  motion. 

Firft,  The  force  of  a quiefcent  body,  fitch  as  is  conceived  to  refide  in 
one  lying  upon  a tabley  fuf pended  by  a ftringy  juftained  by  fprings , &c. 
is  called  its  preffure , ten f on,  force,  foli  citation,  vis  mortua , &c.  and  is 
eflimated  by  the  weight  with  which  the  table  is  preffed,  the  firing  ftretch- 
edy  fpring  bent , &c.  To  this  kind  are  referred  centripetal  and  centric 
fugal  forces , as  their  effedls  are  fimilar  to  thofe  of  weights , prejfures, 
tenfions . 


Secondly, 
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Secondly,  The.  force  of  a moving  body , arifing  from  its  inertia , 
which  it  communicates  motion , or  change  of  motion , to  another  body  by 
impadt)  overcomes  gravity >fridt ion,  and  other  pre fares,  and  is  only  de~ 
froyed  by  an  extinction  of  its  motion , A the  vis  motrix  of  that 
body\  or  its  vis  viva , to  diftinguifh  it  from  the  vis  mortua . 

Concerning  the  meafure  of  the  fir  ft  of  thefe  forces  no  doubts 
are  entertained,  the  preflare  of  one  particle,  upon  the  arm  of  a 
lever,  being  univerfally  allowed  to  be  as  its  velocity,  and  of  a num- 
ber of  particles,  as  that  number  and  velocity  conjointly;  but  the 
meafure  of  the  vis  viva  hath  long  been  a fubjeft  of  warm,  conten- 
tion between  the  adherents  of  Newton  and  Leibnitz,  the  former 
maintaining  it  to  be  the  product  of  the  quantity  of  matter  and  velo- 
city, and  the  latter  the  produft  of  the  quantity  of  matter  and  fquare 
of  the  velocity.  The  term  force  being  defined  to  be  that,  which, 
afting  upon  a body,  communicates  motion,  or  a tendency  to  motion, 
the  magnitude  of  the  force  of  a moving  body,  at  any  inftant  of  time, 
may  be  beft,  and  indeed  can  only  be  clearly,  conceived  by  meafuring 
the  motion  communicated  by  it;  and  in  this  menfuration  three  things 
are  to  be  confidered,  viz.  the  magnitude  of  the  body  or  quantity  of 
matter  to  be  moved,  the  velocity  communicated,  and  the  time  in 
which  it  is  communicated.  Some  of  thefe  circumftances  may  be,  as 
they  have  been,  omitted,  and  different  meafures  of  the  fame  force 
have  refulted.  The  followers  of  Newton  conceive  forces  to  aft,  for 
the  fame  time, with  their  refpeftive  intenfities  continued  uniformly, 
and  eftimate  their  magnitudes  by  their  cotemporary  effedts.  If  two 
forces  F and  f be  fuppofed  to  aft,  at  the  fame  inftant,  upon  two 
bodies  A and  B,  with  uniform  intenfities,  and  communicate  velo- 
cities to  them,  equal  to  V and  v refpeftively,  in  the  fame  time,  the 
magnitudes  of  thefe  forces  are  to  each  other  as  A x V : B x v. 
And  in  the  communication  of  motion  by  the  impact  of  one  body 
upon  another,  this  law  is  found  to  obtain,  wherever  the  effedts  are 
diftindtly  underftood,  and  can  be  afcertained,  the  quantity  of  mo- 
tion, if  meafured  by  the  produft  of  the  quantity  of  matter  and  ve- 
locity, remaining  invariable,  when  eftimated  in  the  fame  direftion. 
But  the  followers  of  Leibnitz,  adopting  a different  definition  of 
force,  derive  a different  conclufion : they  do  not  fuppofe  the  force  to 
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act  with  uniform  intenfity,  as  it  may  decreafe  gradually  to  evanes- 
cence, which  happens  in  the  collifions  of  bodies,  and  aStions  of 
Springs;  and  the  time  of  action,  and  Sometimes  the  direction,  is 
disregarded,  and  not  deemed  to  affe<5t  the  refult.  Though  it  be 
true  in  Some  particular  cafes  of  the  communication  of  motion 
from  one  body  to  another,  that  the  force,  according  to  their  ac- 
ceptation of  the  term,  varies  as  the  produdt  of  the  quantity  of  mat- 
ter and  Square  of  the  velocity,  or  that  this  product  is  the  fame 
before  and  after  impaft,  this  conclusion  cannot  be  affirmed  to  ob- 
tain generally.  The  doctrine  advanced  by  Newton  is  univerfally 
true,  according  to  his  meaning  of  the  term  force ; but  whether  the 
opinion  of  Leibnitz  be  true  or  not,  is  belt  known  from  experiments, 
the  refult  of  which  is  generally  repugnant  to  it : and  it  would  there- 
fore, perhaps,  create  lefs  confufion to  adhere  to  the  old  definition  of 
force,  include  the  time  of  aftion,  and  fuppofe  the  intenfity  of  the 
force,  during  that  time,  to  be  the  fame.  The  diftinction  between 
thefe  two  kinds  of  forces  hath  often  been  urged  to  be  Superfluous, 
for  the  following  reafons.  Firjl , The  force  of  a moving  body  is  a 
vague  and  undefinable  term  ; for  there  is  no  force  in  a body  confi- 
dered  abfolutely,  except  its  inertia,  which  is  always  the  fame,  whe- 
ther the  body  be  quiefcent  or  moving;  but  if  a moving  body  im- 
pinge upon  another  body  either  moving  or  quiefcent,  its  inertia 
exerts  itfelf  as  a force,  whole  magnitude  is  relative  and  depends 
upon  its  velocity,  and  the  magnitude  and  velocity  of  the  ftruck 
body.  If  the  body  A,  moving  with  the  fame  velocity  a,  impinge 
upon  the  quiefcent  bodies  B,  2 B,  3 J3,  &c.  or  upon  the  fame  body 
B quiefcent,  and  moving  with  different  velocities  equal  to  b9  2 b, 
3 b,  &c.  it  will  in  every  cafe  produce  a different  effeft,  and  the 
change  of  ftate,  both  in  the  impinging  and  ftruck  body,  will  be 
different.  The  force  of  fprings,  and  animal  exertions,  is  alfo  rela- 
tive, and  it  feems  therefore  improper  to  talk  of  the  abfolute  force 
of  a moving  body,  fprings,  &c.  becaufe  it  is  relative.  Secondly ,, 
No  idea  can  be  formed  of  an  inftantaneous  communication  of 
motion;  for,  in  the  collifion  of  bodies,  the  parts  which  come  into 
contafl  firft,  are  difplaced  and  move,  and  fome  time  elapfes  before 
motion  be  communicated  to  the  whole  body.  This  interval  of 
time  between  the  firft  contact  of  the  neared  parts  of  the  imping- 
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ing  bodies,  and  their  motion,  is  the  time  of  collifion,  in  which  the 
bodies  exert  a mutual,  and  perpetually  variable  preffure,  by  which 
their  Rate  is  gradually  changed.  This  is  moft  obfervable  in  foft 
bodies,  or  thofe  whole  parts  yield  to  percuffion  ; and,  as  the  parts 
of  all  bodies  do  yield,  obtains  univerfally,  in  a greater  or  lefs  de- 
gree, according  to  the  different  contexture  of  their  parts.  The 
forces  of  percuffion  are  therefore  preffures,  exerted  with  variable 
intenfity  for  a fliort  time;  and,  to  comprehend  their  magnitude, 
this  time  ought  to  be  afcertained,  the  quantity  of  preffure,  for 
every  inftant  of  this  time,  computed,  and  the  whole  colletted  into 
one  fum.  This  difcrimination  of  forces  fee  ms  therefore  to  be  un- 
neceffaryfbecaufe  the  afition  of  collifion  is  nothing  more  than  the 
operation  of  a continued  preffure,  and  preffures  and  percuffions  are 
ftmilar,  and  properly  expreffed  by  the  fame  term,  force.  The  argu- 
ments adduced,  in  fupport  of  their  opinion,  by  the  advocates  of  Leib- 
nitz, are  derived  from  experiments  upon,  the  collifion  of  bodies,  the 
action  of  elaftic  fprings,  the  compofition  and  refolution  of  motion,, 
the  indentings  or  cavities  formed  in  clay,  tallow,  &c.  by  falling, 
bodies,  and  the  velocity  of  fluids  in  hydraulics.  I will  only  pro- 
duce a few  experiments,  which  may  convey  feme  ufeful  know- 
ledge, are  moft  ftrongly  urged  in  fupport  of  this  hypothecs,  and 
appear  moft  to  militate  againft  the  old  opinion. 

Exp.  L If  one  fpring  be  requifite  to  deftroy  the  motion  of  a 
body,  whofe  velocity  is  i,  four  fprings,  equal  to  it,  are  requifite: 
to  deftroy  its  motion  when  its  velocity  is  2,  nine  fprings  when  its 
velocity  is  3 ; and  generally  the  number  fprings  varies  as  the  fquare 
of  the  velocity  of  the  moving  body. 


Exp.JL  The  number  of  men,  horfes,  &c.  of  equal  ftrength  re- 
quifite to  communicate  velocities,  as  1,  2,  3,  5ec.  to  any  body,  are; 
as  j,  4,  9,  &c.  or  as  the  fquare  of  the  velocity. 

Thefe  fimilar  experiments  may  be  true,  and  indeed  teem  to  be 
u-  eftablifhedi 
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cftabliflicd  by  Gravefand,  Defaguliers,  &c.;  but  they  prove  no- 
thing again  ft  the  common  opinion  of  the  force  of  bodies,  which 
is  not  meafured  by  effects  produced  in  any  unequal  times.  And 
befides,  the  effect  of  any  number  of  agents,  as  fprings  or  animal 
exertions,  cannot  properly  be  faid  to  meafure  their  force;  becaufe 
their  whole  force  is  not  exerted,  that  of  each,  confidered  indivi- 
dually, being  greater  than  when  afting  in  conjunction  with  the 
reft,  and  will  be  greater  or  lefs  according  as  the  number  of  the  reft 
is  lefs  or  greater. 

Exp.  III.  If  the  velocity  of  water,  ftriking  upon  the  float-board, 
or  ladle-board,  of  a mill,  be  as  i,  2,  3,  &c.  the  effedl  of  the  wheel 
is  found  to  be  as  1 , 4,  9,  &c.  or  as  the  fquare  of  the  velocity  of 
the  ftream;  and  the  force  of  the  water,  being  meafured  by  its  effect, 
varies  therefore  as  the  fquare  of  the  velocity.  In  this  experiment 
the  number  of  particles  of  water  ftriking  the  board  in  a given 
time,  encreafes  as  the  velocity,  and,  the  force  of  each  being  en- 
creafed  in  the  fame  ratio,  the  effeft  ought  to  be  as  the  fquare  of 
the  velocity.  Theory  is  very  feldom  confirmed  by  pradlice  with- 
out allowances  for  the  operation  of  collateral  caufes, which,  perhaps, 
cannot  be  made  with  demonftrative  accuracy.  Such  experiments 
as  this  are  too  imperfeflly  underftood  to  juftify  any  general  con- 
volutions againft  experimental  proofs  clearly  comprehended,  or 
theoretic  demonftrations,  refulting  from  data,  which,  perhaps,  do 
not  take  place  in  the  experiment. 


Exp.  IV.  Mr.  Smeaton  has  proved,  by  fome  very  ingenious  ex- 
periments (Phil  Tranf.  Vol.  lx  vi.  pag.  469.),  that  the  mechanic 
power  to  be  expended,  varies  as  the  fquare  of  the  velocity  to  be 
generated,  and  the  velocity  as  the  impelling  power  multiplied  into 
the  time  of  aflion.  But  the  mechanic  power,  according  to  Mr, 
Smeaton,  is  meafured  by  the  weight  multiplied  into  the  fpace  de- 
fcended,  and  from  this  definition,  his  conclufion  is  inevitable: 
but  this  power  is  different  from  what  is  ufually  meant  by  mo- 
ment, force,  &c.  In  N°.  2,  3,  the  weight  8 defcends  through 
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fpaces  equal  to  xo,  and  2{,  turns,  in  28;"  and  i4i"refpeaively,  and 
communicates  velocities  nearly  as  2 : 1 ; and  in  this  experiment 
the  weight  5 a&s  with  the  fame  intenfity  for  times,  whofe  ratio  is 
2 : 1 , but  its  capacity  to  communicate  motion,  if  meafured  by  the 
ipace,  mull  be  as  4 : x .* 


Exp.V.  Equal  cavities  are  formed  in  clay,  tallow,  &c.  by  equal 
bodies  falling  through  fpaces  inverfely  as  their  quantities  of  mat- 
ter; but  the  cavities  being  equal,  the  caufes,  or  forces  of  the  bo- 

s 

dies,  are  equal,  or  as  ^ (fuppofing  S to  reprefent  the  fpace)  or  as 
S x from  the  fuppofition,  or  as  J^x  V2-. 

Exp.  VL  A ball  fliot  with  velocities  as  i,  2,  3,  &c.  is  found  to 
form  cavities  in  wood,  clay.  Sec.  whofe  depths  are  as  1,  4,  9,  &c„ 
or  as  the  fquares  of  the  velocities. 

The  two  laft  experiments  prove  nothing  againft  the  common 
doftrine;  and  though  they  are  of  practical  utility,  yet  admitting 
the  propriety  of  meafuring  forces  by  their  whole  effects  produced 
in  any  unequal  times,,  they  do  not  vary,  in  thefe  experiments,  as 
the  fquare  of  the  velocity : becaufe  the  cavities  formed  are  not  the 
whole  effeft,  a greater  or  lefs  motion  being  communicated  to  the 
parts  contiguous  to  the  cavity  in  the  ftruck  body,  according  to  the 
magnitude  and  velocity  of  the  linking  body.  A fmall  body,  mov- 
ing with  a great  velocity,  may  by  impaft  overcome  the  cohefive 
force  of  the  particles  of  the  ftruck  body,  and  effeft  a reparation 
between  them ; and  from  its  great  velocity,  or  fhort  time  of  ac- 
tion, little  motion  will  be  communicated  to  the  contiguous  parts; 

but 


* Thefe  experiments  are  immediately  deducible  from  mechanical  principles.  Let  F =7 
the  radius  of  the  barrel  M;  V~  velocity  generated  in  .AT  in  the  time  T;  X and  Z zz  the  re- 
fpe&ive  fpaces  paifed  through  by  S and  K in  the  time  T ; and  I zz  K’s  diilance  from  the 
axis  Be,  And  from  eftabliihed  principles,  the  force  impelling  K is  .8  oz.  x F,  or  as  F9 
and,  becaufe  F is  conftant,  F X T is  as  V,  F X T*  is  alfo  as  Z;  but  X:  Z : : F : i,  there- 
fore X (or  the  fpace  defeended  by  S,  which  is  as  the  mechanic  power)  zz  Z X F , and  is  a& * 
Fz  X or  as  Vz . (Phil.  Tranf.  Vol.  LXVI.  p.  469.) 


INERTIA  of  MATTER; 

but  a great  body,  moving  (lowly,  will  form  no  cavity  in  the  ob- 
ftacle; becaufe  the  moment  of  thole  parts  of  its  furface  in  contaft, 
is  lefs  than  the  cohefive  force  of  the  parts  of  the  obftacle,  and  the 
parts  (truck  will,  by  their  unknown  connection  with  the  parts  ad- 
joining, communicate  motion  to  them,  and  thefe  to  the  next,  till 
the  whole  obftacle  move.  Two  bodies  therefore  moving  with  the 
fame  moment,  may  produce  quite  diflimilar  effects ; and  as  lines, 
furfaces,  &c.  are  meafured  by  the  application  of  a common  mea- 
fure,  the  magnitudes  of  forces  are  to  be  meafured  by  their  effeCts, 
which  ought  to  be  fimilar  in  every  refpect,  and  this  fimilitude  is 
mod  obfervable  and  bed  underdood  in  experiments  upon  the  lever 
and  other  fimple  machines.*6 

LAWS  of  M O T I O N.f 

174.  The  laws  of  motion  are  general  rules,  or  confequences, 
refulting  from  the  nature  and  conditution  of  matter,  and  its  re- 
lation to  mechanical  forces,  the  caufes  of  motion,  by  which  it  is 
governed,  and  from  which  it  cannot  deviate  without  differing  a 
total  change  of  its  nature.  Their  truth  is  edabliflied  by  a num- 
ber of  concurring  and  uncontroverted  obfervations,  all  informa- 
tion upon  natural  powers  and  motions  derived  from  them  being 
only  deducible  from  thence;  and,  when  thus  edablidied,  they  are 
edeemed  to  be  uniform  charafteridic  marks  obtaining  in  all  ma- 
terial motions. 

FIRST 


* Let  s reprefent  the  efted,  or  fpace  through  which  any  obftacle  is  impelled  by  a moving 


body,  <v  be  the  velocity  of  the  body  : and  if  s be  as  <zA,  / is  as  2 v <£>,  or  as  *v  d>,  or  as 


<v  x s' 


(if 


_t  be  the  time),  and  <v  therefore  is  as  L The  decrement  of  velocity  is  therefore  as  the  time 
in  which  it  is  produced,  and  the  refiftance  muft  be  conftant ; which  feems  to  be  a neceflary 
property  of  the  vis  viva;  but  as  this  feldom  happens,  and  the  vis  viva  is  really  a prefture, 
and  may  be  meafured  in  the  fame  manner  with  the  vis  mortua,  the  term  force  may  exprefs 
them  both. 

See  Defagulier,  Vol.  II.  p.  51.  Maclaurin’s  Account  of  Sir  T.  Newton’s  Difcoveries,  p. 
178.  Difcours  fur  les  Loix  de  la  comm,  du  Movement,  Oper.  Tom.  III.  and  Diflertat.  de 
vera  notione  virium  vivarum.  Aft.  Petropol.  Tom.  I.  p.  13 1.  Mufchen.  Int.  ad  Phil.  Nat. 
Vol.  1.  p.  83,  &c.  Phil.  Tranf.  No.  371,  375,  376,  396,  400,  40:,  459. 


t Maclaurin,  Book  II.  Chap.  II.  Newt.  Prin.  p.  13.  KeiPs  Phyftcs,  Led.  XI,  XIL 
Heiftiam,  Led.  III.  IV, 
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FIRST  LAW  OF  MOTION. 

• , • ./  ;•  .*  ; --  - 

1 75*  Every  h°dy  perfeveres  in  a Jlate  of  ref,  or  of  uniform  reEtili- 

ncal  motion , unlefs  affedled  by  fome  external  eaufe , as  animal  exertion 
or  phyfical  power. 


The  truth  of  this  law  is  colle&ed  by  obfervation.  It  is  nearly 
fynonimous  to  the  inertia,  or  that  quality,  of  matter,  by  which  it 
continues- in  every  new  ftate;  for,  this  being  eftablilhed,  it  is  a 
neceflary  refult  that  it  cannot  begin  to  move  from  a ftate  of  reft, 
nor,  if  in  motion,  can  it  accelerate,  retard,  or  change  the  direc- 
tion of  that  motion. 


176.  Cor.  Every  body,  moving  in  a curve  line,  or  in  a right  line 
with  a perpetually  varying  velocity,  is  adted  upon  without  inter- 
miffion  during  its  motion,  by  fome  external  force  j and  every  body, 
moving  in  a curve  line,  has  a perpetual  tendency  to  move  in  a right 
line,  and  to  leave  the  curve  in  the  direction  of  a tangent  to  that 
point  of  the  curve  where  the  body  is. 


SECOND  LAW  OF  MOTION. 

177.  Motion , and  change  of  motion,  are  proportional  to,  and  in  the 
dire  51  ion  of,  the  force  imprejfed. 

The  motion  communicated  to  a quiefcent  body  is  proportional 
to  the  eaufe  producing  it  ■,  and  when  a body  is  accelerated  or  re- 
tarded, during  its  motion,  the  acceleration  and  retardation  are 
proportional  to  the  force  producing  them.  If  a body  move  upon 
an  inclined  plane  AB,  or  in  any  curve  line  LM,  by  the  a&ion  of 
a force  tending  to  any  point  S,  the  change  of  motion  is  not  pro- 
portional to  the  whole  force  dire&ed  to  that  point,  but  to  that 
part  which  acls  in  the  diredtion  AB,  or  NT  touching  the  curve 

where  the  body  is ; for  this  part,  only,  accelerates  or  retards  the 

K body’s 
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body's  motion.  When  water  or  air  aft  upon  the  vanes  of  a mill, 
or  fails  of  a fhip,  the  change  of  motion  is  not  proportional  to  the 
whole  force  of  the  water  or  air,  but  to  that  part  which  is  aftually 
impreffed  upon  them ; for,  if  the  velocity  of  the  water  or  air  be 
equal  to  that  of  the  vanes  or  fails,  they  will  move  on  together 
without  any  acceleration ; and,  if  the  direftion  of  the  air  or  water 
be  oblique  to  the  motion  of  the  vanes  or  fhip,  fome  force  will  be 
ineffectual,  and  the  change  of  motion  will  be  proportional  to  the 
remainder,  acting  in  the  direftion  of  their  motion. 

The  truth  of  this  law  is  demonftrated  by  numberlefs  experi- 
ments upon  the  motion,  and  change  of  direftion  and  motion,  com- 
municated by  material  impulfe.  Every  experiment  upon  the  ef- 
fects of  confpiring  and  oppofite  forces,  and  the  effefts  of  forces, 
afting  obliquely,  or  refulting  from  the  compofition  and  refolution 
of  forces,  demonftrated  experimentally,  exhibit  concurring  proofs 
of  its  truth ; for  were  motion,  and  change  of  motion,  not  propor- 
tional to,  and  in  the  direftion  of,  the  force  impreffed,  it  may  be 
proved  geometrically  that  thefe  effefts  would  not  take  place. 
The  conclufion  is  therefore  inevitable,  and,  being  thus  eftablifhed 
by  uniform  experience,  may  be  deemed  a fixed  principle  in  nature, 
and  applied  not  only  to  the  explication  of  thofe  particular  expe- 
riments from  whence  it  was  deduced,  but  of  all  other  natural 
phenomena.  This  law  is  alfo  a proof  of  the  inertia  of  matter, 
or,  that  being  eftablifhed,  a corollary  from  it;  for  if  matter 
can  produce  no  change  in  itfelf,  it  rauft  move  in  the  direftion 
of  the  force  impreffed;  and,  fince  the  vis  inertias  of  a body  is  the 
fame,  whether  moving  or  quiefcent,  it  is  evident  that  the  genefis, 
encreafe,  and  decreafe,  of  velocity  equal  to  V in  any  body,  require 
exaftly  the  fame  force*  If  the  force  of  collifion,  or  impulfe  of 
any  force  fuch  as  gravity,  be  capable  of  generating  a velocity,  equal 
to  Vy  in  the  body  A,  it  will  in  the  fame  time  generate  an  encreafe, 
or  decreafe,  of  velocity  equal  to  V in  that  body,  according  as  it 

confpires  with,  or  oppofes  its  motion. 

♦ 

17,8.  Cor,  1.  The  velocity  generated  by  one  fingle  impulfe  equal 
to  nFy  n being  a number,  is  equivalent  to  that  generated  by  n fuc- 

ceffive 
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ceflive  con  fpi  ring  impulfes,  each  of  which  is  equal  to  ; and  con- 
fequently  the  velocity  communicated  to  a body  by  any  number  of 
forces  afting  in  the  fame  direftion  is  the  fame,  whether  they  aft 
together  or  feparately;  becaufe  the  genefis,  and  encreafe,  of  a ve- 
locity = V,  require  exaftly  the  fame  force. 


179.  Cor.  2.  The  velocity  generated,  in  any  body,  by  any  num- 
ber of  unequal  confpiring  impulfes  X,  T,  Z,  &c.  is  as  their  fumj 
for  let  x,  y,  z,  &c.  be  the  velocities  refpeftively  generated  by  them 
in  any  body  A,  and  ( 177)  X : T::  x : y,  and  X:  X-t-Y::  x:x-+-y, 
and  X-..X-4-T -f-  Z ::  x : x -4 -y  +z,  &c.  And  the  velocity,  com- 
municated to  any  body  by  a force  = F,  in  a given  time,  is  as  the 
magnitude  of  that  force ; for  fuppofing  this  force  to  aft  by  im- 
pulfes, whofe  magnitudes  are  X,  T,  Z,  &c.,  F — X+  T-h  Z,  &c. 


180.  Cor.  3.  The  magnitudes  of  any  forces  are  therefore  as  the 
fpaces  uniformly  defcribed  in  a given  time,  by  the  velocity  which 
they  communicate  to  the  fame  body  ( 106). 


1 8 1.  Cor.  4.  The  velocity  generated  in  a body  in  the  fame  time 
by  two  forces  X,  T,  afting  in  oppofite  direftions,  is  as  their  dif- 
ference; for  (177)  X:  Tw  x :y  and  X : X— T:\ x : x—y. 

THIRD  LAW  OF  MOTION. 

182.  Action  and  reaction  are  always  equal  and  oppofite ; or  the  mu- 
tual actions  oj  two  bodies  are  always  equal,  and  in  oppojite  direSlions. 


This  is  another  rule  obfervable  in  all  the  motions  of  nature, 
refulting,  like  the  two  fir  ft,  from  the  inertia  of  matter.  Were 
matter  divefted  of  this  property,  motion  would  be  communicable 
without  refiftance,  and  confequently  without  effefting  any  change 
in  the  force  communicating  it.  The  aftion  of  all  forces,  whether 
operating  by  the  vifible  impaft  of  one  body  upon  another,  or  the 

K 2 invifible 
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invifible  agency  of  gravity,  magnetifm,  &c.  confifts  in  producing 
preffure  and  motion  ; and  reaction  in  fupporting  this  preffure,  or 
refilling  the  produdtion  of  motion.  And  thefe  this  law  afferts  to 
be  equal,  when  eftimated  in  oppofite  directions  ; which,  being 
proved  experimentally,  like  the  two  firft,  in  all  communications 
of  motion  with  which  we  are  acquainted,  may  be  efleemed  a ge- 
neral principle  pervading  the  whole  material  fyftem. 

In  the  communication  of  preffure  upon  any  immoveable  plane, 
whether  arifing  from  the  protrufion,  gravity,  or  force  of  impadt,  of 
a body;  the  meaning  of  the  law  is,  that  the  refiftance  of  the  plane, 
and  an  oppofite  force  equal  to  that  producing  the  preffure,  have 
precifely  the  fame  effect,  as  they  only  deftroy  the  force  of  protru- 
fion, weight,  or  impact.  In  the  communication  of  motion  by  vifible 
impaCt,  the  meaning  of  the  law  is,  that  adtion  is  mutual,  equal  and 
oppofite,  or  that  the  quantities  of  motion  loft  and  gained,  which 
meafure  this  action  and  reaction,  are  equal  when  eftimated  in  op- 
pofite directions.  It  is  always  fuppofed,  that  the  quantity  of  motion 
is  eftimated  by  the  product  of  the  quantity  of  matter  and  velocity. 
No  idea  can  be  formed  of  the  lofs  of  motion,  except  by  communi- 
cation; and  that  the  quantity,  loft  by  the  impinging  body,  is  gained 
by  the  ftruck  body,  appears  from  innumerable  experiments  upon 
the  collifion  of  bodies.  If  a perfectly  hard,  or  a foft  body,  Ay 
moving  with  the  velocity  Vy  impinge  upon  an  equal  unelaftic  body 
By  they  will  move  together,  after  impadt,  with  a velocity  equal  to 
V 

— ; and  if  Ay  moving  with  the  velocity  V + uy  impinge  upon  By 

moving  in  an  oppofite  diredtion  with  the  velocity  uy  they  will 

V 

move  together,  after  impact,  with  a velocity  equal  to  — . And 

whatever  be  the  magnitudes  of  A and  Bf  it  is  the  invariable  refult 
of  experiments,  that  the  quantity  of  matter  in  Ay  multiplied  into  the 
velocity  loft  by  it,  is  equal  to  the  quantity  of  matter  in  By  multi- 
plied into  the  velocity  which  it  gains  by  impadt;  or  if  / and  g re- 
prefent  the  velocities  loft  by  A and  gained  by  B reflectively,  A x / 
= B x g.  When  A and  B are  perfectly  elaftic,  the  velocities  loft 
and  gained  are  doubled,  and  the  law  ftill  obtains,  A x 2 / being 
equal  to  B x 2g*  If  motion  be  communicated  to  any  body  A , by 

any 
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any  force  X protruding,  pulling,  &c.  the  meaning  of  the  law  is, 
that  the  reaction,  or  refiftance,  of  A deftroys  fuch  a part  of  X’s  force, 
as  would  be  deftroyed  by  a fimilar  force,  capable  of  generating 
that  motion  in  A , aCting  in  oppofition  to  X.  In  the  communica- 
tion of  motion  by  unknown  means,  as  by  gravity,  magnetifm,  re- 
pul fion,  &c.  the  law  aflerts  that  the  body,  attracting  or  repelling, 
moves  in  an  oppofite  direction  to  that  of  the  body  attra&ed  or  re- 
pelled, and  with  an  equal  quantity  of  motion.  The  attraction 
between  the  earth,  and  any  body  upon  its  furface,  is  mutual  and 
equal ; for,  were  it  not,  a rectilineal  motion  would  enfue  from 
the  ftronger  attraction,  which  is  contrary  to  experience.  And, 
fmce  gravity  is  an  innate  principle,  it,  and  its  effeCts  will  remain 
the  fame  when  that  body  is  detached  from  the  earth,  and  confe- 
quently  their  attractions  continue  to  be  mutual  and  equal,  and 
they  will  meet  with  equal  moments.  If  two  magnets  A and  B , 
whofe  weights  are  unequal,  be  placed  upon  two  pieces  of  wood, 
floating  in  water  within  the  reach  of  attraction,  they  will  meet 
with  velocities  inverfely  as  their  quantities  of  matter;  and,  if  a 
reed  be  inferted  between  them  to  prevent  their  junction,  they  will 
be  quiefcent,  which  they  would  not  be,  were  their  attractions  un- 
equal. When  the  weight  of  A is  equal  to  2,  3,  4,  &c.  times  that 
of  B , its  velocity,  in  an  oppofite  direction,  is  equal  to  i,  f,  &c.  of 
By s,  the  products  of  their  weights  and  velocities  being  always  found 
to  be  equal.  And  if  A is  repelled,  B is  alfo  found  to  be  repelled 
in  an  oppofite  direction,  and  their  velocities  are  always  inverfely 
as  their  weights.  This  law,  being  found  to  obtain  in  all  adtions 
of  bodies  within  the  reach  of  experiments,  is  inferred  to  obtain 
univerfally  through  the  material  fyftem. 

183.  Cor.  In  the  impaCt  of  bodies  therefore  the  quantity  of  mo- 
tion, eftimated  in  the  fame  diredion,  is  the  fame  before  and  after 
impaCt.  If  Aj  moving  with  a velocity  equal  to  impinge  upon 
B>  moving  in  the  fame,  or  an  oppofite,  direction,  with  a velocity 
equal  to  b>  the  fum  of  their  moments  after  impaCt,  is  equal  to  A a 

Bb , or  A a — B b,  according  as  they  move  in  the  fame,  or  op- 
pofite directions;  for,  if  they  move  in  the  fame  direction,  the  en- 
r creafe 
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COMPOSITION  and 

creafe  of  moment  communicated  to  B is  deftroyed  in  A,  and  their 
fum  continues  the  fame ; and,  if  they  move  in  oppofite  directions, 
the  lead  moment,  and  a part  of  the  other  body's  moment  equal 
to  it,  are  deftroyed,  fo  that  their  fum  after  impact  continues  to  be 
equal  to  A a — ■ Bby  the  fame  as  before  impaCL 


COMPOSITION  and  RESOLUTION  of  FORCES. 

184.  *The  fame  motion  may  be  communicated  to  a body  B by 
a fingle  force  Z,  and  any  number  of  confpiring  forces,  into  which 
it  is  faid  to  be  refolvable,  and  they  are  faid  to  be  compounded  into 
Z\  thus  the  body  B may  defcribe  the  line  BP , in  the  fame  time,  by 
a force  Z adling  in  that  direction,  or  by  two,  three, &c.  forces  X , T \ 
&c.  inclined  to  it.  For  it  is  evident,  that  B , adled  upon  at  the 
fame  time,  by  two  forces  Xy  Yy  in  directions  making  an  angle, 
which  ceafe  to  aCt  after  the  body  has  left  the  point  B , will  move 
in  fame  intermediate  rectilineal  direction,  and  this,  by  changing 
the  inclination  and  magnitude  of  X and  which  are  variable 
without  limit,  may  be  any  intermediate  line  whatever  BP . The 
force  Z is  faid  to  be  refolvable  into  the  two,  X and  Ty  producing 
the  fame  effeCt  with  it;  and,  vice  versa,  X and  Y are  faid  to  be  com- 
pounded into  one,  Z,  which  produces  the  fame  effeCt  with  them. 


185.  Prop.  A body  B urged  at  the  fame  timey  by  two  forces  x,  y, 
whoje  adlion  ceafes  when  the  body  has  left  the  point  B,  and  whofe  mag- 
nitudes arid  direSions  are  as  two  right  lines  B M,  BN,  making  any  an- 
gley  will  move  as  if  it  were  impelled  by  one  force  z,  whofe  magnitude  and 
direction  are  as  B P,  the  diagonal  of  a parallelogram , whofe  Jides  are 
B M and  B N.+ 

Dem. 

* Newt.  Princip.  p.  14.  Mufchen.  Ch.  X.  Hellham,  Left.  IV.  Madaurin’s  Newt. 
Ch.  II.  Gravef.  Left.  I.  Ch.  XIII.  Hermannus,  Left.  I.  Ch.  II.  Varignon.Tom.  I.  Seft.  I. 

f The  magnitudes  of  forces,  whether  animal  exertions  as  percuffions,  protrufions,  &c. 
or  philofophic  powers,  as  gravity,  magnetifm,  &c.  can  only  be  compared  by  meafuring  their 
effefts,  which  are  fuppofed  to  be  produced  uniformly  in  the  fame  time.  And,  in  this  fup- 
pofition,  it  is  evident,  that  the  conclufions  will  be  the  fame,  whether  the  forces  X,  T be  im« 
pulles,  or  the  fame  number  of  impulfes  always  equal  to  themfelves. 
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Bem.  The  accefs  of  P to,  or  recefs  from,  MP,  is  not  affefted 
by  the  aftion  of  y > nor  its  accefs  to,  or  recefs  from,  NP,  by  the 
action  of  x (fecond  law  of  motion) : therefore  they  will  carry  B 
to  MP  and  NP  refpeftively,  in  the  fame  time,  whether  they  aft 
together  or  feparately®  But  if  they  aft  together,  P,  being  carried 
to  both  MP  and  NP,  mult  be  found  at  P their  interfeftion,  and 
defcribe  BP  uniformly  (firft  law  of  motion);  which  is  the  mag- 
nitude and  direftion  of  z (180).  QJL  D . 

Otherwife, 

Let  PM,  moving  parallel  to  NP  uniformly,  arrive  at  NP  in 
the  fame  time  that  B defcribes  BM  uniformly,  which  confequently 
at  the  end  of  that  time  will  arrive  at  P.  And  if  npm,  be  any 
new  pofition  of  PM,  and  the  bodyat/>;  Bump::  velocity  of 
BM : velocity  of  the  body  ::  BN:  BM{  106);  therefore p is  always 
in  the  diagonal  PP;  Bp  encreafes  uniformly  becaufe  Bn  does;  and 
BP  is  the  magnitude  and  direftion  of  z (i8o).  QJB.  D,* 

1 86.  Cor.  i.  A force  2;,  producing  the  fame  effeft  with  two  x 
andj,  which  are  as  PM,  BN,  is  as  twice  B s,  fuppofmg  s to  be 
the  bifeftion  of  BP . 


187.  Cor.  2.  If  any  two  forces  aft  upon  a body,  in  directions 
which  make  an  angle,  it  cannot  be  quiefcent. 


188.  Cor.  3.  A force  reprefen  ted  by  a fide  of  a triangle  PP, 
may  be  fubftituted  for  two  reprefen  ted  by  the  remaining  fides  PM, 
MP,  and  it  is  faid  to  be  equivalent  to  them,  becaufe  they  pro- 
duce 

* This  proportion,  which  is  deduced  from  the  fecond  law  of  motion,  may  be  demonftrat- 
ed  not  inelegantly  from  the  third.  The  forces  a:  andj,  urging  the  body  £ obliquely,  partly 
oppofe  each  other,  and  fince,  from  the  third  law  of  motion,  the  oppcfite  parts  are  equal,  the 
path  of  B will  be  equally  diftant  from  any  cotemporary  pofitions  of  it,  M and  N,  when  they 
aft  feparately ; which  therefoie  is  B s,  s being  the  bifeftion  of  B P.  And  becaufe  each  of 
the  forces  x,y  carry  B through  Bs,  they  will  both  carry  it  through  zBs  or  BP,  the  dia- 
gonal of  a parallelogram,  whofe  fides  are  BM  and  BN* 
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duce  the  fame  effedi,  or  make  a body  defcribe  BP  in  the  fame 
time.  And  thefe  three  forces  BM , BP,  BN  are  in  the  fame  plane 
(Euc.B.  XL  P.  II.) 


fig.  389.  Cor.  4.  A force  BM  is  equivalent  to  BA  and  AM;  and 
xxviii.  jg^Vto  UCand  CN;  and  therefore  thefe  forces  BA,  AM,  BC,  CN, 
are  equivalent  to,  and  may  be  fubflituted  for,  the  force  BP.  And 
any  number  of  forces,  whole  directions  are  in  the  fame  plane, 
may  be  reduced  to  one  in  that  plane  producing  the  fame  effedt 
with  them. 


fig.  190.  Cor.  5.  A force  AH  is  equivalent  to  two  reprefented  by 
xxix  ancj  AG;  and  AD  to  AH  and  AF;  therefore  any  number 
of  forces  AG,  AB , AF , &c.  in  different  planes,  may  be  reduced 
to  one  AD  producing  the  fame  effedt  with  them. 

fig.  i 9 i.  Cor.  6.  The  converfe  of  this  is  true,  and  one  force  BP, 
xxvni.  or  AD,  may  be  refolved  into  any  number,  either  in  the  fame,  or 
different  planes,  producing  the  fame  effedt  with  it. 

FIG%  192.  Cor.  7,  The  velocity  generated  Lyz:  velocity  generated 
xxx.  by  x y ::  BP  : BM- b BN;  and  the  quantity  of  motion  is  there- 
fore diminifhed  by  compofition,  and  encreafed  by  refolution ; but, 
when  eftimated  in  any  given  diredtion  BL,  it  remains  invariable. 
For  let  BP,  BM,  BN,  be  each  refolved  into  two,  one  in  the  direc- 
tion BL,  and  the  other  perpendicular  to  it ; and  from  fimilar  tri- 
angles 

P y : Dy  :: y L : y n, 

and  comp.  PD  \nL\\  Dy  \ yn\  \ BE  : B m, 
therefore  B L — B m 4-  B ?u 


193.  Cor,  8.  The  fame  force  z,  and  confequently  the  fame  ve- 
locity, may  be  generated  by  an  infinite  number  of  pairs  of  forces, 

becaufe 
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becaufe  the  fame  right  line  may  be  the  diagonal  of  an  infinite 
number  of  parallelograms. 

194.  Cor.  9.  The  parts,  of  the  two  forces,  dire£lly  oppofed  to 
each  other,  are  to  the  parts,  a£ting  in  the  diagonal,  as  Mrn  + Nn 
to  Bm  + Bn,  according  as  the  angle  MBN  is  not  greater,  or 
greater  than  a right  angle.  If  x andjy  are  given,  and  the  angle 
MBN  be  fuppofed  variable,  and  become  equal  to  two  right  angles, 
then  N will  come  to  N',  P to  P',  s to  / (j  always  bife&ing  BP  and 
MN)  and  2 B s',  or  the  confpiring  parts  of  x and  y,  — BP1  = BM 
— BN-,  if  this  angle  vanifli,  then  N will  come  to  N",  P to  P",  s to 
s",  and  2 Bs",  or  the  confpiring  parts  of  x andy,  ==.  BP "=  BM+BN. 

V 

195.  Cor.  10.  If  BP  and  the  angle  BMP  be  given,  the  curve 
line  palling  through  M,  in  different  pofitions  of  M,  is  a circular 
arc  fubtended  by  BP;  if  BP  and  BM+  MP  be  given,  this  curve 
line  is  an  ellipfe,  whofe  focal  diftance  is  BP;  and  if  BP  and  the 
difference  of  BM  and  MP  be  given,  the  curve  is  an  hyperbola  and 
BP  its  focal  diftance. 

196.  Prop.  Any  three  forces  x,  y,  z,  whofe  dire  81  ions  are  Bx,  By, 
BN  in  the  fame  plane,  a8ling  upon  a body  B without  producing  motion , 
are  to  each  other  as  the  three  fides  of  a triangle  refpedlively  p arable l to 
their  dire 81  ions, 

Dem.  Let  BN  be  the  magnitude  of  zy  and  be  refolved  into  two, 
in  the  diredtions  yBy  xB;  viz.  BMy  BP ; which  muft  be  reflec- 
tively equal  to  x and  y,  becaufe  in  equilibrio  with  them,  and  adt- 
ing  in  the  fame  directions ; therefore  x,  y,  z3  are  to  each  other  as 
BM,  BP  {MN),  BN refpedtively.  Q^E.  D. 

397.  Cor.  1.  Xy  y,  z are  to  each  other  as  the  three  Tides  of  a 
triangle  refpedtively  perpendicular,  or  equally  inclined  to  their  di- 
rections ; for  this  is  fimilar  to  the  former. 
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198.  Cor.  2.  Any  two  of  thefe  forces  are  to  each  other  inverfely 
as  the  fines  of  the  angles,  which  their  directions  make  with  the 
direftion  of  the  third.  For, 

2 :y::BN  : BP  ::  fin.  z_  BP  Nov  PBM  : fin.  l BNP  or  NBM, 
z : x ::  BN  : BM ::  fin.  z. BMNor  MBP  : fin.  A.MNB  or  NBP, 
and  * : y : : BM  : MN : : fin.  Z.BNM  or  NB P : fin.  L MBN . 

199.  Cor.  3.  The  angle  x By,  and  magnitude  of  x and  y,  being 
given,  the  magnitude  and  direction  of  z may  be  found ; for  BM, 
MN  and  the  angle  BMN , the  fupplemcnt  to  the  angle  x By , being 
known,  BN,  and  the  angles  MBN  and  MNB  or  NBP , may  be 
found  by  trigonometry. 

FIG  200.  Cor.  4.  Any  number  of  forces  in  the  fame  plane,  acting 
xxxv.  upon  a body  B which  remains  quiefcent,  may  be  reduced  to  two 
equal  and  oppofite : if  BM,  BN \ BD , act  upon  B , they  are  equi- 
valent to  BP  and  BC  in  oppofite  directions,  which  muft  be  equal, 
becaufe  B is  quiefcent. 

201.  Cor.  5.  Any  number  of  forces  in  different  planes,  urging 
a body  without  producing  motion,  may  be  reduced  to  two  in  the 
fame  plane,  equal  and  oppofite.  If  BD  and  DC  be  elevated  above 
the  plane  BN M,  and  PBC  be  the  common  interfeclion  of  the 
planes  BMN  and  BDC j BP,  which  is  equivalent  to  BM  and  BNy 
muft  be  equal  to  BC,  which  is  equivalent  to  BD  and  DC,  becaufe 
they  are  oppofite  and  deftroy  each  other. 

202.  Cor.  6.  If  more  than  three  forces  BM,  BN,  and  BD,  each 
of  which  is  combined  from  two,  a (51  in  different  planes,  upon  a 
body  B without  producing  motion,  and  are  eftiraated  in  any  direc- 
tion BL  by  letting  fall  parallel  lines  upon  it,  the  forces  refill  ting 
will  produce  no  motion  in  that  direction  5 for  the  parts  of  BM, 
BN,  refulting  from  this  refolution,  which  are  in  the  direction  BL, 
are  equal  and  oppofite  to  the  part  of  BD  reduced  to  the  fame  di- 
rection, and  the  fums  of  the  oppofite  parts,  on  each  fide  of  BL, 
in  11  ft  alfo  be  equal,  becaufe  B is  jfuppofed  to  be  quiefcent. 
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203.  Cor.  7.  If  the  forces  BM,  BN,  BC,  which  a£l  upon  a body 
without  producing  motion,  be  reduced  to  any  plane  FH,  by  re- 
folding each  into  two,  one  perpendicular  to  it,  and  the  other  pa- 
rallel to  the  lines  joining  the  points,  where  the  perpendiculars 
meet  it,  the  forces  refulting  will  produce  no  motion  in  that  plane. 
For  BP,  being  taken  equal  and  oppofite  to  BC,  will  be  equivalent 
to  BN  and  BM,  and  BC,  BP  will  be  projected  into  equal  ilraight 
lines  be,  bp-,  but  BN,  MP,  being  equal  and  parallel,  are  project- 
ed into  equal  and  parallel  lines  bn,mp,  and  the  figure  bmpn, 
is  a parallelogram.  And  bm,  bn,  being  equivalent  to  bp,  will  be 
equivalent  to  its  equal  and  oppofite  b c. 


204.  Prop.  If  a body  be  aSted  upon  by  two  fimilar  variable  forces, 
in  directions  parallel  to  B P,  BQ ■>  making  any  angle,  which  aSt  when  the 
body  hath  left  the  point  B,  it  will  deferibe  a right  line. 

Df.m.  Let  the  forces  aCt  by  impulfes  at  the  beginning  of  equal 
particles  of  time,  and  let  BD,  DR,  EF,  and  BG,  GH,  HI  be  the 
relative  magnitudes  of  correfponding  impulfes.  By  the  aCtion  of 
the  two  firft  impulfes  BD,  BG,  the  body  will  move  in  the  direc- 
tion BK ( 185);  by  the  two  next  DE,  GH,  it  wall  deferibe,  in  the 
fame  direction,  KL,  See.-,  and,  becaufe  the  forces  are  fimilar,  BD 
: DE  ::BG  : GH,  and  componendo  BD : BG::  BE  : BH,  and  con- 
fequently  BKL  is  a right  line.  QJ3.  D. 

205.  Cor.  1.  Since  this  demonftration  does  not  depend  upon 
the  magnitude  of  the  particles  of  time,  into  which  the  whole  time 
is  fuppofed  to  be  divided,  it  will  obtain  when  thefe  particles  are 
evanefeent  and  the  forces  act  inceffantly. 


206.  Cor.  2.  If  the  forces  be  conftant,  the  velocity  in  BM  is  uni- 
formly accelerated  ; for,  in  this  fuppofition,  BD,  DE,hc.  are  equal, 
and  BD  : DE::BK : KL-,  but  BK,  KL  which  are  therefore  equal, &c. 

meafure  the  increments  of  velocity  communicated  at  5 and  i£(  106). 

it  2 207.  Cor. 
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207.  Cog  3.  Every  body  moving  in  a curve  line,  muft  be  adted 
upon  by,  at  leaft,  two  difllmilar  forces. 

208.  Cor.  4.  The  whole  force  in  the  direction  BP  is  the  fum 
of  the  impulfes  BD , DE , EF,  &c.  and  the  force  in  the  diredtion 
BM,  is  the  fum  of  the  impulfes  BK,  KL , LM , &c.  and  thefe 
forces  are  fimilar;  for  BD , DE,  &c.  meafure  the  intenfity  of  the 
force  in  the  direction  BP  at  the  points  B and  D;  and  BK,  KL , 
&c.  meafure  the  intenfity  of  the  force  in  the  direction  BM,  at  B 
and  K,  and  BD  : DE  ::  BK:  KL. 

209.  Prop.  86.  If  a body  be  urged  at  the  fame  time  by  two  conftant , 
or  fimilar  variable,  forces  x,  y,  whofe  magnitudes  and  directions  are  the 
two  fides  of  a parallelogram  B F,  B I,  it  will  move  in  the  fame  manner 
as  if  it  were  urged  by  a conftant  or  fimilar  variable  force  z2  reprefented 
by  the  diagonal 


Dem.  The  impulie  BK  is  equivalent  to  BD  and  BG-,  KL  to 
DE  and  G H-,  LM  to  EF  and  HI,  &c.  confequently  the  fum  of 
thefe  impulfes  BM  is  equivalent  to  BF  and  BL  Q-E.  D. 


210.  Cor,  1.  A force  reprefented  by  one  fide  of  a triangle  BM, 
may  be  fubftituted  for  two  fimilar  forces  reprefented  by  the  re- 
maining fides  BF,  FIyL 

2 1 1.  Cor.  2.  A force  reprefented  by  BM  may  be  reduced  into 
any  number  of  forces  BR , RS,  SM,  fimilar  to  it,  and  vice  versa. 

212.  Cor.  3.  Three  fimilar  variable  forces,  urging  a body  with- 
out producing  motion,  are  to  one  another  as  the  three  fides  of  a 
triangle,  parallel  or  perpendicular  to  their  diredtions ; and  they 
are  to  each  other  inverfely  as  the  lines  of  the  angles,  which  their 

directions 
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directions  make  with  the  direction  of  the  third  (198);  and  any 
number  of  hmilar  forces  in  the  fame  or  different  planes,  in  equi- 
librio,  may  be  reduced  to  two,  in  the  fame  plane,  equal  and  op- 
pofite. 


SCHOLIUM. 

213.  Prop.  (204)  maybe  demonftrated  per  faltum,  though  per-  x^G.^ 
haps  lefs  intelligibly,  by  the  following  procefs.  Let  a body  B be 
urged,  at  the  fame  time,  by  any  forces  x andy,  in  the  directions 

BM,  BN , which  carry  it  refpedtively  through  B Bn  and  BMy 

BN , in  equal  times;  and  it  is  evident  that,  at  the  end  of  thofe 
times,  B will  be  in  d and  D.  If  x and  y act  only  at  the  point  B , 
or  if  B m : B M ::  B n : B 'N,  the  path  of  B is  the  diagonal ; if  they 
act  at  B3  my  ny  M>  Ar,  &c.  and  B m be  to  B M as  the  times  of  de- 
fcription,  and  Bn  be  to  BN  as  the  fquares,  cubes,  &c.  of  thofe 
times;  B n : BN : : B : BMZ  or  B ml : BM\  &c.;  and  the  path  of 
£ is  a parabola,  &c« 


214.  Prof, 87.  A body  B impelled  by  two  forces  tending  to  two  equi-  f r G. 
difiant  points , QMb,  which  at  equal  difiances  are  equal , and  at  unequal  xxXIXr 
difiances  are  variable  according  to  any  law  whatever , will  defer i be  a 
right  line . 


Dem.  Let  thefe  forces  act  by  impulfes  at  the  beginning  of 
equal  particles  of  time,  and  BE>  BF  being  the  magnitude  of  the 
two  firft,  will  make  B deferibe  jBD,  which  produced  bifedts  the 
bale  §IR;  and  DL,  DM,  the  two  next,  will  make  it  deferibe  DNy 
bifedting  the  bafe  therefore  BN  is  a right  line;  and  the  de- 
monftration  obtains  when  the  particles  of  time  are  evanefeent, 
and  the  adtion  of  the  forces  inceffant.  Q^E.  D. 


21  r.  Cor.  The  direction  of  the  combined  attraction  of  all  the 
particles,  compofing  a fphere,  paffes  through  the  center:  for  let  it 
be  divided  into  thin  lamina  parallel  and  contiguous  to  each  other, 

and 
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and  let  be  any  corpufcules  in  a lamina,  equidiftant  from  PB 
palling  through  the  center,  and  what  has  been  proved  of  thefe  two 
may  be  proved  of  every  two  equidiftant  from  P,  which  compote 
the  whole  lamina;  and  the  fame  may  be  proved  of  every  lamina, 
and  confequently  of  the  whole  fphere. 

S C H O L I U M, 

216.  Three  forces,  acting  upon  a body  without  producing  mo- 
tion, are  to  each  other  as  the  three  fides  of  a triangle  parallel  to 
their  direction,  which  confequently  meet  in  the  fame  point  of  the 
body,  and  are  in  the  fame  plane  (Euc.  B.  XL  P.  II.).  This  may  be 
evinced  othenvife;  for  ftnce  a body,  acred  upon  by  any  number  of 
forces,  cannot  be  at  reft,  unlefs  they  oppofe  each  other,  and  the 
oppofite  parts  be  equal,  and  in  the  fame  direction  ; it  is  dear  that 
a plane  AB  may  pafs  through  P,  adted  upon  by  x,y,  z in  different 
planes,  fo  that  they  ftiall  be  on  the  fame  fide  of  AB,  and  there- 
fore, as  they  partly  confpire,  they  muft  communicate  motion  to  the 
point  P,  and  to  the  whole  body.  And  if  any  two  of  thefe  forces,  x,  y, 
adt  againft  the  fame  point  p of  the  body  AB , and  x acts  againft  q; 
x and  y will  communicate  motion  to p ( 187)  and  z to  7,  and  AB 
cannot  therefore  be  quiefcent.  If  the  directions  of  x and  y meet 
in  a point  p without  the  body,  and  z adt  at  the  point  q,  AB  can- 
not be  at  reft;  becaufe  x and  y have  the  lame  effect  with,  and  are 
equivalent  to,  fome  force  in  an  intermediate  direction  p d,  which 
is  not  oppofite  to  the  diredtion  of  z,  and  cannot  therefore  deftroy 
It.  It  is  fuppofed,  that  the  directions  of  thefe  forces  are  inclined 
to  each  other ; for,  if  they  be  parallel,  BA  may  be  quiefcent,  when 
they  adt  upon  different  points, 

217.  Prop.  If  a body  B be  aBed  upon  by  any  number  of  forces , at 
the  fame  time , whoje  magnitudes  and  directions  arc  BC,  BA,  BP,  BH, 
&c.  and  from  the  Injection,  m,  of  the  diagonal  B D of  a parallelogram, 
whoje  jides  are  BC,  BA,  a right  line  be  drawn  to  the  extremity  F,  of  B P, 
cutting  the  diagonal  B E,  of  a parallelogram  whoje  /ides  are  BD,  B P, 
in  n,  and  from  n a right  line  be  drawn  to  the  extremity,  H,  of  B H, 

cutting 
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cutting  the  diagojial  BG  of  a parallelogram , whofe  fides  are  B E,  BH, 
in  p,  Bp  : BG  ::  unity : number  of  forces . 

■ . .1  * J ■ : , > 

Dem.  The  triangles  Bpn  and  G p H,  Bum  and  nEF,  are  fimi- 
lar,  and  confequently  Bp  : pG  ::  Bn  : GH{Bn  + nE) ::  Bm : Bm-\~ 
EF(Bm  + BD  or  $Bm)i  therefore  Bp  : BG  ::Bn  : \Bm  ::i:  4* 
The  procefs  is  fimilar  when  there  are  more  forces.  Qe  E.  D. 


2 1 8.  Cor.  1.  It  is  evident,  from  the  conftruCtion  of  the  figure, 
and  fimilar  triangles,  that  CA : Cm  1:2:1, 

mF  : m 71 ::  3 : 1, 

nH:  np  1:4  : 1 ; and  if  the  number  of 
forces  were  equal  to  any  number,  m , would  be  to  ?//>::  m : 1. 


219.  Cor,  2.  The  force  BG,  refulting  from  the  aCtion  of  any 
number  of  forces  BC , B.^,  BE,  BI1,  &c.  either  in  the  fame,  or  a 
different,  plane,  is  to  their  fum  as  BG  + B,-i  -!-  BE  -f-  B//, 
&c.  and  if  the  magnitudes  and  directions  of  thefe  forces  be  given, 
the  magnitude  and  direction  of  BG  may  be  found  ; for  CB , BA, 
and  the  L.CBA  being  given,  BD,  and  the  Zs  CRD , DBA , are 
known;  and  DB,  BF , and  the  Z.  DBF  (which  may  be  found)  be- 
ing given,  BE  is  alfo  given,  and  in  the  fame  manner  any  other 
diagonals  may  be  inveftigated. 


2 2o»  Cor.  3.  If  a body  therefore  be  acted  upon  by  any  number 
of  forces  BA,  BC,  BD,  BE,  BF,  BG,  the  directions  of  the  forces 
refulting  from  the  action  of  two,  three,  four,  &c.  are  found  by 
joining  AC,  bifeCting  it  in  m,  and  taking  niD  : mn  ::  3 : 1,  nE : nP 
::  4 : 1,  pF\pq  ::  5 : i,  qG  : qr  ::  6 : i,  and  the  directions  are  Bm, 
Bn,  Bp,  Bq}  Br . Their  magnitudes  are  2 Bm,  3 Bn,  4 Bp , 5By, 
6.B  r,  See. 
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COMPOSITION  and 

221.  Cor.  4.  The  fame  force  J3P  may  be  generated  by  the  ac- 
tion of  1,  2,  3,  &c.  forces,  either  in  the  fame,  or  different,  planes, 
whofe  directions  and  quantities  are  variable  in  infinitum : for  let 
it  refult  from  the  combined  action  of  four  forces,  and  taking  BP 
: Bq  ::  4 : 1,  through  q draw  any  line  whatever  qA , and  take  qA : 
y P : : 3 ; 1 ; through  p draw  any  line  p C,  and  let  p C be  to  p n : : 2 
: 1 ; and  through  n draw  any  line  nD , and  taking  nE  equal  to  it; 
the  forces  BA,  BC , BD , BE,  are  equivalent  to  BP.  The  lines 
qA,  pC,  nD,  &c.  may  be  drawn  in  any  directions,  in  any  different 
planes,  and  of  any  different  lengths. 


222.  Prof.  The  directions  of  three  forces  x,  y,  z,  acting  upon  a 
body  B without  producing  motion,  will  meet  in  the  center  of  gravity  of 
a triangle,  whofe  difances  from  the  angular  points , are  as  the  magni- 
tudes of  the  forces . 


Dem.  Produce  AB,  and  taking  BE  — AB  = z,  complete  the 
parallelogram  B D EC  by  drawing  from  E lines  parallel  to  B C, 
BD ; BE  is  equivalent  to  BC  and  BD,  and  equal  to  z,  which  is 
equivalent  to  x andy,  which  muft  therefore  be  equal  to  BC,  and 

BE  AB 

BD,  refpeCtively ; but  BG  — and  B is  therefore  the 

center  of  gravity  of  the  triangle.  Q^E.  D. 

Otherwife : 

Let  BA,  B C , BD,  be  the  magnitudes  of  z,  x,  y,  refpeCtively,  and 
joining  DC  and  bifeCting  it  in  G,  and  joining  GA , AB  = 2 5 G 
(217).  QJLD. 


223.  Prop.  If  a body  B,  be  aCted  upon  by  four  forces,  in  different 
planes , x,  y,  z,  w,  or  BA,  BC,  BE,  BF,  and  remain  at  reft , they  are 
to  each  other  as  the  three  ftdes  and  diagonal  of  a parallelopiped  pa- 
rallel to  their  directions  refpeCtively . 


Dem* 
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Dem.  The  forces  BA,  BC  are  equivalent  to  BI,  and  BI,  BE 
to  BDy  which  mull  be  equal  and  oppofite  to  w or  BF , becaufe  B 
is  quiefcent.  Q^E.  D. 


224.  Cor.  An  infinite  number  of  parallelepipeds  may  be  de- 
feribed,  whofe  Tides  and  diagonal  are  the  fame : for  let  x,  y,  z,  w, 
be  invariable,  and  taking  BC,  BA,  equal  refpedtively  toy  and  x, 
making  any  angle  whatever  ABC,  and  BD,  ID  in  a different  plane, 
refpeftively  equal  to  w and  draw  BE  parallel  to  I D,  and  DE 
to  BL,  Bifebt  BI  in  H,  and  join  EH,  interfecling  DB  in  G;  and 
becaufe  the  triangles  BGH,  EGD  are  fimilar,  EG:GH::ED 
(2B  H)  : BH\\  2 : 1 ; therefore  thefe  two  forces  combined  with 
BE  produce  a force  paffing  through  G (217)$  and  becaufe  DG  : 
GB  ::  EG  : GH ::  2 : 1 and  DB  : GB  1:3:1,  the  force  w is  equal 
to  DB . But  the  angle  C BA  is  infinitely  variable,  and  BD,  FD 
may  be  drawn  in  any  planes  whatever. 

225.  Prop.  If  four  forces,  x,  y,  z,  w,  which  are  as  BA,  BD,  BE, 
BF  rejpedlively,  adl  in  different  planes,  upon  the  body  B without  pro- 
ducing motion,  B is  the  center  of  gravity  of  a triangular  pyramid  whofe 
bafe  is  EAD  and  vertex  F. 


Dem.  Join  AD,  and  bifect  it  in  m,  and,  taking  mn  to  nE  ::  1 : 2, 
n will  be  the  center  of  gravity  of  the  triangle  EAD , and  nB  is 
the  direction  of  the  force  refulting  from  a;,  y,  z combined,  and 
its  magnitude  is  equal  to  3 x Bn,  which  muft  be  equal  and  oppo- 
fite to  w or  BF,  becaufe  B is  quiefcent:  BF  is  therefore  equal  to 
3 Bn,  and  B confequently  the  center  of  gravity  of  a pyramid, 
whofe  bafe  is  EAD  and  vertex  F.  QJB.  D. 


226.  Cor.  1.  It  is  evident  that  BF  = i>Bn,  becaufe  the  force 
refulting  from  x H- y -4-  z is  to  thofe  forces  as  ^Bn  : BA  + BD 
+ BE( 220)  and  w : x -4-  y -f-  z ::BF : BA  ~j~  BD  -+-  BE  (hypoth.) 
therefore  w = BF  = 3 Bn. 


FIG. 

XLVII. 


FIG. 

XLVIH, 


M 


Cor. 


po 


FIG. 

XLIX. 


COMPOSITION,  &c. 

227.  Cor.  2.  The  force  refulting  from  the  combined  a£lion  of 
BA , BD,  BE  paffes  through  the  center  of  gravity  of  a triangle, 
which  is  formed  by  joining  A , E , JD;  and  the  direction  of  a force, 
equivalent  to  them,  paffes  through  the  fame  point. 


228.  Cor.  3.  An  indefinite  number  of  pyramids  may  be  defcrib- 
edj  having  the  diflance  of  their  angular  points  from  the  center  of 
gravity  always  the  fame  $ for  let  BAy  BDy  BEy  BFy  be  invariable, 
and  making  the  angle  ABD  of  any  magnitude  whatever,  draw 
CDy  BDy  in  any  plane  whatever,  equal  refpeftively  to  BE,  BFy 
and  complete  the  parallelogram  B CD  Ey  and  the  procefs  is  the 
fame  as  that  in  (224). 


CHAP. 


■ • * 


0 


ATTRACTION, 

CHAP,  V, 

Of  ATTRACTION, 


229.  Def.  tJ-HAT  power  or  principle  in  nature , by  whofe  influence 

bodies , or  the  conjlituent  parts  of  bodies , accede , few 
<2  tendency  to  accede , to  each  other , without  any  fenfible  material  impulfe , 
is  called  attraction* 

230.  Def,  That  natural  power y by  whofe  influence  different  bodies , 
cr  different  parts  of  the  fame  bodyy  recede , few  <2  tendency  to  recede , 
from  each  other , without,  any  fenfible  material  effeff > is  repulfion . 


When  the  changes  of  motion  in  the  body  ^ are  uniformly  ob- 
ferved  to  depend  upon  the  fituation  and  diftance  of  another  body 
IS,  a connexion  is  underflood  to  obtain  between  them,  exprefling 
fome  quality  or  mechanical  aftedfion  of  matter,  fuch  as  gravity, 
cohefion,  elafticity,  magnetifm,  electricity,  which  appears  to  refide 
in  matter,  and  by  whofe  agency  this  change  of  motion  is  conceived 
to  be  produced.  If  the  direction  of  Ay s motion,  or  tendency  to 
motion,  be  towards  B , it  is  faid  to  be  attracted  by  B;  and  if  it  be 
from  By  it  is  faid  to  be  repelled  by 


23  1.  That  there  are  in  nature  motions  and  tendencies  to  motion, 
conatus  accedendi  & recedendi,  both  in  aggregate  bodies,  and  in 
their  minute  conftituent  particles,  without  any  fenfible  caufe,  and 
indeed  inexplicable  by  any  known  properties  of  matter,  is  un~ 
queftionably  certain.  Thefe  demonftrate  a fource  of  motion  di- 
ftincl  from,  and  repugnant  to,  any  material  impulfe  with  which 
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ATTRACTION  of  GRAVITY. 

we  are  acquainted,  which  is  denominated  attraction,  a term  in- 
differently applied  to  the  mechanical  affection  and  its  effeCts,  as 
all  inexplicable  powers  are  only  meafurable  by  their  effects.  Thefe 
effects  being  found  by  obfervation  to  be  different  at  different  di- 
ftances, the  intenfity  of  the  power  producing  them  is  inferred  to 
be  variable,  and  the  law  of  variation  is  difcovered  by  an  aCtual 
menfuration  of  thefe  effects  at  different  known  diftances.  By  this 
procefs,  thefe  material  affeCtions,  though  intelligible  only  in  their 
effeCts,  are  conffdered  as  quantities  capable  of  mathematical  com- 
panion, and  their  ratios  are  compared  with  thofe  of  lines  and 
numbers.  Attraction  is  ufually  divided  into  two  kinds:  firjl , that 
which  operates  at  fenfible  diftances,  as  gravity,  eleCtricity,  mag- 
netifm  ; and yfecondly,  that,  whofe  effeCts  are  limited  to  almoft  in- 
fenfible  diftances,  which  is  called  the  attraction  of  cohefion. 


ATTRACTION  of  GRAVITY. 

232.  The  exiftence  of  this  fpecies  of  attraction  is  evidenced  by 
uniform  experience.  Matter  when  fupported  is  heavy,  and,  the 
fupport  being  removed,  accedes  towards  the  earth;  when  projected 
obliquely,  it  deviates  from  the  line  of  projection,  and  vibrates 
when  fufpended  by  a firing  inclined  to  the  earth’s  furface.  And 
the  direction  of  this  motion  of  matter,  and  tendency  to  motion, 
is  invariably  the  fame,  towards  the  center  of  the  earth  nearly.  A 
mechanical  affeCtion  is  juftly  inferred  from  thefe  phenomena 
(230),  which  is  conceived  to  produce  this  motion  and  tendency 
to  motion,  and  is  promifcuoufly  cailed  gravity,  gravitation,  or  the 
attraction  of  gravity.  But  more  correCtly  the  tendency  of  a body 
towards  the  earth,  which  is  meafured  by  the  velocity  acquired  in 
a given  time,  is  called  the  accelerating  force  of  gravity;  the  weight 
or  moment  of  a body,  which  is  meafured  by  the  produCl  of  the 
quantity  of  matter  and  the  accelerating  force,  is  called  its  vis  mo* 
trix  ; and  the  power  conceived  to  be  in  the  earth,  which  produces 
this  weight  and  tendency  towards  it,  is  called  the  abfolute  force 
or  attraction  of  gravity;  and  a body  influenced  by  it,  is  faid  to  be 
attracted  by,  or  gravitate  towards,  the  earth.  All  hard  and  fo ft 
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bodies  are  fubjed  to  this  attradive  power,  and  have  weight;  air, 
water,  and  other  fluids,  and  the  vapours  arifing  from  them,  and 
all  odorous  fubftances,  and  exhalations  from  all  terreftrial  bodies, 
gravitate  towards  the  earth,  as  they  may  be  colleded  in  a balance 
and  adually  weighed ; and  the  weight  of  thefe  laft  fubftances  is 
alfo  rightly  inferred  from  the  decrement  of  weight  fuftained  by 
the  evaporable  matter.  Even  fire  and  light,  and  the  moft  vola- 
tile vapours,  feem  to  be  under  the  controul  of  this  univerfal  prin- 
ciple, and  no  matter  in  the  vicinity  of  the  earth,  acceffible  to  ex- 
periments, hath  yet  been  difcovered  to  be  uninfluenced  by  it,  and 
confequently  all  matter  may  be  confidered  as  gravitating  towards 
the  earth,  till  future  fatisfadory  experiments  induce  a different 
opinion.  This  attradive  power  is  not  confined  to  bodies  in  the 
vicinity  of  the  earth,  but  extends  alfo  to  the  moon;  for  the  moon 
defcribes  equal  areas  in  equal  times  about  the  earth’s  center,  and 
is  therefore  urged  by  a force  direded  to  that  center  (Newt.  Sed. 
II.  P.  II.)  and  coincident  in  diredion  with  gravity:  and  it  appears, 
from  aftronomical  obfervations,  that  it  is  equal  in  quantity  to  the 
force  of  gravity  at  that  diftance,  and  they  are  confequently  the 
fame  power.  And  becaufe  the  revolutions  of  their  fateliites  round 
jupiter  and  faturn,  and  of  the  primary  planets  round  the  fun,  are 
phenomena  fimilar  to  that  of  the  moon  round  the  earth,  both  be- 
ing aded  upon  by  forces  direded  to  their  refpedive  centers,  which 
vary  according  to  the  fame  law  ; the  fateliites  therefore  gravitate 
towards  their  primaries,  and  thefe  towards  the  fun  (7).  The 
primary  planets  gravitate  towards  each  other;  for  jupiter  and  fa- 
turn,  in  conjundion  or  at  their  lead  diftance,  are  difcovered  to 
produce  very  fenfible  irregularities  in  each  other’s  motions;  and 
the  motions  of  their  fateliites  are  laid  alfo  to  be  fubjed  to  irregu- 
larities, which  are  fenfible  at  their  ieaft  diftance  where  their  ac- 
tion is  greateft.  All  the  gieat  bodies,  compofing  the  folar  fyftem, 
are  therefore  impreffed  with  this  principle  of  attradion ; which, 
being  attached  to  the  whole  of  any  body,  muft  pervade  every  con- 
fluent portion;  and  the  minuteft  particles  of  matter  gravitate, 
though  perhaps  infenfibly,  towards  each  other.  The  operation  of 
this  principle  between  two  fmali  bodies,  at  the  furface  of  the  earth, 
is  only  rendered  infenfible  from  the  predominant  influence  of  the 

earth  s 
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earth;  for  a pendulous  body  was  obferved  to  be  confiderably  die- 
Hefted  from  its  vertical  fituation  by  the  attraction  of  the  mountain 
Chimborazo  in  Peru;  and,  by  fome  ingenious  experiments  made 
with  great  precifion,  Dr.  Mafkelyne  afcertained  the  quantity  of  at- 
traction of  the  mountain  Schehallien  in  Scotland.*  Every  moun- 
tain therefore,  and  every  lefs  portion  of  the  earth,  pofleffes  this 
quality;  which  might  have  been  inferred  from  (215).  For  if  a 
particle  of  matter  be  attracted  by  every  part  of  a fphere  of  matter, 
equally  at  equal  diftances,  the  direction  of  the  combined  attrac- 
tion will  pafs  through  its  center  and  v .v;  but  it  appears,  from 
experience,  that  all  bodies  defcend  in  directions  perpendicular  to 
the  earth’s  furface,  and,  becaufe  the  earth  is  nearly  fpherical,  the 
whole  force,  producing  this  defcent,  is  direfled  nearly  to  the  cen- 
ter, and  is  confequontly  combined  of  the  force  of  every  particle. 


233.  Prop.  ! The  accelerating  force  of  gravity  at  equal  difances 
from  the  earth's  center , is  the  fame  in  all  bodies , whether  quiefeent  or 
moving , and  whatever  be  their  magnitude , figure , denjity. 


Dem.  This  propofition  is  only  demonftrable  from  experiments. 
Two  equal  wooden  boxes,  fufpended  by  threads  of  eleven  feet  in 
length,  one  of  which  was  filled  with  wood,  and  an  equal  weight 
of  gold  fixed  in  the  center  of  ofcillation  of  the  other,  were  difeo- 
vered  by  Sir  1.  Newton,  to  perform  all  equal  vibrations  in  the 
fame  time;  and  numberlefs  experiments  demonflrate  that  all  bo- 
dies, 

* If  a mountain  do  polfefs  an  attractive  power,  a body  fufpended  near  it  will  be  deflected 
from  its  vertical  pofition,  and  point  to  a falfe  zenith,  and  the  arc,  meafuring  the  diltance  of  this 
from  the  true,  is  the  meafure  of  the  mountain’s  attraction.  In  an  obfervation  on  the  north  fide 
of  Schehallien,  the  plumb  line,  being  deflected  towards  thataountain,  pointed  too  much  to  the 
fouth,  and  gave  the  diltance  of  a liar  from  the  zenith  too  much  to  the  north  ; and  from  an 
obfervation  made  on  the  north  fide,  the  diltance  was  too  much  to  the  fouth.  The  difference 
of  the  latitude  of  the  two  flations,  coileCted  by  thefe  obfervations,  mult  be  greater  than  it 
really  is,  by  the  fum  of  the  arcs  meafuring  the  deflections  from  the  two  zeniths.  From  ob- 
fervations often  ftars  near  the  zenith,  Dr.  Malkelyne  found  the  difference  of  the  latitude  of 
the  two  ftations  to  be  54 "6;  and,  from  a menfuration  of  their  diltance,  it  was  only  43": 
the  difference  of  thefe  is  1 1^6,  and  the  half  of  it  5 8,  meafures  the  attraction  of  the  moun- 
tain. This  experiment  is  molt  convincing,  and  decifive  in  fupport  of  the  univerfality  of  gra- 
vitation. 
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dies,  however  different  their  magnitude,  figure,  and  denfity,  de- 
fcend  in  an  exhaufted  receiver,  whatever  be  its  height,  exadtly  in 
the  fame  time;  and  confequently  the  tendency  of  bodies  towards 
the  earth,  or  their  accelerating  force,  is  the  fame  whether  quies- 
cent or  moving,  &c.*  Q^E.  D, 


234.  Prop.  The  weight  of  bodies , at  the  Jurface  of  the  earth , are 
proportional  to  their  quantities  of  matter. 

Dem.  The  weight  of  a body  is  evidently  as  the  number  of 
equal  particles  or  quantity  of  matter  contained  in  it,  multiplied 
into  the  tendency  towards  the  earth,  or  accelerating  force  of  each, 
and  this  being  given  (233)  varies  as  the  quantity  of  matter. 
CXE.  D. 


Otherwife : 

The  weight  of  any  two  bodies  A and  B,  or  the  forces  produ- 
cing them,  are  clearly  proportional  to  their  vis  inertia ; for  if  the 
vis  inertia  of  A were  to  that  of  B,  as  1,  2,  3,  &c. : 1,  it  is  evident 
that  the  weights  or  forces,  producing  the  fame  velocities  in  A and 
B in  the  fame  time,  will  be  as  1,2,3,  &c,  : 1 ; and  confequently 
the  weight,  being  as  the  vis  inertia,  will  be  as  the  quantity  of  mat- 
ter (Too).  QTE.  D. 


235.  Cor.  If  the  accelerating  force  of  gravity  were  encreafed  in 
any  ratio,  the  weight  of  a given  body  would  be  encreafed  in  the 
fame  ratio.  Subftituting  therefore  W,  £>,  F,  for  the  weight,  quan- 
tity of  matter,  and  force  of  gravity,  refpedtively,  and  fuppofmg 

„ W n W 

them  to  be  variable;  W will  be  as  F-,  Jb  as  ^as  p,  and,, 
if  W be  given,  F and  are  inverfely  as  each  other. 

SCHO- 


* All  bodies,  whether  great  or  fmall,  denfe  or  rare,  acquire  a velocity  in  falling  i"„ 
which  would  carry  them  uniformly  through  32.2  feet  in  i\  and  an  encreafe  of  velocity, 
equal  to  this,  is  found  to  be  added  in  every  fucceeding  fecond  of  time.  . e 
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S C H O L I U M * 

236.  In  the  fame  place,  and  at  the  fame  diftance  from  the  aequa- 
tor,  bodies  are  found  to  defcend  through  the  fame  fpace  in  the 
fame  time  always;  but,  the  force  of  gravity  being  diminifhed  un- 
equally by  the  diurnal  rotation  of  the  earth,  they  do  not,  and 
ought  not  to,  defcend  through  equal  fpaces,  or  perform  equal  vi- 
brations, in  the  fame  time,  at  different  diftances  from  the  aequator. 
However,  this  unequal  diminution  of  gravity,  arifing  from  the  dif- 
ferent centrifugal  forces,  does  not  afford  a folution  for  the  dif- 
ferent fpaces  fallen  through;  and  there  muff  be  fome  other 
caufes  of  inequality,  which  are  probably  the  difference  of  diftance 
from  the  center,  and  different  fpecies  of  matter  near  the  places  of 
obfervation. 


237.  Prop.  The  force  of  gravity  varies  as  the  fquare  of  the  diftance 
from  the  center  of  the  earth  mverfely . 


PLATE  Dem.  Gravity  a els  in  right  lines,  and,  whatever  be  the  caufe, 
fYg  *s  equally  diffufed  over  every  point  of  the  furface  ABDC,  equi- 
LL  diftant  from  the  center  of  the  earth  S ; and  that  fame  influence  is 
alfo  equally  diffufed  over  the  furface  abdc,  fimilar  to  the  former 
and  fimilarly  fituated.  Taking  a l m n equal  and  fimilar  to  ABDC , 
the  influence  of  gravity  upon  almn\  influence  upon  abdc  or 
ABDC  waltnn  (ABDC)  : abdc::  SA2 : Saz.  D. 


Another 


PLATE 

VI. 

F I G. 

L. 


* PROP.  Suppofng  the  earth  to  be  fpherical , the  diminution  of  gravity , arifing  from  the  centri- 
fugal force , varies  as  the  fquare  of  the  ccfne  of  latitude . 

DEM.  Let  Pp  be  the  earth’s  axis,  and  AEdfits  equator,  and  the  centrifugal  force  at  ip: 
centrifugal  force  at  A : : 'C  : AD ; the  centrifugal  force  at  A : that  part  oppofite  to  gravity  : 
AN  : AL  (fuppofing  NL  to  be  perpendicular  to  AC)  : : AC  : A D ; and  confequently  the 
centrifugal  force,  or  diminution  of  gravity  at  £>j.  the  diminution  of  gravity  at  A : : 

: ADZ.  This  diminution  of  gravity  varies  therefore  as  ADzy  cr  as  the  fquare  of  the  coiine 
of  the  place’s  diftance  from  Q^E.  D. 


0 
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Another  demonftralion : 

The  magnitude  of  the  earth’s  attractive  force,  at  different  di- 
ftances, varies  as  the  fpace  through  which  it  impels  a body  in 
equal  times ; but  a body  at  the  earth’s  furface  falls  through  16.1 
feet  in  i",  and  the  moon,  at  her  mean  diftance,  nearly  60  femidia- 

1 6 i 

meters  of  the  earth,  falls  through  feet  in  l"  (from  obferva- 

tion):  prefuming  therefore  that  the  moon  is  retained  in  her  orbit 
by  the  earth’s  attractive  power,  the  force  of  gravity  at  the  earth’s 

furface,  is  to  the  force  at  the  moon,  as  16.1  : j ~ - ::  60  x 60  : i. 
’ 60x60 

QJE.D. 


T 

238.  Cor.  1 « The  firft  of  thefe  demonftrations  is  applicable  to 
all  forces  diffufed  by  rectilineal  effluvia  of  matter  from  a center,  as 
heat,  frnells,  &c% 


239,  Cor. 2.  Putting  d for  the  femidiameter  of  the  earth,  and  Wl or 
the  weight  of  a body  at  the  earth's  furface,  its  weight  at  any  other 

W 

diftance  nd  (n  being  a number)  will  be  equal  to  — . A weight,  of 


3t5oo  lb.  at  the  earth's  furface,  is  equal  to 


3600 
60  x 60 


or  1 lb...  at  the 


diftance  of  the  moon. 


240.  Cor.  3.  If  SC  and  be  be  homogeneous  and  fimilar,  their 
weights  at  unequal  diftances  are  equals  for  they  are  to  each  other 

WAt  : v~z(237)  as  1 * !.  If  they  be  not  homogeneous,  their 


as 


weights  will  be  as  their  quantities  of  matter,  that  is,  as  their 
weights  at  equal  diftances,  divided  by  the  fquares  of  their  <ti~ 
ftances. 


N 
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SCHOLIUM'  L 

241.  The  variation  of  the  force  of  gravity  was  collected  from 
obfervation  in  Peru  by  Meff.  Condamine  and  Bouguer.  Conda- 
mine  found  that  the  fame  pendulum  upon  mount  Pichinca,  at 
Quito,  and  upon  the  banks  of  the  river  of  the  Amazons,  perform-* 
ed  refpedHvely  98720,  98740  and  98770  vibrations,  in  twenty- 
four  hours.  And  Bouguer  obferved  upon  the  fummit  of  Pichinca, 

1 

and  upon  the  fea-fhore,  being ~th  part  nearer  to  the  center 

3 4*  9 

of  the  earth,  that  the  lengths  of  ifocronous  pendulums  were  to 
each  other  as  438.71  to  439*7.  Thefe  obfervations  demonftrate 
a diminution  of  the  force  of  gravity  in  receding  from  the  earth's 
furfacej  but  the  law  of  variation  cannot  be  collected  from  them, 
or  any  other  fimilar  experiments,  with  precifion  3 becaufe  the  dif- 
ferent Rates  of  the  atmofphere,  of  heat  and  cold,  and  different 
denfities  of  the  earth  contiguous  to  the  different  places  of  obfer- 
vation, would  proportionably  affedl  the  experiments,  and  thefe 
cannot  be  afcertained  with  fufficient  accuracy.  From  the  obfer- 
vations of  Bouguer,  the  force  of  gravity  upon  the  mountain  and 
upon  the  fea-fftore,  is  as  99575  : 998023  and,  fuppofmg  it  to  vary 
inverfely  as  the  fquare  of  the  diftance,  it  is  as  99575*99722  ; 
which  differs  lefs  from  the  true  law  than  could  be  expected. 

SCHOLIUM  IL 

242.  An  inveftigation  of  the  caufe  of  attractions  and  their  mode 
€>f  operation,  and  particularly  of  this  mechanical  affedtion  of  mat- 
ter, its  gravity,  fo  univerfally  prevalent,  hath  long  been  the  objedt 
of  the  philofopher’s  refearches,  but  without  effedt  3 the  fubjedt  is 
ftlll  involved  in  impenetrable  darknefs,and  his  wifhes  are  unfatisfied. 
Dr.  Halley  refers  it  to  the  immediate  agency  of  the  Creator  Mr, 
Cotes  deems  it  efiential  to  matter,  like  extenfion  and  mobility,  &c. 
and  Sir  I.  Newton  feems  to  entertain  a different  opinion,  and  at- 
tributes it  to  fome  undifeovered  and  invifible  mechanical  affedlion 
of  matter.  Eledhical  and  magnetic  experiments  prove  the  exift- 

ence 
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mce  of  a fubtle  fluid  pervading  the  pores  of  the  denfeft  bodies, 
and  the  gravity  of  bodies  may  arife  from  the  aCtion  of  a fluid, 
whofe  particles  are  fo  fmall  as  to  pafs  through  all  bodies,  and 
does  not  therefore  refill  their  motion ; and,  if  endued  with  a 
llrong  repuifive  power,  it  will  by  expanding  itfelf  prefs  upon  grofs 
bodies.  This  aether,  Newton  fuppofes,  is,  from  its  repuifive  force, 
much  rarer  within  the  denfe  bodies  of  the  fun  and  planets,  than 
in  empty  fpace,  and  in  receding  from  them  becomes  perpetually 
denfer  and  more  elaftic,  and  therefore  occafions  their  gravity,  every 
body  being  impelled  from  the  denfer  towards  the  rarer  parts  of  the 
fluid.  . This  however  is  conjectural,  and  its  truth  or  falfehood 
can  only  be  eftabliflied  by  future  experiments.  All  that  is  cer- 
tainly, known  about  this  myfterious  caufe,  is,  that  it  cannot  arife 
from  the  preflure  of  a fluid  fimilar  to  thofe  with  which  we  are 
acquainted,  whether  foft  or  elaftic,  quiet  or  agitated,  for  the  fol- 
lowing reafons.  Fir  ft,  Becaufe  a fluid,  fubtle  enough  to  penetrate 
the  in  moll  recedes  of  the  denfeft  bodies,  and  fo  rare  as  not  to  im- 
pede their  motion,  cannot  be  conceived  capable  of  communicating 
motion  to  them.  Secondly,  Becaufe  the  attraction  of  gravity  penetrates 
the  iiimoft  recedes  of  bodies,  and  their  weights  are  proportional 
to  their  quantities  of  matter,  not  magnitude  of  furface ; but  the 
preflure  of  every  fluid  with  which  we  are  acquainted,  varies  as  the 
furface  oppofed  to  it.  Thirdly,  Becaufe  the  attraction  of  gravity 
aCts  with  equal  intenfity  upon  bodies,  whether  quiefcent  or  mov- 
ing; but  all  known  fluids  act  upon  quiefcent  and  moving  bodies 
with  different  forces.  But,  however  uniearchaDle  the  efficient 
caufe  of  gravity  may  be,  its  final  caufe  is  moft  confpicuous,  being 
the  prefervation  of  the  earth  and  other  planets,  and  of  their  pe- 
riodical revolutions,  which  are  only  continued  by  an  uninterrupt- 
ed exertion  of  this  mechanical  affection  of  matter. 


99 


N 2 


CHAP, 


IOO 


ATTRACTION  of  COHESION., 


CHAP.  VI. 

ATTRACTION  of  COHESION. 


* A SECOND  fpecies  of  attraflion,  diftinguifhed  from  that 
jljL  of  gravity  by  the  intenfity  of  its  a&ion,  and  the  fmall  di« 
fiances  to  which  its  ifluence  extends,  is  that  obfervable  between 
the  minute  particles  of  bodies,  whether  hard,  foft,  or  fluid.  Hard 
and  foft  bodies  have  an  appearance  of  endlefs  compofition ; but 
they  are  compofed  of  infenfibly  minute  particles  which  cohere  to- 
gether and  form  greater,  and  thefe,  being  fucceflively  compounded 
by  the  influence  of  the  fame  principle,  form  fucceffively  greater* 
till,  by  repeated  coalitions,  they  become  objects  of  fenfe*  and  it 
appears,  from  many  phenomena,  that  the  particles  of  all  known 
fluids  have  alfo  a tendency  to  cohere  with  others.  This  mutual 
tendency  to  accede  to  each  other,  of  the  component  parts  of  hard* 
foft,  and  fluid  bodies,  not  arifing  from  any  fenfible  material  im- 
pulfe,  indicates  that  philofophical  relation  denominated  attradlion 
(230)5  which,  being  great  at  the  point  of  contadl,  and  evanefcent 
at  the  lead:  fenfible  diftance,  coincides,  in  thefe  marks  of  fimili- 
tude,  with  innumerable  phenomena,  and  the  material  power,  from 
whofe  agency  they  are  conceived  to  refult,  is  called  by  the  fame 
name,  the  attraftion  of  cohelion,  becaufe  they  are  all  effedled  by  the 
mutual  action  of  particles,  whofe  force  is  great  when  contiguous, 
and,  when  removed  to  any  fenfible  diftance,  evanefcent.  But  whe- 
ther the  phenomena,  which  have  thefe  marks  of  coincidence  and 
fimilitude,  refult  from  a common  caufe,  varying  at  different  di- 
stances, like  the  attra&ion  of  gravity,  according  to  the  fame  law 
of  the  diftance,  can  only  be  afcertained  by  experiments,  which  are 
yet  too  undecifive  to  allow  of  accurate  difcrimination.  The  laws 
and  limits  of  the  aftion  of  thefe  minute  particles  are  ftill  un- 
known, 

• Helfham,  Left.  I,  II.  Mukheabxoek,  Ch9  XVIII.  Newt.  Opt.  p.  380.  Hamilton’s 
Tia&s,  Left.  IL 
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known,  and,  from  their  almoft  infenfibly  minute  fphere  of  aSion, 
perhaps  undifcoverable ; but  its  intenfity  feerris  to  vary  according 
to  fome  higher  inverfe  law  of  the  diftance  than  the  duplicate,  and 
therefore  foon  evanefcent,  that  it  may  not  interfere  with  the  at- 
traction of  gravity. 


243.  Prop.  If  the  particles  compo/ing  two  fpberical  furfaces  AFC, 
BDE,  attraffi  with  forces , equal  at  equal  di [lances , and  at  unequal  di - 
ftances , varying  as  the  nth  power  of  the  diftance  inverfelyy  a particle  P 
•will  be  attracted  by  them  with  a force  varying  inverfely  as  that  power 
of  the  diftance , whofe  exponent  is  n — 2» 

*r 


Dem.  The  attraction  of  P towards  thefe  furfaces,  is  as  the 

, . , , AFC  BDE 

number  of  particles  and  power  of  each,  or  as  • ~t>5r>  or. 


PB’ 


as 


PA1  PB 


PA"  : PB"’  or  as  PA"-1  1 PB  "~1'  <^E‘  D' 


244.  Cor.  1.  If  n ==  2,  the  attractions  of  thefe  laminae  arc  as 
1 : i,  or  equal  to  each  other  ; and  the  attraction  of  the  folid 
BECA  is  equal  to  that  of  one  lamina  multiplied  into  their  number. 
The  attraction  therefore  of  this  folid  is  to  that  of  PA  C : : BA  : 
PA-,  and  confequently  the  attraction  of  a portion  of  matter, 
in  contaCl  with  P,  is  not  much  greater  than  when  removed  to  a 
fmall  diftance. 


245.  Cor.  2.  If  n = 3,  the  attractive  powers  of  any  laminae 

BDE , AFC\  are  to  each  other  as  : -p~,  or  as  the  ordinates 

BI  to  A L of  an  equilateral  hyperbola;  and  the  whole  attractive 
power  of  the  body  BECA  is  to  that  of  PAG  ::  area  BL  : area  AR  ; 
::  a finite  quantity  : a quantity  infinitely  greater.  According  to 
this  fuppofiticn,  the  attraction  of  P is  not  much  affected  by  the 

addition*  or  deduction,,  of  new  matter  at  a final!  diftance;  for  the 

encreafeu* 


FIG. 

LIL 


FfG. 

LHEI . 
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encreafe,  or  decreafe,  of  force  refulting  from  it,  would  be  finite, 
and  confequently  infinitely  lefs  than  that  refulting  from  contadh 
But  if  the  furface  of  P were  enlarged,  and  in  contadl  with  new 
matter,  attradling  according  to  this  law,  it’s  cohefive  force  would 
be  proportionably  encreafed. 


246.  Cor.  3.  If  this  attradlion,  at  a finite  diftance,  had  a finite 
ratio  to  that  of  gravity,  at  the  point  of  contadl  it  would  be  infi- 
nitely fuperior  to  that  of  gravity ; and,  if  at  the  point  of  contadl, 
the  ratio  between  this  attradlion  and  gravity  were  finite,  at  any 
aflignable  diftance  it  would  be  evanefcent. 


247.  Cor.  4.  The  attraction  of  cohefion,  being  great  in  con- 
tact and  infenfible  at  a final!  diftance,  varies  in  a higher  than  the 
inverfe  duplicate  ratio  of  the  diftance. 

248.  Cor.  5.  Since  the  cohefive  force  of  any  particle  P,  in  con- 
ta£t  with  the  body  PAG , varies  as  the  quantity  of  furface,  it  will 
be  greateft  when  the  furfaces  of  contadl  are  plane.  Two  fpecies 
of  matter  conftrudled  of  diflimilar  particles,  a,  b,  c,  dy  e,fgy  &c. 
/,  n,  0,  py  q>  &c.  have  different  degrees  of  hardnefs;  for  the  fur- 
faces  of  contadl,  and  cohefive  forces  of  ay  by  c%  dy  &c.  are  greater 
than  thofe  of  /, ny  &c. 


249.  Cor.  6.  Of  unequal  fimilar  particles,  the  fmalleft  are  ca- 
pable of  the  firmed:  cohefion,  becaufe  they  have  the  greateft  fur- 
faces  of  contadl  compared  with  their  magnitudes,  the  furfaces 
being  diminifhed  only  as  the  fquares,  and  the  magnitudes  as  the 
cubes,  of  any  lines  fimilarly  placed  in  them. 


■ 250.  Cor.  7.  Hard  bodies  therefore  may  be  conceived  to  be 
conftrudled  of  very  fmall  particles,  or  fuch  as  are  terminated  by 
plane  furfaces  5 for  colledtions  of  thefe  particles  cemented  by  this 

principle 
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principle  of  cohefion,  with  which  they  are  proved  to  be  impreffed, 
would  conftitute  hard  bodies.  And  fo ft  bodies  may  be  conceived 
to  be  combined  from  large  fpherical  particles,  or  fuch  as  have 
many  angular  points,  and  do  not  allow  of  great  furfaces  of  con- 
tact. 

SCHOLIUM. 

251.  The  exiftence  of  this  natural  power  is  collected,  and  a 
general  idea  of  it  formed,  from  the  following  familiar  obfervations 
and  experiments.  Firft>  An  attraction JubJifts  between  the  component 
parts  of  hard  and  foft  bodies . The  force  required  to  feparate  the 
contiguous  parts  of  hard  bodies,  which  is  equal  to  the  force  of 
cohefion,  is  much  fuperior  to  their  gravity,  though  they  be  full  of 
pores  and  confift  of  portions  collected  into  one  mafs,  and  touch- 
ing only  a few  points;  and  it  mu  ft  be  much  greater  between  the 
fmalleft  particles,  whofe  furfaces  are  in  contadt,  without  any  great 
intermediate  vacuities.  This  attraction  is  very  ftrong  in  all  tena- 
cious and  vifcid  bodies,  as  pitch,  rofxn,  &c,  which  adhere  to  every 
thing  in  contact  with  them  ; and  if  a body  very  foft  and  vifcid  be 
extended,  it  will  again  contract  its  dimenfions  by  the  tendency  of 
the  parts  to  each  other.  Large  ihips,  floating  near  each  other 
in  a calm  fea,  have  a great  tendency  to  each  other,  and  are  with 
difficulty  kept  from  coming  together.  If  the  furfaces  of  the  feg- 
ments  of  two  leaden  bullets,  whofe  diameters  are  not  greater  than 
~th  of  an  inch,  be  polifhed,  and  compreffed  together  by  a gentle 
twift,  it  is  faid  that  a weight  of  100  lb.  is  frequently  required  to 
feparate  them.  And  if  two  polifhed  plates  of  glafs,  marble,  brafs, 
or  any  metalline  fubftances,  be  compreffed  together  and  fufpend- 
ed  in  an  exhaufted  receiver,  the  weight  of  the  lower  plate  will  not 
diffolve  their  cohefion;  and  if  any  fine  thread  be  wrapped  round 
one  of  them  feveral  times,  at  confiderable  intervals,  after  com- 
preffion,  their  cohefion  is  ftill  fenfible,  though  they  be  removed 
from  aCtual  contaCt  by  the  thicknefs  of  the  thread.  The  cohefive 
forces  of  thefe  fubftances  is  augmented  by  moiftening  their  fur- 
faces with  water,  oil,  greafe,  &c.  which  expels  the  air  from  their 
pores,  or,  if  very  tenacious,  keeps  it  confined,  and  prevents  the 
©■  action 
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a6Hon  of  its  repulfive  power.  The  cohefive  force  of  two  polilhed 
plane  furfaces  of  metal,  whole  diameters  were  two  inches,  heated 
in  boiling  water,  and  befmeared  with  greafe,  oil.,  See.  was  overcome 
by  the  following  weights : 

Cold  greafe*  Hot  greafe. 


Planes  of  glafs  by 

1301b.  by 

300  lb. 

brafs 

J5° 

800 

copper 

200 

85° 

marble 

225 

600 

filver 

150 

250 

iron 

30°  $ 

950. 

When  thefe  furfaces  were  moiftened  with  water,  oil,  &c.  and 
comprefled  together,  their  cohefion  was  overcome  by  the  weights 


in  the  following  table: 

With  water  12  OZ. 

oil  1 8 

Venice  terpentine  24 

rofin  8 50  lb. 

tallow-candle  800 

pitch  1400. 


Secondly , An  attraSlion  fubfifls  between  the  particles  of  any  portions 
of  water,  oil,  mercury , and  all  other  fluids , except  air , fire , and  light. 
Small  portions  of  thefe  fluids  form  themfelves  into  globular  drops 
both  in  the  open  air  and  in  vacuo ; and  if  a drop  of  mercury  be 
poured  upon  clean  paper,  or  a drop  of  water  upon  the  leaf  of  a 
plant,  their  fpherical  figure  is  not  changed,  the  gravity  of  their 
parts  being  unable  to  diflolve  their  cohefion ; and  two  drops  of 
any  fluid,  "not  much  attracted  by  the  furface  on  which  they  are 
placed,  will  coalefce  into  one  when  in  contaft,  as  is  often  obferv- 
able  in  drops  of  water  lodged  upon  the  leaves  of  plants.  If  mer- 
cury, well  purged  of  air,  be  poured  into  a clean  glafs  tube  70 
inches  long,  fo  that  its  parts  be  contiguous  to  each  other  and  to 
the  glafs,  after  inverfion  the  whole  column  will  remain  fufpended ; 
but  the  preflure  of  the  atmofphere  fuftains  only  29  or  30  inches, 
and  the  remainder  mull  be  fupported  by  fome  other  agent,  which 

is  chiefly  the  mutual  adhefion  of  the  parts;  for  if  they  be  di (con- 
tinued 
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tinucd  by  a bubble  of  air  intervening,  or  by  fhaking  the  ftafs  the 
column  fubfides  to  the  height  of  29  or  inches.  ° ’ 

f Thirdly , 'This  Jpecies  of  attraction  fubffls  between  the  particles  of 
different  fluids , and  between  them  and  other  jubflances.  If  a piece  of 
fir  wood,  whofe  furface  is  one  fquare  inch,  be  foaked  in  water 
and  float  upon  its  furface,  a weight  of  50  grains,  befides  an 
equivalent  to  its  own  weight,  is  required  to  detach  it  from  the 
fluid;  and  when  its  furface  is  enlarged,  a proportionably  greater 
weight  is  required.  Water  rifes  near  the  fides  of  the  vefiel  con- 
taining it,  round  a glafs  bubble  floating  upon  its  furface,  up  capil- 
lary tubes  of  glafs,  plants,  &c.  A remarkable  inftance  of  this  at- 
traction occurs  in  the  new  invented  water-pump.  If  two  wheels  or 
pullies,  B and  £>  in  the  fame  plane, be  made  to  revolve  with  great 
velocity,  and  D be  immerfed  in  water,  a column  of  water  will  aicend 
with  the  rope;  and,  if  there  be  two  or  more  grooves  in  B and  D 
and  as  many  ropes  pafs  over  them,  at  the  diftance  of  about  an 
inch,  the  columns  raifed  by  each  rope  will  cohere,  and  the  quan- 
tity of  water  be  much  augmented.*  Airis  incorporated  with  moft 
hard  bodies,  poflefles  their  interftices,  and  probably  ferves  as  a bond 
of  union  to  their  conftituent  parts.  It  appears  from  many  experi- 
ments, that  the  quantity  of  air,  detached  from  fome  hard  bodies  in 
which  it  was  confolidated,  by  the  aft  ion  of  fire,  or  fome  particular 
fermentation,  is  very  confiderable;  and  Dr.  Hale  difeovered  that 
* of  a calculus  humanus  were  air.  It  is  attracted  by  water,  and 
perhaps  all  fluids,  into  whofe  pores  it  infinuates  itfelf,  is  intimately 

mixed 

* There  are  two  of  thefe  machines,  at  Windfor,  of  different  dimennons.  The  depth 
of  the  well  at  the  round  tower  is  178  feet:  D is  the  wheel  in  the  water,  its  diameter  ~\z 
inches,  the  thicknefs  of  the  rope  DB  ~ f inch  nearly;  diameter  of  the  upper  wheel  i?  — i • 
inches  ; diameter  of  C zz  1 1 inches;  diameter  of  E ~ 4 feet  6 inches;  a power,  applied  at 
F turns  the  wheel  E round,  and  that,  by  means  of  the  iiring  ECt  communicates  motion  to  G 
which  has  the  fame  axis  with  B.\ 

in  the  other  machine  the  depth  of  the  well  is  9$  feet,  and,  in  this,  the  quantity  of  water 
raifed  by  the  utmoft  efforts  of  a man,  was  at  the  rate  of  nine  gallons  in  a minute.  At  Paris 
500  pounds  of  water  were  elevated  through  an  altitude  equal  to  240  feet,  in  ten  minutes 
when  the  diameter  of  the  rope,  furrounding  the  pullies,  did  not  exceed  fix  French  lines,  in 
the  beginning  of  the  motion,  the  column,  adhering  to  the  rope,  is  always  lefs  than  when  it 
has  been  worked  for  fome  time,  and  continues  to  encreafe,  till  the  furrounding  air  partake 
of  its  motion. 
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mixed  with  them,  and  coheres  too  ftrongly  to  be  feparated  with- 
out the  agency  of  fire,  or  fome  more  attractive  fubftance.  If  fal 
ammoniac,  or  corrofive  mercury  fublimate,  be  diffolved  in  water, 
bubbles  of  air  will  difengage  themfelves  from  the  water,  and,  ad- 
hering very  tenacioufly  to  the  thin  particles  of  the  fait,  afcend  with 
them,  and  burft  upon  the  furface.  When  water,  beer,  &c.  are 
poured  into  a glafs,  or  other  veflel,  many  bubbles  of  air  are  de- 
tached from  the  fluid  by  the  ftronger  attraction  of  the  veflel,  and 
adhere  to  its  fides  and  bottom ; and,  if  thefe  be  rough,  or  have 
more  points  of  contaCt,  the  number  of  bubbles  will  be  encreafed. 
Light  is  attracted  by  glafs,  water,  and  all  tranfparent  mediums,  as 
appears  by  its  refraCtion  and  reflection ; and  alfo  by  all  other  fub- 
ftances,  as  is  obfervable  in  an  experiment  of  Sir  I.  Newton.*  A 
beam  of  light  admitted  through  an  aperture  into  a dark  chamber, 
and  pafling  by  the  edge  of  any  fubftance,  will  be  defleCted  from  a 
rectilineal  courfe,  and  by  repeated  attractions  and  repulfions  de- 
le ri  be  an  undulating  line  in  its  paflfage. 

f 

Of  HARDNESS,  SOFTNESS,  and  ELASTICITY. 

252.  Def.  A hard  body  is  that  whofe  parts  are  not  eafily  moved 
from  their  places-,  as  wood,  metal,  Jlones,&c. 

Bodies  conftituted  in  fuch  a manner  that  their  component  parts 
do  not  give  way  to  compreffion,  and  whofe  cohefive  force  is  infu- 
perable,  may  be  called  perfectly  hard.  The  hardeft  bodies  with 
which  we  are  acquainted,  as  adamant,  flint,  gems,  tempered  fteel, 
&c.  are  full  of  vacuities,  and  contiguous  portions  of  them,  not 
being  in  contaCt  all  round,  are  penetrable,  and  feparable  by  the 
aCtion  of  a fufficient  force.  Fire  infinuates  itfelf  amongft  the 
vacuities  of  the  denfeft  and  hardeft  bodies,  and  produces  fufion 
or  expanfion,  which  cannot  be  effected  without  an  intire  fepara- 
tion,  and  change  of  place,  of  their  component  parts.  PerfeCt 
hardnefs  therefore  feems  to  be  confined  to  the  elementary  particles, 
or  leafl  parts  into  which  bodies  can  be  divided,  whofe  figure  and 
dimenfions  cannot  be  feparated  by  any  known  power,  and  are  im- 
penetrable. 

2.53..  Ete& 

• Newton’s  Optics,  p.  3,17. 


HARDNESS  and  SOFTNESS. 

253,  Def.  A fo  ft  body  is  that  whofe  parts  change  their  pofttion  by 
the  aft  ion  of  a fmall force,  and  retain  it  when  the  force  is  removed * as 
butter,  f now,  wax , &c» 

Bodies  conftructed  in  fucli  a manner  that  their  vacuities  are  not 
replete  with  any  fluid,  and  whofe  parts  do  not  repel  each  other, 
and  are  only  retained  in  their  places  by  their  inertia,  may  be 
called  perfeftly  foft;  but  no  fpecies  of  matter  is  perfeftly  Soft,  for 
the  particles  of  all  bodies,  not  poffefled  of  a repelling  power,  re- 
quire a much  greater  force  to  feparate  them,  than  what  is  equiva- 
lent to  their  inertia.  The  degrees  of  hardnefs  and  foftnefs  are 
infinitely  variable,  and  the  limit  where  hardnefs  ends,  and  foftnefs 
begins,  cannot  be  defined.  In  the  congrefs  of  hard  and  foft  bo- 
dies, there  is  no  caufe  of  feparation  after  they  come  into  contaft, 
and  they  will  therefore  either  move  on  together,  or  be  quiefcent, 
after  impaft;  and,  the  effefts  of  collifion  being  afcertained  when 
there  is  no  repulfive  power,  allowance  mu  ft  afterwards  be  made 
for  their  different  degrees  of  repulfion* 


254.  Def.  An  elaflic  body  is  that  which  changes  its  figure,  or  the 
pofition  of  its  parts , by  the  aftion  of  a force , and  recovers , or  has  a ten~ 
dency  to  recover , its  figure . 

Elafticity  is  faid  to  be  perfeft,  when  the  parts  of  the  body  re- 
turn to  their  firft  fituation  with  a force  equal  to  the  force  dis- 
placing them,  and  imperfeft,  when  they  do  not. 

25^.  Prop.  If  a perfeftly  hard  body  A impinge  upon  a perfeftly 
elafiic  immoveable  body  B,  it  will  be  reflefted  with  a velocity  equal  to 
that  of  imp  aft. 


Dem.  The  particles,  compofing  the  Surface  of  B,  are  conti- 
nually removed  from  their  places  by  the  compreffion  of  A , till  it 
and  their  refiftance  become  equal ; and  then,  returning  to  their 
firft  fituation  with  a force  equal  to  that  of  compreffion,  and 
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in  a direftion  oppofite  to  A’s  motion,  A mu  ft  evidently  be  repelled 
with  a velocity  equal  to  that  of  impact.  E.  D. 

256.  Cor.  i.  If  A and  B be  both  perfectly  elaftic,  the  particles, 
compofmg  their  furfaces,  recede  equally,  though  the  recefs  is  lefs 
than  when  A was  perfectly  hard;  but  the  effedl  is  the  fame,  the 
whole  force  of  reftitution  being  equal  to  that  of  compreffion,  and 
confpiring  to  repel  A. 


257,  Cor.  2.  If  B be  moveable,  the  velocity  loft  by  A is  double 
of  that  loft  by  impact  only;  for  the  parts  of  B’s  furface,  conti- 
guous to  the  point  of  impaft,  reftoring  themfelves  with  a force 
equal  to  that  which  difplaced  them  and  adting  again  ft  A , it  will  be 
equally  retarded  by  the  forces  of  impact  and  reftitution  ; and,  for 
the  fame  reafon,  the  velocity  communicated  to  B is  double  of  what 
it  would  be,  were  both  bodies  perfectly  hard. 


258.  Cor.  3.  The  relative  velocity  of  A and  B is  the  fame  be- 
fore and  after  impact,  or  the  velocity  with  which  they  accede  to 
each  other  before  impadt,  is  equal  to  the  velocity  with  which  they 
recede  from  each  other  after  impact;  for  the  forces  of  impadt  and 
reftitution,  being  equal  and  oppofite,  produce  the  fame  effects  in 
oppofite  directions,  and  the  relative  velocity,  which  is  deftroyed 
by  impact,  muft  be  reftored  by  the  force  of  elafticity. 


SCHOLIUM. 

259.  The  whole  time  of  contact  of  A and  B , may  be  divided 
into  two  equal  periods,  the  former  between  their  firffc  contadl  and 
the  ceflation  of  A’s  compreffion,  and  the  latter  between  this 
point  and  their  laft  contact,  when  they  are  feparated  by  the  refto- 
ration  of  their  relative  velocity.  And,  if  the  time  of  A’s  com- 
preffion be  divided  into  very  fmall  equal  parts,  A* s decrements  of 
velocity  produced  in  them  will  perpetually  encreafe,  from  the  firft 

contadl 
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contadt  to  the  end  of  compreflion,  where  its  force  of  protrufion 
vanhhes,  and  it  is  hationary  for  a moment,  if  B be  fixed,  or,  if 
B be  moveable,  its  velocity  is  equal,  for  a moment,  to  that  of  B . 
The  particles  then  returning,  by  their  elafticity,  to  their  fir  ft  fitua- 
tion,  will  communicate,  in  equal  times,  perpetually  decreafing  in- 
crements of  velocity  to  A , equal  to  the  correfponding  decrements 
during  its  compreflion,  which  vaniflx  when  the  furface  has  re- 
gained its  natural  ftate,  when  A leaves  B , and  is  reflected  with  a 
velocity  equal  to  that  loft  by  impadt.  When  A and  B are  both 
perfectly  elaftic,  the  particles,  contiguous  to  the  point  of  impadf, 
give  way  equally ; and  when  A is  perfectly  hard,  and  B imper- 
fectly elaftic,  or  when  they  are  both  elaftic  in  different  degrees, 
the  particles  yield  to  Impadt  unequally,  and  a pit  or  cavity  mill 
be  formed  in  one  of  them. 

r 

# 

260.  Cor*  4.  If  the  times  of  compreflion  and  reftitution  be  di- 
vided into  the  fame  number  of  equal  moments,  and  the  decre- 
ments and  increments  of  velocity,  in  correfponding  moments  of 
compreflion  and  dilatation,  be  as  n 1 1,  the  velocity  loft  by  impadt 
is  to  that  communicated  in  an  oppoiite  direction,  in  the  fame  ra- 
tio of  n : 1 (Euc.  B.  V.  P.XIL).  And,  if  this  ratio  between  thefe. 
velocities  always  obtain,  their  correfponding  increments  and  de- 
crements will  always  be  to  each  other  in  that  ratio, 

SCHOLIUM* 

261.  *The  exiftence  of  elafticity  is  demonftrated  by  numberlefs 
experiments.  When  two  bodies  impinge,  they  muft  coalefce  if  the 
furfaces  of  contadt  be  immoveable,  or,  after  receding,  remain 
immoveable;  and  their  reparation  is  a proof  of  elafticity.  Metals,, 
femimetals,  ftones,  gems,  foffils,  cartilages,  moft  fluids,  as  air  and' 
even  water,  exert  an  influence  oppofite  to  the  direction  of  the  force 
conipreffing  them,  and  difcover  a tendency  to  return  to  their  natu- 
ral ftate,  which  is,  in  all  of  them,  imperfedl  and  lefs  than  the  force 
impreffed,  but  moft  perfedt  imglafs,  ivory,  hardened  fteel  and  carti- 
lages., 

* Mufchenbroek,  Ch.  XVL,  Defaguiiers,  VI. 
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lages.  Elafticity  is  encreafed  by  encreafmg  the  denfity  of  a body; 
for  metals  are  rendered  more  elaftic  by  being  beaten  with  a ham- 
mer, and  their  elafticity, which  was  not  perceptible  before,  becomes 
after  this  very  fenfible.  Steel  is  more  elaftic  when  tempered,  and 
its  denfity  is  then  encreafed  in  the  ratio  of  7809  : 7738.  It  is  alfo 
fometimes  encreafed  by  cold,  as  the  range  of  a cannon  ball  is 
greater  when  the  cannon  is  cold,  than  when  heated,  and  the  firing 
of  a violin,  or  a fteel  lamina,  is  infledled,  and  recovers  its  fituation 
with  lefs  force  in  hot  than  in  cold  weather.  The  fphere  of  a6lion 
of  the  component  parts  of  an  elaftic  body,  and  the  moments  of 
time  in  which  they  lofe,  and  recover,  their  fituation,  are  too  fmall 
to  allow  of  decifive  experiments  for  afcertaining  their  intenfity,and 
laws  of  operation,  at  different  diftances  from  their  natural  ftate; 
and  the  refult  of  experiments  is  only  the  relative  magnitude  of  the 
velocity  loft  by  impa6t,  or  the  whole  effect  of  compreflion,  and 
that  communicated  by  the  whole  aggregate  force  of  reftitution. 
Metal  fibres,  and  thin  fteel  laminae,  exhibit  no  elafticity  unlefs 
ftretched  to  a certain  degree,  and  infledled  by  a certain  force,  as 
appears  from  lax  chords,  which,  if  a little  ftretched  and  removed 
from  their  natural  ftate,  difcover  no  tendency  to  return  to  it;  and, 
when  the  inflexion  of  a fibre  is  very  great,  the  influence  of  elafticity 
feems  to  be  annihilated,  as  appears  from  fibres  of  wood,  which,  if 
infle£led  beyond  a certain  limit,  remain  quiefcent  and  have  no  ten- 
dency to  recover  their  fituation.  This  is  alfo  obfervable  in  elaftic 
bodies,  for  their  elafticity  is  only  difcovered  by  impa6t,  and  the  force 
of  impa6l  may  be  fo  fmall  as  to  excite  no  fenfible  motion  of  the 
conftituent  parts,  or  fo  great  as  to  deftroy  their  elafticity;  but  the 
limits  where  it  begins  and  terminates  are  unknown.  A general 
idea  of  elafticity  may  be  formed  by  confidering  the  mo  ft  Ample 
cafes  of  the  vibrations  of  fibres,  or  thin  fteel  laminae,  and  con- 
ceiving elaftic  bodies  to  be  compofed  of  them. 


FXG.  Ex?.  I.  If  any  fibre,  metalline  chord,  or  thin  lamina  of  fteel, 
kVl.  whofe  length  is  AB , be  ftretched  and  fixed  to  two  immoveable  points 
A and  i?,  and  infle£ted  into  the  pofition  ACB  by  a power  which 
ceafes  to  act  at  C,  it  will  return  by  its  elafticity  to  its  natural  ftate 

AB , 


ELASTICITY. 

AB , and,  proceeding  with  the  velocity  acquired,  continue  to  per- 
form nearly  equal  vibrations  on  each  fide  of  AB  till  its  motion  be 
deftroyed  by  fridtion,  and  the  refiftance  of  the  air. 


Exp.  II.  If  the  diftance  of  this  fibre  from  a table,  to  which  it 
is  parallel,  be  equal  to  D,  and  a fpherical  ball  P,  whofe  diameter  is 
2 D,  be  rolled  againft  it,  the  fibre  will  be  infledted,  and  this  in- 
flection will  encreafe  till  P be  quiefcent,  and,  then  returning  to  ita 
firft  fituation,  P will  be  repelled  and  detached  from  it,  when  ar- 
rived at  AB>  with  a velocity  nearly  equal  to  that  of  impadt. 


Exp,  III,  Very  fmali  infledtions  PD,  PC,  of  the  fame  fire  A 
are  found  to  be  nearly  as  the  infledting  forces;  but  when  the  in- 
fiedtions  are  confiderable,  they  vary  as  fome  power  of  the  force> 
whofe  exponent  is  lefs  than  unity  or  fradtional.  If  AB  be  a fmali 
brafs  wire  tended  by  a weight  W of  3 lb.  and  inflected  at  P by 
weights  equal  to  \ oz.  and  1 oz.  fucceffively,  PD  : PC : : | | | : 1 y 
or  the  infledtions  are  as  the  infledting  forces. 


Exp.  IV.  If  the  lengths  of  the  wire  be  multiplied  by  2,  3, 
and  the  fmali  infledtions  PD,  PC  be  always  to  each  other  as  ~ : i; 
the  infledting  forces  are  found  to  be  as  1 : 2 and  1 : 3,  &c.  or  in- 
verfely  as  the  lengths  of  the  wire. 


Ex?.  V.  If  the  lengths  of  the  wire  be  the  fame  as  in  Exp.  ill, 
W be  equal  to  3 lb.  and  61b.  and  PD  : PC::  x : 2,  the  fame  as  be- 
fore ; the  infledting  forces  are  as  1 : 2,  or  they  vary  diredtly  as  W* 


262 . Cor,  l If  F reprefent  the  inflecting  force,  L the  length  of 
the  wire,  I a fmali  infledtion  PD  or  PC;  / is  as  F (Exp.  in.);  F 

is  as  — (Exp. IV.);  and  Pis  as  W (Exp.  v.).  And  confequently 

* if 
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if  /,  F,  W be  fuppofed  to  vary,  the  infledting  force  F will  vary  as 
Jx  W 

L 


263.  Cor.  2.  Fibres  of  unequal  thicknefies  may  be  conceived  to 
be  compofed  of  a greater  or  lefs  number  of  finer  fibres  of  the  fame 
thicknefs,  and  if  L> 1 , be  given,  it  is  evident  that  F will  be  as 
the  number  of  fmaller  fibres,  or  as  the  area  of  a fedtion  of  the 
fibre  compofed  of  them,  or  as  the  fquare  of  its  diameter  (D2) » 

I x IF'  x D ^ 

and  confequently  F will  vary  as  — — j- . 


264.  Cor.  3.  It  is  colledted  from  thefe  and  other  fimilar  expe- 
riments, that  the  elafticity  of  a ftretched  fibre  appears  as  foon  as 
It  is  infledted  by  the  impadl  of  the  ball,  and  continues  to  encreafe 
to  the  limit  of  infledtion,  where,  the  moment  of  the  ball  and  re- 
finance of  the  fibre  becoming  equal  and  oppofite,  the  protrufion 
ceafes ; and,  becaufe  the  velocities  of  impadl  and  refilition  are  al- 
ways nearly  equal  whatever  be  the  velocity  of  impact,  the  velo- 
cities of  P are  equal,  at  equal  diftances  from  the  limit  of  inflection, 
both  in  its  progrefs  and  regrefs* 


fig.  265.  Cor.  4.  Elaftic  bodies  may  be  conceived  to  be  formed  of 
LWU.  elaftic  fibres  or  ftrata,  fuch  as  AB\  for  let  the  fphere  D B E be 
imagined  to  be  compofed  of  fuch  ftrata,  and  ftricken  at  D by  a 
body  perfectly  hard,  and  the  parts  neareft  to  D,  receding  by  the 
force  of  impadt,  will  communicate  motion  to  the  contiguous  parts, 
and  thefe  to  the  next,  till  the  different  ftrata  be  infledted  as  is  re- 
prefented  by  the  dotted  lines  in  the  figure.  When  the  motion  of 
the  impinging  body  is  extinguifhed,  and  the  particles,  compofing 
the  feveral  ftrata,  are  no  longer  protruded,  they  will  return,  by 
their  elafticity,  to  their  firft  iituation  ; and,  if  their  velocity  be 
perfect,  with  the  fame  force  in  acceding  to,  and  receding  from,  D; 
tand  confequently  the  impinging  body  will  be  refledted  with  a force 

equal 
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equal  to  the  force  of  impad.  And  that  this  is  not  merely  hypo- 
thetical, but  that  motion  is  diffufed  from  the  point  of  impad  to 

the  remote  parts  of  elaftic  bodies,  is  prefumed  from  the  following 
-.experiments. 


Exp.  VI.  If  a fpherical  ball  of  ivory  A be  prefled  againft  an- 
other B,  whofe  furface  is  frelh  painted  with  any  colour,  it 
will  receive  a fmall  point  of  that  colour  upon  its  furface;  but  if 
A impinge  upon  B with  any  velocity,  the  breadth  of  the  fpot  will 
be  magnified,  and  become  ftill  greater  as  the  velocity  of  impad  is 
(tncreafed.  And,  becaufe  the  ball  retains  its  fpherical  figure  after 
mpad,-the  parts  of  its  furface  mull  have  loft,  and  recovered,  their 
;irft  fituation. 


Exp.  VII.  If  two  glafs  balls  impinge  with  a proper  degree  of 
Velocity,  the  interior  parts  of  the  balls  will  be  broken,  though  the 
exterior,  contiguous  to  the  point  of  impad,  be  unbroken. 

Exp.  VIII.  If  two  ivory  balls  A and  B be  fufpended  from  the 
”ame  point  by  two  fixings  of  the  fame  length,  and  the  Jefs  ball  A 
Impinge  upon  B at  reft  with  a given  velocity,  A will  be  refleded 
tlways  to  the  fame  height,  and  B will  be  impelled  to  the  fame 
.height,  upon  the  graduated  periphery  of  a circle  whofe  radius  is 
he  length  of  the  fixing.  But  if  either  A or  B be  hollowed  and 
ead  inferted  in  the  center,  or  nearer  to  the  pofterior  furface,  nei- 
• her  ball,  though  their  weight  be  the  fame,  will  afcend  as  high  as 
*efore  the  infertion  of  lead. 


266.  Cor.  1.  Motion  is  therefore  communicated  from  the  point 
of  impad  to  the  contiguous  parts  (Exp.vi.),  and  diffufed  from 
thence  to  the  remote  parts  of  every  elaftic  body  (Exp.vii.&viii.) 
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267*  Cor.  2,  It  is  evident  from  Exp.viii.,  that  the  progreffivr 
motion  of  the  parts,  from  the  point  of  impadt,  is  flopped  by  the 
infection  of  lead,  and  confequently  that  the  force  of  reftitution^ 
and  change  of  figure,  is  lefs,  than  before  it  was  inferted. 


Exp,  IX,  A ftroke  or  fridtion  upon  the  edge  of  a glafs,  filled 
with,  water,  communicates  a tremulous  motion  to  the  parts  of  the 
glafs,  which  is  vifibly  communicated  to  the  water,  A reed  or 
flick,  placed  acrofs  the  bottom  of  a large  glafs  bell,  will  fall  when 
the  bell  is  ftruck,  the  ftroke  producing  a change  of  figure  5 and,  if 
a piece  of  metal  be  fixed  near  the  brim  or  lip  of  the  bell  without 
touching  it,  and  the  bell  be  ftricken  by  any  hard  body,  it  is  feen 
to  touch  the  metal,  and  a fucceffive  of  founds,  perpetually  decay- 
ing, may  be  heard.  If  the  edge  of  the  bell  be  pinched,,  and  the 
fingers  fuddenly  withdrawn,  the  fame  found  is  heard  without  pro- 
ducing any  fenfible  motion  towards  the  metal,  or  difplacing  the 
reed  acrofs  it. 

268.  Cor.  The  motion  diffufed  from  the  point  of  impact,  to* 
the  remote  parts  of  an  elaftic  body,  is  continued  for  fome  time, 
and  diminifhed  gradually  till  it  vanifhes.  And.  there  feem  to 
be  two  kinds  of  vibrations  of  the  parts  of  an  elaftic  body,  one  of 
which  is  quick,  and  called  a tremor  of  its  minute  parts,  and  the 
other  flower  and  longer,  by  which  its  figure  is  changed,  and  an.: 
impinging  body  repelled. 
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C H A ,P.  VIL 

MECHANICAL  POWERS, 


*HpHE  exiftence,  and  intenfity  of  operation,  of  the  mechanical 
JL  affections,  gravity,  cohefion  and  elafticity,  and  the  nature 
of  the  other  qualities  of  matter,  being  afcertained  experimentally, 
they  are  aflumed  as  eftablifhed  principles,  and  their  efficacy  in  the 
production  of  preffure,  motion,  and  other  phenomena,  is  the  next 
objeCt  of  mechanical  philofophy.  There  are  fix  fimple  machines* 
commonly  ftiled  mechanical  powers,  from  the  effeCh  produced* 
with  their  intervention,  by  the  aCtion  of  gravity  and  animal  exef- 
tions,  viz.  the  lever,  wheel  and  axis,  pulley,  wedge,  inclined  plane 
and  fcrew.  They  are  all  calculated  to  communicate  motion  to 
bodies,  and  fuftain  their  preffure,  for  which,  the  power  unaffifted 
by  them,  is  incompetent ; and  the  artifice  in  all  confifts  in  diftri- 
buting  the  weight  amongft  fuch  a number  of  agents,  that  the  part 
fuftained  by  the  power  may  bear  a fin  all  ratio  to  the  whole. 
Thus,  a power  incapable  of  communicating  motion  to,  or  Tup  - 
porting  the  preffure  of,  a body,  without  mechanical  affiftance,  may 
effect  its  pufpofe  by  transferring  a part  of  the  weight  upon  a ful- 
crum, diftributing  it  amongft  a number  of  pulleys,  or  placing  it 
upon  an  inclined  plane  or  fcrewy  and,  by  this  artifice,  a power  P 
may  keep  a 'weight  fufpended  which  exceeds  it  in  any  afiigned  ra- 
tio, though  without  any  acquifition  of  moment  in  a given  di- 
rection ; for  motion  is  only  communicable  according  to  the  efta- 
blifhed natural  relations  fubfifting  between  matter*  and  motion, 
and  tiie  magnitudes  of  two  powers,  in  equiiibrio,  are  always,  in- 
verfeiy  as  their  velocities. 

* Keifs  Phyfic.s,  Left.  X.  Helfham,  Le£t.  VI,  Emerfon,  Prop.  18,  &c.  Grayes^L.  X. 
C,  X.  Mufcheabroek,‘Ch.ViII.  Varignbn.  pag.305.  Maclaurin’s  Newton,  B.il.  Ch.  Ilf. 
Hamilton’s  LEfay  on  the  Principles  of  Mechanics.  Morgan's  Notes  to  Rohault. 

i>  2 L E V E R. 


MECHANICAL  POWERS, 


L E V E R. 

269.  Def.  A lever  is  a bar  of  wood  or  metal , and  is  ufually  re - 
prefented  by  an  inflexible  liney  without  gravity , revolving  about  a fixed 
point , called  the  fulcrum , by  the  aSlion  of  a power  upon  its  arms . 

plate  The  points  WyPy  where  the  weight  and  power  a£I,  are  the 
fig.  P°^nts  °f  fufpenfion,  and  the  immoveable  point  P,  about  which 
lviii.  every  point  of  the  lever  revolves,  is  called  promifeuoufly  the  ful- 
crum, hypo-mochlion,  and  center  of  motion.  There  are  three 
kinds  of  levers  : 1.  the  fulcrum  is  between  the  power  and  weight, 
as  in  the  common  balance,  feiflars,  fnuffers,  &c.  2.  The  weight 

is  between  the  power  and  centre  of  motion,  as  the  oars  and  rud- 
der of  a boat,  cutting  knives  fixed  at  one  end,  doors,  &c.  3.  The 
power  is  between  the  weight  and  fulcrum,  as  a ladder  raifed 
againft  a wall,  a weight  raifed  by  the  arm,  where  the  center  of  mo- 
tion is  at  the  fhoulder,  &c, 

fig.  270.  Cor.  1 • Forces  whofe  magnitudes  are  to  each  other  as  PAy 
lix,  pQ>  gcc^  aft*ing  at  p and  terminated  by  a line  AC , parallel  to 

P P,  have  the  fame  effeft : for  each  may  be  refolved  into  two 
forces,  one  perpendicular,  and  the  other  parallel,  to  PF-,  of  which, 
the  perpendicular  parts  are  equal  and  entirely  employed  in 
producing  a rotation  of  the  lever  round  P,  or  in  fupporting  a body 
W placed  on  the  other  fide  of  P,  and  acting  perpendicularly  to 
FWy  and  the  parallel  parts  only  produce  a motion  in  the  direc- 
tion PP,  and  do  not  produce  any  rotation,,  or  contribute  to  the 
fupport  o i W» 

fig,  271.  Cor.  2.  If  a given  power,  reprefented  by  PP,  att  at  the 
LXs  fame  point  P in  any  direction  PD,  its  efficacy  to  turn  the  lever 
round  P,  or  fupport  any  body  Wy  is  as  the  chord  PC  of  the  cir- 
cle whofe  diameter  is  PB>  for  PD  being  taken  equal  to  PP  and 

refolved 
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reiolved  into  two  forces,  one  DE  perpendicular,  and  the  other  PE 
parallel,  to  PE,  it  appears  from  fimilar  triangles,  that  D E,  the 
only  effettive  part  of  the  force,  is  equal  to  PC. 

272.  Prop.  Two  powers  W,  P,  a Sling  upon  a lever  PW,  whofe  plate 
center  of  motion  is  F,  at  the  points  P and  W in  the  direSlions  W M,  p /q 
PL  in  the  fame  plane  y and  in  equilibria  are  to  each  other  inverfely  as  LXi. 
the  perpendiculars  let  fall from  F upon  their  direSlions • 

Dem.  From  F as  a center*  with  the  longer  perpendicular  FL , 
defcribe  a circular  arc  cutting  the  direction  of  IV  'mD , and,  be- 
caufe  the  efficacy  of  thefe  forces  is  the  fame  to  whatever  points  of 
their  directions  they  are  applied,  let  them  be  applied  at  L and  E, 

Let  DE  reprefent  the  magnitude  of  W and  be  refolved  into  two 
forces,  one  DG  in  the  direction  FDy  and  the  other  EG  perpendi- 
cular to  it;  and,  becaufe  DG  has  no  effeCt  in  making  DF  re- 
volve, nor  confequently  the  lever  which  makes  an  invariable  angle 
with  it,  and  EG  and  P act  at  equal  diftances  from  F,  in  direc- 
tions perpendicular  to  thofe  diftances,  and  are  in  equilibrio,  P is 
equal  to  EG,  and  IV:  P ::  DE  : EG  ::  DF  ( FL ) : FM,  from  fi- 
milar triangles..  Q^E.  D. 


273.  Cor.  1.  In  any  lever  FP  or  FHK , thofe  parts  of  P and 
W\  which  are  oppofite  to  each  other,  are  inverfely  as  their  rectili- 
neal diftances  from  F;  for  let  WA  and  PD , be  the  refpeCtive 
magnitudes  of  W and  P,  which  a£t  at  W and  P,  and  revolving 
each  into  two  forces,  W By  PE,  coincident  with  the  lever,  or  arm 
FP  which  makes  an  invariable  angle  with  it,  and  AB,  EE,  pa- 
rallel andoppofite,.  and  drawing  the  perpendiculars  AC,  EG,  to 
FP,  and  FMy  FL,  to  the  dire<5tions;  it  appears,  from  fimilar  tri- 

1 l ri  . ™ ^ DP  x FL  W A x FM , 1 

angles,  that  DE  : AB  ::  EG  : AC ::  — pp~~  l ~ — Yw — *(•’  ~pp 


F I Go 
LXIL 


FIV 
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becaufe  DP  x FL  — WA  x FM  from  this  propofition, 


274,  Cor. 
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274.  Cor.  2.  If  the  directions  of  P and  W>  acting  upon  the 
arms  of  a ftraight  lever,  and  in  equilibrio,  be  parallel,  they  are 
therefore  inverfely  as  their  diftances,  or  inverfely  as  the  portions 
of  any  line  drawn  through  F and  terminated  by  their  directions 
(273).  This  follows  alfo  from  the  propofition,  becaufe  the  di- 
ftances, or  the  fegments  of  any  right  line  on  each  fide  of  F and 
terminated  by  their  directions,  are,  in  this  fuppofition,  as  the  per- 
pendiculars let  fall  from  F upon  their  directions. 


276.  Cor.  3.  The  velocity  of  any  point  either  in  a ftraight,  or 
curved  lever,  varies  as  its  reCtilineal  diftance  from  the  center  of 
motion  P;  for  all  points  defcribe  Timilar  circular  arcs,  having 
their  centers  in  F.  If  P and  /PaCt  upon  the  fame  right  line,  and 
their  directions  be  perpendicular,  or  inclined  in  the  fame  angle, 
to  their  rectilineal  diftances,  their  velocities  will  be  as  thofe  di- 
ftances,  being  meafured  by  the  bafes  of  fimilar  triangles  which  are 
defcribed  in  the  fame  time : their  velocities  are  therefore  to  each 
other  inverfely  as  the  oppofke  parts  of  P and  W (273). 


fig.  277.  C°r*  4.  If  a lever  be  moveable  about  an  axis  AB>  or  fixed 
&XIII.  to  an  axis  which  is  moveable  about  two  centers  A and  P,  and 
perpendiculars  PP,  WF , be  drawn  to  this  axis  from  P and  /P,  to 
which  their  directions  are  perpendicular  and  in  the  fame  plane,  an 
equilibrium  obtains  when  P : W inverfely  as  their  perpendicular 
diftances  from  the  axis. 


FIG. 

JLX1I. 


278.  Cor.  5.  There  will  be  an  equilibrium  upon  the  lever  when 
PxFPx  fin.  L.  FPL  (or  the  angle  which  P’s  direction  makes  with 
FP)  is  equal  to  /Px  FJV x fin .Z-P/PM  (or  the  angle  which  /P’s  direc- 


tion makes  with  P/P;  for  P : W ::  FM  : FL  : : 
FP  x tin.  £.  FPL 


FJV*  fin.  Z. FJVM 
rad. 


rad. 


; and  Px  FP  x fin.  A FPL  — W x P/Fx  fin 


L FWM,  fuppofmg  the  radius  to  be  given. 


279.  Cor, 
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279.  Con  6.  The  intenfities  or  moments  of  any  powers  A,  B, 
G,  See.  whoffi  directions  are  parallel,  vary  as  their  magnitudes 
multiplied  into  their  diftances  from  the  center  of  motion ; for  let 
^ R,  S , &c.  a fling  at  the  fame  point  E,  in  directions  parallel  to 
thofe  of  A , B,  C,  &c.  be  in  equilibrio  with  them  refpedtively,  or 
(Cor.  2.)  let  A x AF  = EF,  B x BF  = R x EF,  CxFC  = 
S x EF,  &c.;  and  the  efficacy  of  A,  B,  C,  &c.  to  make  the  lever 
revolve,,  or  fupport  any  power  acting  againft  them  at  E,  is  evi- 
dently as  $j+-  R -+-  S,  &c.  or  as  .^.+  R + S x EF,  or,  fubftituting 
their  equals,  as  Ax  AF  + Bx  BF-hCx  CF , &c. 


• M9 

FIG. 
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28a.  Cor.  7.  The  intenfities  or  moments  of  B , C,  &c.  the 
fines  of  whofe  directions  with  their  rectilineal  diftances  to  the  fame 
radius  are  ay  b,  c , &c.  refpeclively,  will  be  as  A x a x AF-\-  B x 
BFxb  -h-  C x CFxc9  &c.;  for  if  P,  S a6t  at  the  fame  point  Er 
in  the  fame  direction,  the  fine  of  whofe  inclination  to  EF—  z, 

and  be  in  equilibrio  with  them,  R -f-  S x E F x z = yfx  AF ‘ 
xa-b-BxBF><b-i-CxCFxc>  &c.  (278). 


281.  Cor.  8.  If  more  than  two  powers  act  upon  a lever,  there- 
will  be  an  equilibrium  when  the  fum  of  the  products  arifmg  from 
multiplying  each  into  the  perpendicular  diftance  of  its  direction 
from  the  center  of  motion  3 or,  if  their  directions  be  parallel  and 
the  lever  ftraight,  into  its  diftance  from  P,  on  one  fide,  ,is  equal  to » 
the  fum  of  the  produCts  on  the  other  fide.  Whatever  be  the  form 
of  the  lever,  the  value  of  the  perpendicular  may  be  fubftiftituted 
for  it,  and  an  equilibrium  obtains  when  the  funis  of  the  produCts 
on  each  fide  of  F are  equal. 

' r 

282.  Cor.  9.  Becaufe  the  efficacy  of  P and  W is  the  fame  to » 
whatever  part  of  their  direction  they  are  applied,  a bended  or. 
curved  lever  may  be  reduced  to  a ftraight  one,  making  an  invaria- 
ble angle  with  it,  and  P and  W may  therefore  be  always  fuppofed . 
to  aCt  in  the- fame  right  line. 


283,  Pjr o.p, - 
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283.  Prop.  When  any  number  of  levers  W C,  CE,  EP,  &c*  are 
combined  together  in  the  Jame  direction*  the  ratio  ofPto  W,  aiding  in 
the  fame  plane  at  their  extremities , in  parallel  direftions  % and  in  equi- 
librio, , ii  tbat  of  WB  x CD  x EF  : B C x DE  x FP. 


Dem.  Let  the  forces  i?,  F,  P,  afting  at  the  points  C,  E,  P,  in 
direftions  parallel  to  thofe  of  W and  P,  be  refpeftively  in  equili- 
brio  with  W,  ^ R , and  confequently  (274)  W : BC  1 WB 

R ::  DE  : CD 
R:P::FP:EF‘, 

and,  by  compofition  of  ratios,  W : P ::  BC  x DE  x FP  : WB  x 
CD  x EF.  QfE.  D. 


284.  Cor.  1.  If  P and  ./T  aft  in  different  direftions,  and  i^and 
R aft  alfo  in  any  other  different  direftions,  and  ^>P,  P be  re- 
fpeftively  in  equilibrio  with  W>  R , perpendiculars,  let  fall 

from  the  centers  of  motion,  P,  D,  F,  upon  their  direftions,  are 
to  be  fubftituted  for  the  diftances. 


285.  Cor.  2.  If  any  of  the  forces,  in  this  and  the  preceding  pro- 
portion and  corollaries,  aft  in  different  planes,  they  are  to  be 
reduced  to  the  fame  plane  by  refolving  each  into  two  forces,  one 
in  that  plane  and  the  other  perpendicular  to  it,  of  which  the  for- 
mer only  are  effeftive,  and  are  to  be  ufed  in  the  feveral  analogies. 

286.  Prop.  If  lines  be  drawn  from  F parallel  to  the  direftions  of 
P and  W which  meet  in  A;  P,  W,  and  prejfure  upon  F (Pr)  are  to 
each  other  as  the  fides  and  diagonal  AB,  AC,  AF,  of  the  parallelogram 
CABF,  r effectively. 

■ 

Dem.  From  F let  fall  the  perpendiculars  FL,  F M,  upon  the 
directions  of  P and  W>  and  the  triangles  FCM,  FLB  (having  a 
right  angle  in  each,  and  the  angles  FCM}  FBL , either  equal  tool 

0 the 
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the  fupplements  of  CAB)  are  fimilar;  therefore  P : W\\  FM:FL 
::  PC : FB,  and  a force,  whofe  quantity  and  direction  are  AF,  is 
equivalent  to  P and  ^(185).  QJE.  D» 


287.  Cor.  1.  A power  therefore  aCting  at  F,  whofe  magnitude 
is  to  P -f-  IV  as  AF  to  AB  + AC,  and  whofe  directions  are  FA, 
AB  and  AC,  refpeCtively,  will  prevent  all  motion. 

288..  Cor.  2.  The  magnitude  of  P,  IF  or  P r,  is  as  the  fine  of 
the  angle  formed  by  the  directions  of  the  other  two;  for 

Pr : P::  FA:  AB ::  fin. of /LFBA or B AC : fin.of A. AFB or FAC-, 
Pr : JF: : FA :AC:\  fin.  of  A.FC A or  L.CAB: {m.oi/-CFAorFABi 
and  W:  P ::  AC  :FC::  fin.  of  L.CFA  or  FAB ; fin.  of  lCAF. 


*89.  Cor.  3.  Any  two  of  thefe  forces,  prefiure  upon  F,  P,  and  W, 
are  to  each  other  inverfely  as  the  perpendiculars  let  fall  upon  their 
directions  from  any  point  F in  the  direction  of  the  third;  for  Pr  : P 
::  fin.  of  L FCA  or  JFAH  : fin.  of  L.  CAF::  WH\  JVI  (fuppofing 
WH  and  JVI  to  be  perpendicular  to  the  directions  of  P and  Pr. 
and  AJV  to  be  the  radius);  and  Pr  : W\\  fin.  of  L.FBA  or  PAK: 
fin.  of  jLBAF  or  BAN ::  P K : PN,  fuppofing  PK  and  PN  to  be 
perpendicular,  refpeCtively,  to  the  directions  of  JV  and  Pr,  and 
AP  to  be  the  radius,  &c.  And  if  the  lever  be  ftraight  and  the  di- 
rections of  P and  W parallel,  the  magnitudes  of  P,W  and  Pr,  are 
as  the  diltances  of  the  other  two,  the  perpendiculars  then  becom- 
ing the  diltances. 

290.  Cor.  4.  If  the  extremities  of  the  perpendiculars  FL,  FM, 
be  joined  by  a right  line  LM,  Pr,  P and  W are  to  each  other  re- 
JpeCtively  as  LM,  FM  and  FL,  for  this  triangle  is  fimilar  to  FAB, 
as  eafily  appears  by  defcribing  a circle  upon  FA  as  a diameter. 
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291*  Prop.  The  dfiance  from  F,  quantity  and  direStion , of  any  two 
forces  Qjrnd  R acting  upon  a Jlraight  lever  in  the  fame  plane , being 
given , to  find  the  magnitude , direction  and  difiance  of  a force  equivalent 
to  them . 


Let  the  directions  of  i^and  R meet  in  A , and  taking  A B : AD 
R,  and  completing  the  parallelogram,  the  diagonal  AE  is 
the  magnitude  and  direction  of  a force  equivalent  to  them  (185). 
But  R and  the  angles  A SIR,  AR^Jddng  given,  Ag>>  AR,  and 
the  angle  S^AR  may  be  found;  and  AB,  AD,  and  the  angle 
BAD  being  known,  AE,  the  magnitude  of  the  combined  force, 
and  the  angle  BAE  may  be  found;  and  g>A,  and  the  angles 
A^N,  ^ AN  being  found,  the  angle  ^JTA,  or  inclination  of  AN% 
to  FN  and  g^N,  are  known.  Q^E.  L 


fig.  292.  Cor.  1.  If  any  number  of  forces  %>R,S  in  the  fame  plane, 
lxviii.  whofe  magnitudes  and  directions  are  AB,  AC,  ER,  aft  upon  the 
lever  FJV,  and  be  in  equilibrio  with  any  other  forces  T,  V,W, 
whofe  quantities  and  directions  are  HG,  HI,  LN,  they  may  be 
reduced  to  two  which  are  in  equilibrio;  for  AB  and  AC  are  equi- 
valent to  AD,  and  taking  EF  equal  to  AD,  EF  and  ER  are  equi- 
valent to  Eg>j  and  in  the  fame  manner  HG,  HI,  LN  are  equivalent 
to  LP,  which  is  in  equilibrio  with  E^>  becaufe  the  lever  is  at  reft* 
And  the  directions,  and  diftances  from  F,  of  LP  and  ES^  are 
found  as  in  the  proportion. 

fig.  293.  Cor.  2.  Any  number  of  forces  in  the  fame  plane,  whofe 
jlxix.  magnitudes  and  directions  ar e A B,  AC,  E X,  HG,  HI,  LN,  may 
be  reduced  to  one,  which  is  equal  to  the  preflure  upon  the  fulcrum; 
for,  fuppofing  the  forces  Eg^  and  LP,  reful ting  from  the  other 
forces  combined*  to  aft  at  their  interfeftion  S,  a third  force  equi- 
valent to  them,  and  confequently  to  the  preflure  upon  F,  mu  ft  pafs 
through  S (185),  and,  taking  SU,  SF,  refpeftively  equal  to  E ^ 
LP,  and  completing  the  parallelogram,  ST  will  be  its  magnitude 
and  direction* 

294,  Cor, 
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294.  Cor.  3.  If  any  number  of  forces,  whofe  quantities  and  di- 
re&ions  are  given,  ail  upon  a lever,  the  pofition  of  a fulcrum, 
about  which  they  will  be  in  equilibrio,  and  the  quantity  and  di- 
reilion  of  preflure  upon  it,  may  be  found ; for,  let  the  direilions 
of  ^and  R meet  in  A,  and  taking  A B 1 A C £>j.  R,  and,  com- 
pleting the  parallelogram,  its  diagonal  AD  produced,  will  cut  the 
lever  in  a point,  which  being  fupported,  ^ and  R will  be  in 
equilibrio  (286);  and  combining  AD  with  S,  and  the  force,  re- 
fulting  from  thefe,  with  another,  &c.  the  diagonal  will  always 
interfedl  the  lever  in  a point  F,  about  which  they  will  be  in  equi- 
librio.. 


. V 

295.  Lemma.  If  right  lines  be  drawn  from  any  point  P to  the  ex- 
tremities of  the  diagonal^  and  ftdes , of  the  parallelogram  A BCD,  the 
triangle  PAC,  having  the  diagonal  for  its  bafe , is  equal  to  the  differ - 
ence9  or  fum  of  the  triangles  PA  B,  PAD,  having  the  /ides  for  their 
bafeSs  according  as  P is  ftuated  between  the  lines  forming  the  angle 
BAD,  or  thofe  which  form  its  fupplement  to  two  right  angles . 


Dem.  Case  L Let  P be  fituated  between  the  lines  forming  the 
angle  BAD ; and,  drawing  Pnm  perpendicular  to  AB  or  CD,  the 
triangle  APG  — ADPG—  ADP-,  but  ADPC  — ADG  -h 

DPC—  AB  x — + DC  x — — AB  x — APB ; there- 

2 2 2 

fore  APG  — APB  — A PD. 


Case  II.  Let  P be  placed  between  the  lines  forming  the  fup- 
plemental  angle  to  BAD , and  the  triangles  ADG  =±=  D PC  = 

A r>  

■*.  mnz±z  Pn  (Pm)  = ABP-,  and,  adding  APD  to  both, 

JPG  — A BP  -b  AD  P.  QJ5.  D. 

0^2  296.  Cor. 
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296.  Cor.  1.  If  P be  in  one  of  the  fides  containing  the  angle 

A r>  

BAD , the  triangle  APC=  ADC  + DPC  — xmn-i-Pn 

2 

(Pm)  — PAB. 


FIG. 

Lxxnr. 


297.  Cor.  2.  If  P be  in  the  diagonal,  the  triangle  PAB  — ABC 

=>=  BPC  = BC  x — ±BCx  — =^.BC  x — PAD.  The 

2 2 2 

upper  fign  is  to  be  ufed  when  P is  without  the  figure,  the  lower 
when  it  is  within. 


298.  Cor.  3.  If  perpendiculars  be  drawn  from  P to  the  diago- 
nal and  fides,  Pd,  Pm,  P q*,  AC x Pd  = A B x P m =±=  AD  x P q*r 
and  when  P is  in  the  diagonal  AC,  AB  x Pq  — AD  x P m. 


fig.  299.  Prop.  If  there  be  any  number  of  forces  Q^R,  S,  T,  in  the 
LXXIV.  fame  plane,  which  are  combined  as  before,  the  fums  of  the  products, 
arifing  from  multiplying  each  into  the  perpendicular  difance  of  its  di- 
redlion  from  any  point  F,  in  the  diagonal  C L,  are  equal  on  each  fide 
of  it . 


Dem.  Let  CD,  CG,  CH,  CK  be  the  relative  magnitudes  of  g>> 
R,  s,  r,  refpeftively,  and  compounding  them,  and  drawing  per- 
pendiculars, from  any  point  F in  the  laft  diagonal,  upon  their  di- 
reftions,  viz.  Fa,  Fb,  Fc,  F d,  F g,  Fh ; from  the  preceding  lemma, 
CK x Fh  = CIx  Fg  = CE  x Fc  — CHx  Fd  = CD  x Fa  -f-  CG 
x Fb  — CH x Fd,  and  confequently  CK  or  T x Fh  + CH  or  S x 
Fd  = CD  or  Fa  -f-  CG  or  Ii  x Fb.  Q^E.  D. 

300.  Cor.  A lever  therefore  palling  through  any  point  F in 
the  diagonal  LC,  produced  in  any  direction,  and  in  the  fame  plane 
with  the  forces  which  aft  upon  it,  will  be  in  equilibrio. 

301.  Lemma. 
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301.  Lemma.  If  a right  line  PW  revolve  round  a fixed  point  F, 
and  lines  are  drawn  from  its  extremities  to  another  fixed  point  Q ^to 
which  perpendiculars  FL,  FM,  and  FI,  Fm  are  drawn  from  F,  and  W 
is  fuppofed  to  afcend , F L has  to  F M a greater  ratio  than  F 1 ; F m. 


De  m.  Take  Pr  —py  = FJV,  and,  drawing  the  perpendiculars 
rv,yz ; FL  : r v ::  fin.  L.FWL  : fin.  JLrPv  ::  P £>j  TVg>j  r v : FM 
::Pr(FW)  :FP,  and  comp.  FL  : FM::  P^xFTV:  W^x  FP. 
By  a fimilar  procefs,  F m : FI::  w^jx  FP  FJV-,  and  adding 

thefe  analogies  together,  FL  x Fm  : FM  x FI::  Pgfx  FJV  x w^x 
FP  : W^jx  FP  x pgfx  FJV::  Pgfx  w JV^jxp^  But  P9f  is 
greater  than and  U’^than  and  confequently  P^x  w iL 
is  greater  than  JV^x  p §>>  and  FL  x Fm  than  FM  x P/,  and  the 
ratio  of  FL  : FM  is  greater  than  that  of  FI ; F m.  Q^JE.  D, 

■ . , ? v r A , 

•.  . X . ? * ..  ' • 

302.  Prop.  If  any  two  powers  P and  JV,  wbofe  directions  always 
meet  in  the  fame  point  QM?e  in  equilibrio  upon  the  lever  PW  in  any  one 
pofiiion  of  PW,  they  cannot  be  in  equilibrio  when  it  is  in  any  other 
pofition  pw.  , , 

"\t  * ' T ’ v 4 ? 

* " • : * . * : < t;  i:  : i \ 

-•  • * ••  « • - 1 » - • J < 

Dem.  Let  the  lever  revolve,  and  be  in  any  other  fituation  pw, 
and  becaufe  P : IP ::  F L : FM,  or  in  a greater  ratio  than  F l : F m 
(301)  P will  preponderate.  ChE.  D. 


303.  Cor.  1.  It  is  evident  that  the  lever  cannot  reft  till  it  pafs 
through  the  points  F , ^ 

304.  Cor.  2.  If  the  directions  of  P and  TV  be  parallel  to  each 
other,  they  will  be  in  equilibrio  in  any  pofition  of  the  lever,  be* 
caufe  the  perpendiculars  drawn  from  F to  their  directions  are  al- 
ways as  the  diftances,  and  confequently  in  a given  ratio  to  each 
other.  And,  for  the  fame  reafon,  if  there  be  ever  fo  many  forces, 
afting  in  parallel  directions  upon  the  arms  of  a ftraight  lever. 
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and  in  equilibrio  in  any  one  fituation  of  the  lever,  they  will  be  in 
equilibrio  in  every  fituation  of  it. 

305.  Prop.  If  the  center  of  motion  F be  placed  above  the  jlraight 
lever  PW,  and  P and  W,  ailing  always  in  parallel  directions , equilibrate 
in  any  poftion  PW,  they  do  not  equilibrate  in  any  other , p w. 

Dem.  From  F draw  FM  and  Fm  perpendicular  to  the  lever, 
and  P : IV : : JVM : PM  ::w m : p m,  or  in  a lefs  ratio  than  that  of 
L w : Lp  or  LViLR , and  confequently  much  lefs  than  that  of 
the  perpendiculars  from  the  center  of  motion  F upon  the  direc- 
tions, or  MV : MR,  E.  D. 

306.  Cor.  1 » Becaufe  P : W in  a lefs  ratio  than  that  of  MV  % 
MR,  P x MR  is  lefs  than  IV  x MV\  and  confequently  W will 
defeend. 

307.  Cor.  2.  If  F be  placed  on  the  other  fide  of  the  lever,  the 
defeending  body  will  preponderate;  for  P : IV::  IV M : PM ::mw 

: mpi  and  confequently  P : IV  in  a greater  ratio  than  that  of  Lw  : ' 
Lp  or  LViLR , and  therefore  much  greater  than  that  of  the 
perpendiculars  upon  the  directions  or  MV : MR-,  and  P x MR  is 
greater  than  that  of  W x M V. 


308.  Prop.  If  P and  W all  always  at  the  fame  di fiance  from  the 
lever , in  directions  parallel  to  FM,  and  in  equilibrio  about  F in  the 
pofition  PFW,  and  the  lever  be  moved , the  defeending  body  will  continue 
to  preponderate . 


Dem.  Let  FN,ps , wr>  be  drawn  parallel  to  the  directions  in 
which  the  bodies  aCt,  p^w  be  the  lever,  and  F n be  the  pofition 
of  F N-,  and  from  fimilar  As  : Ofs  ::  §>jw  : and  therefore 

9r  : in  a greater  ratio  than  nw:  tip  or  NIVi  NP  or  IV Mi 

PL  or 
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PL  or  P to  W\  but  Nr  : Ns  In  a greater  ratio  than  Qr  and 
confequently  P \W  in  a lefs  ratio  than  Nr  : Ns,  and  the  body  W 
will  continue  to  preponderate. 


309.  Cor.  When  the  bodies  are  placed  under  the  lever,  the  de- 
fending body  will  continue  to  defend,  becaufe  P :W  in  a lefs 
ratio  than  Nr : Ns,  as  eafiJy  appears  by  turning  the  figure. 

SCHOLIUM. 

310.  In  all  communications  of  motion  by  impad,  the  quanti- 
ties of  motion  loft  and  gained  being  equal  and  oppofite,  the  quan- 
tity of  motion  eftimated  in  the  fame  diredion  is  invariable,  and 
the  quantities  of  matter  vary  inverfely  as  the  velocities  loft  and  1 
gained;  and  if  two  bodies  A and  B ad  upon  a lever,  or  any  other 
machine,  they  are  fo  conneded  that  A cannot  defend  without 
making  B afcend  with  the  fame  quantity  of  motion,  , and  their 
quantities  of  matter  are  therefore  inverfely  as  each  other.  Thefe 
cafes,  having  fuch  marks  of  coincidence,  are  inferred  to  be  fimilar  in 
every  refped,  and  the  caufe  of  an  equilibrium  in  the  mechanical 
powers,  is  often  immediately  afllgned  from  this  equality  of  mo- 
menta ; but  they  are  not  exadly  fimilar,  becaufe  when  A im^ 
pinges  upon  B , fome  part  of  its  motion  is  transferred  to  By  and 
As  motion  neceffarily  precedes  this  communication  of  motion^ 
but,  when  they  ad  upon  any  machine,  the  defending  body  A 
cannot  be  faid  to  communicate  any  part  of  its  motion  to  B afi- 
cending^  becaufe,  from  their  connedion,  their  motion  muft  ne- 
ceffarily commence  and  be  extinguifhed  together;  and  befides,  the 
power  of  the  lever  ought  to  be  confidered.  The  ratio  of  the  power 
and  weight  may  however  be  affigned,  in  every  machine,  from,  their 
incipient  momenta  ; for  P and  JF,  ading  upon  the  arms  of  a lever, 
exert  a preffure  and  have  a tendency  to  move;  and  if  a and  b be  the 
velocities  with  which  ./Land  B ftrike  the  lever,  eftimated  in  fuch 
diredions  that  their  preffures  are  folely  employed  in  refitting  each 
other’s  efforts  to  produce  motion,  no  part  being  loft  by  obliquity 
of  diredion,  Ax  ax  into  its  velocity  or  diftance  from  the  centre  of 

motion- . 
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motion  is  equal  to  B x b x into  its  velocity  or  diftance,  when  there 
is  an  equilibrium;  and  by  fubftituting  preffures  or  P and  W,  for 
A x a and  B x b,  the  ratio  of  P : W is  found  to  be  the  fame  as  was 
before  collected  from  the  refolution  of  motion.  As  the  velocity  of 
any  point  of  a lever  varies  as  its  rectilineal  diftance  from  the  cen- 
ter of  motion,  all  points  defcribing  fimilar  circular  arcs  round  it 
in  the  fame  time,  if  the  directions  of  P and  W be  perpendicular  to 
their  rectilineal  diftances,  their  velocities  will  be  the  fame  as  thofe 
of  the  points  where  they  aCt  and  wholly  efficient,  and  when  there 
is  an  equilibrium,  P will  be  to  W inverfely  as  their  reCtilineal  di- 
jr  i g.  fiances.  But  if  the  direction  of  P or  W be  enclined  to  their  reCti- 
Lxxix.  lineal  diftance,  their  efficient  velocity  will  not  be  equal  to  that  of 
the  point  where  they  aCt  $ if  Ps  direction  be  the  line  PD,  it  is  evi- 
dent that  P will  have  two  motions  whilft  the  lever  revolves,  one 
acceding  to,  or  receding  from,  F,  according  as  the  angle  DPF  is 
lefs  or  greater  than  a right  angle,  and  the  other  producing  the  ro- 
tation of  the  lever;  for,  defcribing  a circular  arc  with  F as  a cen- 
ter, and  FD  as  radius,  the  power  will  adi  at  every  intermediate 
point  in  PE  whilft  the  lever  defcribes  the  angle  PFD.  The  mo- 
tion in  the  direction  of  the  lever  is  inefficient,  and  if  PD  reprefent 
the  diredtion  and  quantity  of  A ’s  velocity,  and  be  refolved  into  two, 
PC  in  the  diredtion  of  PF , and  DC  perpendicular  to  it,  this  laft  only 
is  efficient;  and  if  the  angle  at  F be  very  fmall,  Ax.  DC*,  itsperpendi- 

AxFP  x PD  x FL 

cular  velocity  or  into  FD,  or F P > fuppofing  FL  to  be 

perpendicular  to  the  diredtion,  is  A’s  efficacy  to  turn  the  lever.  The 
effective  part  of  B’s  velocity  being  found  in  the  fame  manner,  and 
thefe  values  of  a and  b being  fubftituted  for  them  in  the  fuppofi- 
tion  of  an  equality  of  moments;  whatever  be  their  directions,  the 
ratio  of  P to  W is  the  fame  as  that  difcovered  by  other  principles. 
Thus  in  an  equilibrium  A x PD  x FL  is  given,  and  confequently 

A x PD  or  the  p re  flu  re  of  P in  the  line  PD  is  as  r,  T.  The  de- 

r jL 


monftration  of  this  fundamental  propofition,  afcribed  to  Archi- 
medes, depends  upon  this  principle,  that  if  a number  of  weights 
be  fufpended  upon  the  arms  of  a lever,  at  points  equidiftant  from 
each  other,  whether  on  the  fame  fide  of  the  fulcrum  or  not,  their 
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efficacy  to  make  the  lever  revolve  is  the  fame  as  if  they  were 
united  in  a point  bifedting  the  diftance  of  the  points  of  fufpen- 
fion.  Mr.  Huygens  fays,  that  many  fruitlefs  attempts  have  been 
made  to  remedy  the  defects  of  this  demonftration,  and  propofes 
another  founded  on  this  principle,  that  when  two  equal  bodies  are 
placed  upon  the  arms  of  a lever,  that  which  is  moft  remote  from 
the  fulcrum  will  preponderate.  But  this  principle  is  not  more 
evident  than  that  of  Archidemes,  and  befides,  his  procefs  is  pro- 
lix and  tirefome.  Mr.  Maclaurin  hath  given  a demonftration  of 
this  propofition  when  the  arms  of  the  lever  are  commenfurate, 
and  his*  method  might  eafily  be  extended  to  cafes  in  which  they 
are  incommenfurate,  and  be  made  general ; but  this  would  add  to 
the  length  of  a procefs  already  very  long.  The  only  principle  in 
Sir  I.  Newton’s  demonftration  that  hath  been  controverted  is 
this,  which  is  taken  for  granted,  cc  that  the  fame  power  will  have 
the  fame  effe£l  to  whatever  point  of  the  dire£tion,  in  which  it  a 6ts, 
it  be  applied  j”  yet  no  doubts  are  entertained  of  the  truth 
of  it,  though,  perhaps,  from  its  fimplicity  and  intuitive  evidence, 
it  cannot  be  demonftrated  by  more  fimple  principles.  If  the  line  plate 
PC  and  the  angle  PFC  be  invariable,  the  radii  PF,  CF  being  fix-  ^ /q 
ed  to  PC  at  the  points  P and  C,  it  is  evident,  that  two  equal  forces  Lix. 
P and  adling  upon  the  points  P and  C in  the  directions  PC 
and  CP,  will  deftroy  each  other,  and  the  line  PC,  and  confe- 
quently  PF  and  CP,  will  be  quiefeent.  If  therefore  P make  a 
body  deferibe  the  arc  Ww  in  any  fmall  time,  ^will  make  it  de- 
feribe wW in  the  fame  time,  or  they  would  not  deftroy  each  other’s 
effects.  Equal  forces  therefore  P and  atSling  at  different  points 
of  the  fame  direction,  in  the  fame  time  make  the  radii  PF,  CF 
deferibe  angles  at  F,  PFp  and  CFc  equal  to  WFw , and  there- 
fore to  each  other.  Though  this  demonftration  of  Newton  be 
general,  concife,  and  perfectly  fatisfaStory,  the  great  utility  of  the 
propofition  may  poffibly  render  other  demonftrations  of  it  not  un- 
deferving  of  attention. 
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Let  be  a homogeneous  cylinder,  and  C the  bife£tion  of  its 
axis,  and  it  is  evident,  that  if  a fulcrum,  or  power  equal  and  op- 
pofite  to  the  preffure  upon  it,  be  applied  at  C,  the  parts  AC  and 
CB  will  be  in  equilibrio.  Let  any  point  D be  taken,  and,  bifeft- 
ing  AD  in  E,  and  DB  in  P,  it  is  clear  that  two  powers,  reflec- 
tively equal  to  the  weights  of  AD  and  DB>  applied  at  E and  P, 
will  fupport  them,  and  have  the  fame  effect  with  the  fulcrum,  or 
power,  applied  at  C,  and  be  in  equilibrio  about  C:  but  CE  = CA 


AE  — 


AB—AD 


— j and  CF  = CB  — BF  = — 


■DB 


— — and  confequently  CE  : CF ::  DB  : AD  ::  force  applied 
at  F : force  applied  at  E . QH3.  D. 


PIG.  31 1.  Lemma.  If from  any  point  P,  in  the  diagonal  of  a parallelo- 
LXXXI.  gram > A B C D,  two  lines  P m and  P q,  be  drawn  perpendicular  to  the 
fides , the  perpendiculars  and  fides  are  inverfely  as  each  other . 


Dem.  Draw  CEyCFy  perpendicular  to  the  fides,  and,  from  fi~ 
milar  triangles,  P q : CF::  AP  : A C ::  P m : C E therefore  P q : 
Pm  ::  CF:  CE  ::  CD  ( AB ) : CB  {AD)  (fim.  triangles).  Or,  this 
follows  from  (298),  where  it  is  proved,  that  AB  x P m = AD  x 
Pqy  and  confequently.  Pm  : Pq  ::  AD  : AB.  QJE.  D. 


FIG  312.  Prop.  If  any  three  forces  W,  P,  Z,  whofe  magnitudes  and 
LXXXII.  directions  are  A B,  AC,  AD,  aft  upon  the  lever  WP,  which  is  at  refty 
W is  to  P inverfely  as  the  perpendiculars  let  fall  from  F upon  their 
directions* 


Dem. 
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Dem.  The  directions  of  thefe  forces  muft  be  in  the  fame  plane, 
and  meet  in  the  fame  point,  (2x6),  and  are  refpeCtively  as  the  fides 
and  diagonal  of  a parallelogram  parallel  to  their  directions ; and  W : 
P ::AB  :AC (196)  ::FL:FM( 31 1 ).  The  effeCt  will  evidently  be  the 
fame  when  a fulcrum  is  applied  at  F inftead  of  the  force  Z.  QJLD. 


♦Dr.Hamilton’s  demonftration  of  this  propolition  depends  upon  p j G>< 
the  fame  principle  with  the  above.  Let  the  forces  W , P , Z,  act  LXXX11*' 
upon  the  inflexible  line  WP  at  the  points  VZ,  P,  F,  and  let  the 
directions  of  P and  W meet  in  C,  and  the  direction  of  a force  Z. 
equivalent  to  them,  muft  pafs  through  C.  Therefore  P%  Wy  Z# 
are  to  each  other  as  the  fides  and  diagonal  of  a parallelogram 
refpeCtively  parallel  to  their  directions,  FA,  FB}  FC , and  W : P :: 
AC:BC  ::  fin.  L.AFC  (FCB)  ::fi n.  tLACF ::  FM  : FL. 

W : Z ::  A C : F C ::  fin.  A FOB  : fin.  zFBC  or  BCA ::  P^ : PNf, 
fuppofing  P ^ and  P N to  be  perpendicular  to  the  directions  of  Z 
and  W. 

P : Z ::  FA : FC ::  fin.  z.  FCA  : fin.  L.  FA C or  ACB::  WG : WR, 
fuppofing  /FG  and  WR  to  be  perpendicular  to  the  directions  of 
Z and  P. 

The  parts  of  IV  and  P,  which  a&  in  directions  exaCtly  oppofite 
to  thofe  of  Z,  are  found  by  refolving  AC  and  ^ A ( BC ) into  two 
forces,  one  parallel  to  the  right  line  joining  Wy  P,  as  Am  and  Bn, 
and  the  other  parallel  to  FC  as  §>jny  §>ji.  The  oppofite  parts  Am, 

B n , are  equal  and  deftroy  each  other,  and  the  confpiring  parts 
§>ji  muft  be  equal  to  Z ; and  confequently  when  two  forces 
W and  P are  in  equilibrio  with  a third  force  Z,  and  their  direc- 
tions are  all  parallel, 

JV:  P ::  $ji : Cn  ::  PB  : BC::  P^:%W; 

TV:  Z ::  Cm : ^C::  CA\CW ::  ^P  : P/F;  and 
P : Z ::  : C£  ::  CP  : CP  ::  /F^ : WP. 


FIG. 
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313.  Def.  The  ancient  balance , commonly  called  the  ft  at  era  romana , plate 
or  fleelyard,  is  a lever  of  the  firfl  kind fupported  at  the  point  F,  placed 

near  lxxxv. 

* EfTay  on  the  Principles  of  Mechanics®  j-  TJ  cl  ill  3,  it?  , Eeci.  \ I*  Ariufchenb.  Ch.  \ Ills 
5CCGLXXXIII.  Defaguliers,  png.  95. 
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near  one  extremity  about  which  the  brachiaF A,  FN  equiponderate . 
On  one  fide  of  F at  the  extremity  A,  an  unknown  weight , W,  is  fufpend - 
0/*  0/Ar  fide  ^ known  weight , P,  A moveable  upon  the  arm 
FN,  which  is  divided  into  parts  equal  to  FA,  ^70/6  of  which  is  alfo  di~ 
vided  into  io,  ioo,  &c<  equal  parts, 

314.  Cor.  If  P be  at  x,  the  fourth  divifion  from  J,  which  is  the 
nxh  divifion  from  F,  when  an  equilibrium  obtains  between  it  and 
JV,  and  IK  be  divided  into  m equal  parts,  the  weight  of  W will  be 

equal  to  Px«  + "j  for  W\  P : : Fx : FA  ( 274)  ::FAx.n  + ^ : FA :: 
n + ~ : i,  and  confequently  /F=  Px«  + “, 


315.  Def.  The  common , modern , balance , 0r  a pair  of  fc ales , A 

• ^ A'u^r  of  the  fir  ft  kind , AB  Supported  at  its  Life  PI  ion  F : to  the  ex- 
tremities A B fuf pended  b a fins  or  fcales , the  brachia  and 

b a fins , fide  of  F,  tfr?  fuppofed  to  equiponderate . 

316.  Cor.  1.  If  any  known  weight,  P,  placed  in  one  fcale  equi- 
ponderate with  one  unknown,  //7,  placed  in  the  other,  the  weight 
of  /F  is  known,  being  equal  to  that  of  P j.  for  P : WwAF  : £P 
(274) ::  1 : 1,  and  confequently  P — W, 


317.  Cor.  2.  A balance,  whofe  arms  are  unequal  in  length,  is 
fallacious  $ for  if  AF  and  BF  be  unequal,  P and  when  in 

P x BF 

equilibrio,  cannot  be  equal,  for  W — But  relation  of 

BF : AF  being  known,  /Pis  alfo  known. 


318.  Cor.  3.  If  a man,  whofe  weight  is  equal  to  Handing 
in  one  fcale  and  in  equilibrio  with  P placed  in  the  other,  prefs 

tfie 
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the  beam  upwards  in  D with  a force  equal  to  £>>  the  diminution 
of  Wy s moment  is  equal  to  FD } and  becaufe  the  readion  at 
the  fcale  is  equal  to  ^ the  encreafe  of  W7 s moment  is  equal  to 

FA,  and  confequently  TF  will  defcend  with  a force  equal  to 
i^x  AD.  If  the  preffure  be  upwards  at  E,  W will  defcend  with  a 
force,  refulting 'from  this  preffure,  equal  to  ^x,EF,  and,  from 
the  reaction , with  a force  equal  to  4*x  FA , and  therefore  the 
whole  force  of  defcent  is  equal  to  BA . When  the  preffure 

is  downwards  at  D,  the  encreafe  of  W’s  moment  is  equal  to  ^ x 
ED,  and  the  diminution  of  its  moment  = and,  confe- 

quently,  /Twill  afcend  with  a force  equal  to  W x DyP  If  the  pref- 
fure be  downwards  at  E,  the  diminution  of  W7 s moment,  or  encreafe 

' ? ■ v c ■ E 5 1.  - *.  i • ... 

of  P’S  moment,  is  equal  to  EE,  and  a part,  ^ of  W' s weight 
being  transferred  to  E,  the  diminution  of  its  moment,  on  that  ac- 
count, is  equal  to  i^x  FA , and  confequently  the  whole  diminution 
of  /T’s  moment,  or  force  of  P’s  afcent  is  equal  to  i^x  EA . 


319.  Cor.  4.  If  the  center  of  motion  C be  in  the  right  line  fig* 
joining  the  centers  of  fufpenfiqn,  the  equilibrium  of  equal  weights  LXXXVII< 
P and  W will  obtain  in  every  pofition ; the  perpendiculars  let  fall 
from  C upon  the  directions  being  always  equal  to  each  other.  But 
when  C is  above  or  below  W P,  an  equilibrium  of  equal  weights 
does  not  obtain,  unlefs  JVP  coincide  with  the  horizontal ..line  AB. 

A - ^ ■-  ± • - . ■ / A 

When  JVP  coincides  with  AB,  the  perpendiculars  let  fall  from  C 
upon  the  directions  of  IP  and  P are  equal  to  GB  and  GAy  CG 
being  perpendicular  to  AB ; but  when  the  balance  is  in  any  other 
pofition  JVP , the  perpendicular  Cl  is  greater  than  CH , becaufe 
which  is  lefs  than  C7,  is  equal  to  gM,  which  is  greater  than  CFL 
W will  defcend  and  continue  to  vibrate  till  its  motion  be  deftroyed 
by  fridion.  This  corollary  is  alfo  deducible  from  (30 5). 


320.  Cor  5.  If  P and  W be  unequal,  and  C,  be  in  the  right  line- 
IV P,  the  heavier  of  them  will  defcend  till  IV P he  perpendicular 
to  the  horizon,  013  if  the  center  of  motion  be  not  in  WFy  till  Px 
CH  = W x CL 

3.2  7.  Cor. 


! 
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*'G.  321.  Cor.  6.  I11  a balance  whofe  arms  are  unequal,  the  weight 

of  W may  be  ftill  afcertained;  for  let  W>  fufpended  at  A,  be  in 
equilibrio  with  a known  weight  fufpended  at  B,  and  W x FA 
■=  ^x  FB 3 and,  fufpended  at  B,  let  it  be  in  equilibrio  with  a known 
weight  R fufpended  at  and  W x FB  = R x F^j  confequently, 
by  multiplying  thefe  equations  together,  W2  x FA  x FB  ==  ^ x 

z 

Rx  FA  x FB,  and  W-.  s/^T-Fr. 


FIG. 
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322.  *Cor.  7.  If  the  beam  of  the  balance  be  fuppofed  to  have 
weight  and  be  fimilar  and  homogeneous  in  every  part,  its  center 
of  gravity  is  in  the  bifeftion  F\  but  if  it  be  not  homogeneous,  or 
the  center  of  motion  be  not  in  the  bifeftion,  let  G be  its  center  of 
gravity,  and  an  equilibrium  will  obtain  when  P x P F -4-  B 
(weight  of  the  balance)  x GF  — W x F IV. 


323,  Cor.  8.  If  from  F,  a ftyle  FD,  perpendicular  to  WP,  be 
raifed,  the  equilibrium  of  the  balance  will  be  affefted  by  it,  except 
it  be  in  an  horizontal  fituation,  the  moment  of  the  ftyle  being 
meafured  by  its  weight  multiplied  into  the  diftance  of  its  center 
of  gravity  from  the  line  FHf  perpendicular  to  the  horizon.  But 
the  equilibrium  is  reftored  by  continuing  the  ftyle  to  the  other 
fide  of  F,  fo  that  the  moments  on  each  fide  may  be  equal  and 
oppofite. 


324.  Cor.  9.  If  the  center  of  gravity  of  the  balance,  fcales,  and 
weights,  be  in  the  center  of  motion,  F,  an  equilibrium  obtains  in 
every  pofition  of  the  balance ; but  if  this  center  be  above  or  be- 
low F,  the  balance  cannot  be  quiefcent  till  the  right  line  joining 
F and  this  center  be  perpendicular  to  the  horizon.  The  beft  po- 
fition therefore  of  the  center  of  gravity  is  below  F,  and  as  little 
below  it  as  poffible,  that  the  arcs  defcribed  by  it,  during  its  vibra- 
tions, may  be  fmall  and  foon  defcribed.  The  points  of  fufpenfioit 

fliould 


• Thefe  corollaries  may  be  omitted  till  the  chapter  upon  the  center  of  gravity  be  read. 
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fhould  be  in  the  fame  right  line  with  the  center  of  motion*  which 
ought  accurately  to  bifefl  their  diftance  (317), 


325.  Cor.  10.  The  arms  of  the  balance  fhould  be  as  long  as 
can  be  ufed  conveniently  j becaufe  the  moment  of  a given  body 
varies  as  its  diftance  from  the  fulcrum*  and,  therefore*  the  greater 
the  diftance,  the  more  diftinguifhable  will  be  the  moment  arifing 
from  any  fmall  difference  between  P and  W \ And  to  diftinguifh 
very  minute  differences  of  weight,  the  friftion  upon  the  axis,  in 
the  motion  of  the  beam  and  fcales,  ought  to  be  as  little  as 
poffible. 


* 
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CHAP.  VIII. 

•WHEEL  and  AXIS. 
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326.  Def.  WHEEL  and  axis  or  axis  in  peritrochioy  is  a ma- 
■*  ’ chine  compofed  of  a circular  wheel , /»  whofe  center 
lx xxix,  ^ cylindrical  axis  is  inferted  and  fixed ; the  wheel  revolving  by 

the  action  of  a power  P,  the  axis , whofe  extremities  are  fupported , re- 
volves with  it>  and  the  rope , to  which  a body  W /j  appended , is  tied  to 
the  axis  and  wrapped  round  it  during  its  motion . 

e> 

327*  Cor-  It  is  evident  that  every  point  of  the  axis  J9,  G,  &c. 
defcribes  a circle  round  its  correfponding  center  y,  z,  &c*  in  the 
time  of  a revolution  of  the  wheel ; and  that  any  points  of  the 
wheel  and  axis,  A and  B defcribe  fimilar  arcs  of  circles  in  the  fame 
time,  and,  confequently,  their  velocities  are  as  the  peripheries  or 
radii  of  the  circle  defcribed  by  them. 


9 

328-  Prop-  If  the  directions  of  P and  W be  perpendicular  to  the 
radii  of  the  wheel  and  axis  reJpeClively,  they  are  in  equilibrio  when  P : 
W radius  of  the  axis : radius  of  the  wheel . 


Dem.  The  fame  power  is  required  to  fupport  W to  whatever 
point  of  the  axis  it  be  applied,  becaufe  the  diftance  from  the  cor- 
refponding center  of  motion  is  the  fame,  and  the  wheel  and  axis 
may  be  reduced  to  a bent  lever,  and  confequently  there  will  be  an 
equilibrium  when  P : W\\  Wfs  diftance  from  the  center  of  mo- 
tion : P’s  diftance  ::  radius  of  the  axis  : radius  of  the  wheel  (277). 
Q.  E.  D. 

This 

• Keifs  Phyfics,  Left.X.  Helfham,  Left.VII.  Mufchenb.  Ch.VIII.Sea.CCCCXLIII. 
JLmerfon,  Prop.  XXIV.  Varignon,  Tom.  I,  Sett,  IV. 
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Other  wife : 

Th  is  propofition  is  ufually  proved  by  the  following  procefs: 
fince  the  direftions  of  P and  TV  are  perpendicular  to  their  re- 
fpeftive  diftances  from  their  centers  of  motion,  they  are  wholly 
efficient,  and  P’s  velocity  is  to  W’s  velocity  as  the  periphery  of  the 
wheel  to  the  periphery  of  the  axis,  and  confequently,  when  there  is 
an  equilibrium,  P : TV ::  periphery  of  the  axis  : periphery  of  the 
wheel  ::  radius  of  the  axis  : radius  of  the  wheel  (272).  Q^E.  D. 


329.  Cor.  1.  If  the  thicknefs  of  the  rope,  to  which  TV  is  ap- 
pended, be  not  inconfiderable,  it  ought  not  to  be  neglefled;  for, 
when  one  or  more  fpires  of  the  ropes  are  folded  about  the  axis, 
the  diftance  of  TV’s  direftion  from  the  center  of  motion  is  en~ 
creafed,  being  equal  to  the  femidiameters  of  the  axis  and  ropes; 
and  there  is  an  equilibrium  when  P : TV::  the  diftance  of  TV’s 
direflion  from  the  center  of  motion  : femidiameter  of  the  wheel* 

330.  Cor.  2.  If  P and  TV  aft  in  the  fame  plane,  and  in  the 
directions  PD,  and  TV D,  meeting  in  D,  and  be  in  equilibrio,  they 
are  equivalent  to  a third  force,  or  preffure  upon  the  axis  at  A, 
whofe  direftion  meets  PD,  and  WD  in  D (216);  and,  producing 
PD,  TVD , thefe  three  forces  are  to  each  other,  as  the  Tides  DF\ 
DE,  and  diagonal  DG,  of  the  parallelogram  EE;  therefore  P: 
TV::  DF  : DE,  or  drawing  AN , AM,  perpendicular  to  TVD  and 
ED  refpeftively,  P ; TV::  AN;  AM (3 1 1), 

331.  Cor.  3.  The  preffure  upon  the  axis  at  A[Pr)  : P ::DG: 
DF  ::  fin.  z.  DEG  or  PDTV:  fin.  z_  FGD  or  ADTV;  Pr : TV::  DG 
: DE  ::  fin.  DEG  or  PDTV : fin.  L.  DGE  or  A DP ; and  P :TV :: 
fin.  zLADTV:  fin.  l^ADP.  When  the  angle  PDTV  is  infinitely 
fin  all,  or  PD  and  TVD  are  parallel,  the  perpendiculars  AN , AM, 
are  to  each  other  as  A TV;  PA • 


FIG. 
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332.  Prop.  In  a combination  of  wheels  GH,  FK,  EL,  whofe  axes 
are  QJVT,  RN,  BD,  an  equilibrium  obtains  when  P ; W ::  QD  x RC 

x AB  : DG  x CF  x AE. 


Dem*  Let  g>j  R,  W,  be  refpeftively  in  equilibrio  with  P,  R*, 
and  P : Sf D : DG,  (328) 

R ::  R C : FC, 

R : IV::  AB  : AE , and,  componendo,  P : W : : £>JD  x PCx  AB 
: DG  x FC  x AE.  Q^E.  D. 


333.  Cor.  1.  If  the  ratios  of  : DG,  CR  : CF,  AB : AE  be 
the  fame,  and  the  number  of  wheels  be  n,  P : IV::  £>Dn : DGtt-,  and 

W 

if  this  given  ratio  be  that  of  1 : r,  P :W ::  1 : rn  and  P = — . 


334.  Cor.  2.  If  the  peripheries  £>M,  RN,  were  to  touch  the  peri- 
pheries FK,  EL,  and  operate  upon  them  by  means  of  teeth  made 
in  each,  this  analogy  would  ftill  obtain,  and  P would  be  to  W as 
the  produft  of  the  femidiameters  of  the  axes,  to  the  produft  of 
fig.  the  femidiameters  of  the  wheels.  As  if  ATP  be  a combination  of 
XCIL  wheels,  and  W be  appended  upon  the  axis  YF , and  the  power  P 
aft  at  P ; P : W ::  produfts  of  the  femidiameters  of  the  pinions 
B,  D , F : produft  of  the  femidiameters  of  the  wheels  A,  C,  E. 


335.  Cor.  3.  Becaufe  the  number  of  teeth  in  the  wheels  and 
pinions  are  to  each  other  as  their  peripheries,  or  radii,  P : IV:: 
femidiameter  of  the  axis  to  which  W is  appended  multiplied  into 
the  number  of  teeth  in  the  pinions  : the  length  of  the  lever  where 
P acts  multiplied  into  the  number  of  teeth  in  the  feveral  wheels. 


336.  Cor.  4.  The  number  of  revolutions  of  a pinion  or  wheel 
being  inverfely  as  the  time  of  one  revolution,  or  inverfely  as  the 
periphery  or  number  of  teeth  in  it,  the  number  of  revolutions  of 

e the 
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the  wheel  where  P afts,  is  to  the  number  of  revolutions,  in  the 
fame  time,  of  the  axis  to  which  W is  appended,  as  the  produd  of 
the  number  of  teeth  in  the  wheels  to  the  product  of  the  number 
of  teeth  in  the  pinions. 

337.  Prop.  If  a wheel  with  teeth  CD  A revolve  about  C,  and 
impel  the  wheel  S B A round  with  it,  by  the  allion  of  teeth  B D,  b d, 
& c.  upon  B and  b,  whofe  curvature  is  fetch  that  B,  b,  defcribe  the  lines 
BD,  b.d,  whilfl  they  defcribe  BA  and  b A refpeSlively , the  moments  of 
thefe  wheels  are  equal. 


Dem.  Becaufe  the  points  B and  D come  into  contact  at  A, 
at  the  fame  time,  every  part  of  BA  is  applied  to  A D,  and  is  there- 
fore equal  to  it,  and  confequently  B and  D move  towards  it  with 
equal  velocities  ; and  therefore  if  equal  weights  a dt  at  B and  D 
perpendicular  to  SB,  CD,  they  muft  be  in  equilibrio.  ChJS.  D. 


338*  Cor*  1.  If  CD  n B be  a bent  lever  whole  fulcrum  is  at  C% 
equal  forces,  adting  at  D and  B in  directions  perpendicular  to 
CD,  SB,  would  keep  the  levers  CD  n B and  SB  in  equilibrio* 


339.  Cor.  2.  Becaufe  the  point  B moves  over  BD  whilfl:  the 
arc  BA  rolls  over  DA,  the  figure  of  the  tooth  BnD  is  an  epicy- 
eloidai  arc ; and  the  effedfc  is  the  fame  whether  B defcribe  the  con» 
cave  or  convex  fide  of  BnD,  and  confequently  whether  the  wheel 
CD  A impel  S BA  by  the  adtion  of  the  convex  fide  of  the  tooth 
upon  B ; or  S B A impel  C DA  round  with  it  by  the  adtion  of  B 
upon  the  concave  fide  of  the  tooth  B n D» 

340*  Cor.  3.  If  any  number  of  epicycloidal  teeth  D B,  db and 
Act,  be  infer  ted  in  the  periphery  AD,  at  equal  diftances  from 
each  other,  and  teeth  B,  b,  A,  be  inferted  in  the  other  wheel  AB, 
at  equal  diftances,  and  Ab  = Ad,  and  AB  = AD,  the  teeth 

s 2 B,  b,  As 


FIG. 
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B3b,  Ay  will  all  a£t  together  with  equal  moments;  for  becaufe 
Ah  — B by  the  velocities  and  confequently  moments  of  B and  b 
are  equal,  and  they  act  together,  becaufe  b is  always  found  in  bd 
and  B in  Bn  D. 


341.  Cor.  4.  The  effect  is  the  fame  when  the  epicycloidal  teeth 
are  upon  the  periphery  of  the  wheel  S BA , for,  whilft  B and  D 
move  to  A,  B defcribes  the  epicycloid  B n D9  and  D defcribes 
another  epicycloid  D m B2  whole  bafe  is  BA. 


SCHOLIUM. 

342.  The  teeth  fhould  not  act  upon  each  other  before  they  ar- 
rive at  SC,  joining  their  centers,  and  the  machine  is  more  or  left 
complete  according  to  the  number  of  teeth  adling  together.  The 
action  of  any  tooth  fhould  not  ceafe  before  that  of  the  fucceeding 

tooth  begins. 


PULLEY  *. 

343.  Def.  A pulley  is  a fmall  circular  wheel,  as  m£n,  revolv- 
ing about  an  axis  puffing  through  its  center , by  the  adlion  of  a power 
which  is  applied  to  a rope  paffing  over  the  pulley. 


344.  Prop.  In  a f ingle  fixed  pulley , an  equilibrium  obtains  when  the. 
power  P,  is  equal  to  the  weight  W. 


Dem.  When  a rope  is  ftretched  and  quiefcent,  it  is  evident 
that  the  tenlion  of  every  part  is  the  fame,  otherwife  motion  would 
enfue;  therefore  the  tenlibn  of  Pm  is  equal  to  that  of  W n and 
P — IF.  QJ3.  D. 

SCHO- 

* Mufchenbrock,  Ch.  VIII.  Seft.  CCCCXCIV.  Varignon,  Tom.  I.  Seft.  III.  Keifs 
Phyfics,  Left.  X.  Heiiham,  Left.  VII.  Hamilton’s  Principles  of  Mechanics,  pag.  16.2,4, 
Enaerfoo,  Prop.XXVIl,  Defag uliers,  pag.  99., 


SCHOLIU  M. 

345.  This  propofition  is  fometimes  proved  by  confidering  the 
pulley  as  a lever;  for  the  moments  of  P and  W being  the  fame  to 
whatever  parts  of  their  diredtions  they  are  applied,  but,  if  ap- 
plied at  m and  n,  mEn  is  a ftraight  lever  whofe  center  of  motion, 
E,  is  in  its  bifedtion,  and  confequently  when  there  is  an  equili- 
brium P — W (274),  And  the  conclufion  thus  deduced  is  cer- 
tainly fatisfaclory  without  any  other  demonftration. 


346.  Cor,  1 . If  the  fame  rope  pafs  over  any  number  of  fixed 
pulleys,  P is  equal  to  W when  there  is  an  equilibrium,  becaufe 
the  tenfion  of  the  rope  is,  in  every  part,  the  fame. 


347.  Prof.  Ip  the  weighty  W,  be  fuflatned  hy  a power  P,  applied 
to  a rope  pacing  over  a moveable  pulley  E,  P : W::  1 : 2, 


Dem.  Let  the  tenfion  of  the  rope  PA=m , and  that  of  BC, 
and  D F,  is  each  equal  to  m,  and  confequently  the  tenfion  of  EW 
is  equal  to  2 m-9  therefore  P 1 W ::  m : 2 m 1 : 2.  QPE.  D. 


348.  Cor.  f.  If  W be  fupported  by  P , applied  to  a rope  palling 
over  any  number  of  moveable  pulleys  («),  P : W\  \ 1 : 2;/;  for  the 
number  of  ropes  fupporting  the  weight  is  equal  to  2 n,  each  flip- 
ports  an  equal  part  of  it,  and  the  tenfion  of  the  rope,  to  which 
P is  applied,  is  equal  to  that  of  one  of  them. 

349.  Cor.  2.  If  V/  be  fupported  by  P,  applied  to  a rope  paffing 
over  each  pulley  in  two  blocks,  to  the  lower  of  which  W is  ap- 
pended; P : TV::  1 : number  of  ropes  at  the  lower  block.  For  all 
the  ropes  A,  B , C , D,  E,  fupport  IV,  and  each  fupports  an  equal 
part,  becaufe  their  tenfion  is  the  fame,  and  the  tenfion  of  each  is 
equal  to  that  of  F to  which  P is  applied. 


FIG.  ■ 
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PULLEY, 

350.  Cor  3.  If  a moveable  pulley,  L,  be  annexed  to  this  fyflem, 
P will  fupport  a weight  equal  to  2 for  the  tenfions  of  the 
ropes  G and  H are  equal  and  they  both  fuftain  the  weight, 
which  is  therefore  equal  to  2 x W. 

351.  Cor.  4,  It  is  evident  that  P acquires  no  moment  or  quan- 
tity of  motion  by  this  diftribution  of  the  weight  among  ft  a num- 
ber of  pulleys)  for  the  velocity  of  P is  to  that  of  W as  the  num- 
ber of  ropes,  fupporting  the  weight,  to  unity.  If  W be  elevated 
through  any  fpace  equal  to  any  point  in  each  of  the  ropes 
fupporting  it,  mu  ft  move  through  a fpace  equal  to  s>  and  P 
eonfequently  through  a fpace  equal  to  j multiplied  into  the  num- 
ber of  firings. 

352.  Prop.  If  the  body  W be  fupported  by  the  power  P,  in  a fyftem 
compofed  of  one  fixed \ and  any  number  of  moveable  pulley  s$  each  having 
a feparate  firing , P : W 1 : unity  : that  power  of  2 whofe  index  is  the 
number  of  moveable  pulleys . 


Dem.  Let  the  tendon  of  the  firing,  to  which  P is  applied,  be 
equal  to  m,  and  the  tendon  of  A and  B is  each  equal  to  m% 
that  of  C and  D is  each  equal  to  2 m;  that  of  E and  F is  each 
equal  to  4 m\  and  that  of  GH  to  8 m 5 therefore  P : 1 

: 8;  and,  if  the  number  of  moveable  pulleys  be  equal  to  n,  it  is 
evident  that  the  tendon  of  the  firing  fupporting  /Pis  equal  to  the 
nth  term  of  the  geometric  feries  a,  4,  82  &c.  or  to  zn  and  P 1 W\\ 
1 2 zn . QCE.  D, 


353,  Cor,  1.  P x 2n  sss  P^and  P and  if  the  number  of 

2 

moveable  pulleys  and  P or  W be  given,  the  number  of  moveable 
pulleys,  or  n,  may  be  found. 


i 


354.  Cor. 


*43 


PULLEY, 

354.  Cor.  2.  The  parts  of  W,  fuftained  by  the  feveral  move- 
able  pulleys*  &c.  are  to  each  other  as  2, 4^  8*  16*  &c. 


355*  If  the  body,  W,  be  fuftained  by  the  power , P,  $ 

fyftem  of  pulleys  where  the  rope  pafjtng  over  each  pulley  is  immediately 
fixed  to  Wj  P : W ::  unity  : that  power  of  two , diminifhed  by  unity  , 
whofe  exponent  is  the  number  of  ropes  , number  of  moveable  pulleys  en- 
creafed  by  unity . 

Dem.  Let  the  tenfion  of  the  rope*  to  which  P is  applied* 
be  equal  to  ///,  and  it  is  evident  that  the  tenfions  of  the  ropes  Gs 
B3  D>  F,  are  equal  to  m,  2my  8 m>  refpedlively  ; but  thefe  ropes 

entirely  fupport  /F>  and  confequently  P \ W\\m  \ 1 + 2 + 4 4»  8 
x«::  1 ; 15.  If  the  number  of  ropes  fixed  to  W be  equal  to  ny  it 
is  evident  that  P : TV : ; 1 : i + 2 + 4 + 8*  &c.  continued  to  n 
terms ::  1 : 2*  — 1.  Q^JE.  D* 


W 


3 56,  Cor.  1.  P x 2s- — • 1 = W and  P = and  if  any  two 

^ 2*  amamsii  £ 

of  thefe  magnitudes  P,  /F,  or  n>  be  given,  the  other  may  be  found. 


357.  Cor.  2.  rn,  im , 4 m>  %m}  &c.  exprefs  the  ratio  of  the  parts 
of  W refpedtively,  fupported  by  G,  P,  D*  F,  &c. 


358.  Cor.  3.  If  the  rope,  to  which  P is  applied,  inftead  of  be- 
ing fixed  to  W pafs  over  a pulley  to  which  W is  appended*  P : W 
::  m : 4/72  ::  1 : 4;  for  7F  is  fupported  by  the  ropes  F,G,F,  whofe 
tenfions,  compared  with  that  to  which  P is  applied,  are  reflec- 
tively equal  to  my  2 m}  my  and  the  fum  of  their  tenfions  = 4 m. 
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SCHOLIUM. 

3 59*  When  the  directions  of  the  ropes  Pi,  to  which  two 
powers  i^and  P are  applied,  and  the  direction  in  which  W acts, 
are  parallel  to  each  other,  as  is  fuppofed  in  the  preceding  propo- 
rtions, it  is  evident  that  W is  exactly  equal  to  P -j-  j^> , becaufe 
they  juft  fupport  it,  and  their  force  is  all  effective,  no  part  being 
loft  by  obliquity  of  direction.  This  alfo  appears  by  eonfideringPC^ 

to  be  a lever,  for  (287)  W \ P + £>j : CB  + C A:  AB , and  con- 

_ iv 

fequentlv  P + §j=  W and  P = — . But  if  the  direction  in 

which  P aCts  be  changed  to  ZA,  touching  the  pulley  in  D,  mo- 
tion will  enfue,  parallel  to  the  horizon,  as  P acts  partly  in  that 
direction,  and  the  quantity  and  direction  of  ^ rauft  be  changed 
to  reftore  the  equilibrium.  It  is  evident  that  the  pulley  cannot  be 
at  reft,  till  the  horizontal  parts  of  the  forces  P and  i^be  equal  to 
each  other,  and  the  parts  contributing  to  the  fupport  of  W be  each 

equal  to  This  is  alfo  obvious  from  (216):  for  the  pulley  BCA 

is  aCted  upon  by  three  forces,  whofe  directions  are  not  paral- 
lel, and  is  quiefcent;  and  thefe  forces  are  therefore  in  the  fame 
plane,  their  directions  meet  in  the  fame  point  D,  and  are  confe- 
quently  equally  inclined  to  the  direction  of  IV,  or  to  the  horizon- 
tal line  BAe 

360.  Prop.  If  W be  fupport  ed  by  two  powers  P and  (fjwbofe  di« 
regions  touch  the  pulley  in  A and  B,  W : P or  Qj:  fin.  A contained 
between  P A and  QB  : fin , of  half  that  angle. 


Dem.  Becaufe  the  pulley  is  aCted  upon  by  three  forces 
and  kept  at  reft,  and  their  direftions  are  perpendicular  to  the  Tides 
of  the  triangle  C B A,  W : P ::  B A : C A,  and  W : BA:  CB; 

therefore  W '•  P or  4^::  fin.  A BCA  or  its  fupplement  to  two 
right  angles  B DA:  fin.  v B DC  (equal  to  the  z.  C BA  or  CAB). 
QJ2.D. 


361.  Cor. 


Fig.  xciv. 
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361.  Cor.  1.  Becaufe  P : TV ::  CA  :BA  and  £>_:  TV::  CB  :BA-, 
therefore  P + TV ::C  A -+■  CB  : BA 


362.  Cor.  2.  If  AB  be  an  arc  of  60  degrees,  or  the  angle  ADR 
be  equal  to  120  degrees,  AB  is  equal  to  AC  or  CB,  and  confe- 
quently  /P=  P or 


363.  Cor.  3.  Becaufe  P : TV::  AC  : AB,  P = 


Wx  AC 
AB  * 


If 


therefore  the  arc  AB  vanilla,  or  the  angle  ADB  be  equal  to  180°, 
TVx  AC 

p — , or  P is  infinitely  great  compared  with  TV.  As  the 


o 


arc  AB  encrcafes  to  a femicircle,  P decreafes  and  becomes  the  leaft 
poffible  when  it  is  a femicircle,  becaufe  the  chord  A B is  then  the 
greateft  poffible.  In  this  cafe  PA  and  £>B  are  parallel  to  each 
other  and  to  CD,  and  TV  — P ■+■  becaufe  AB  = AC  + CB, 

and  confequently  P = As  the  arc  BA  encreafes 

beyond  the  femicircle,  P encreafes  and  becomes  infinite  when  it 
is  equal  to  the  periphery. 


364.  Cor.  4.  If  P be  finite,  TV  is  either  finite  or  evanefcent ; 
P x AB 

for  TV  =■  ■ — — = o,  when  AB  vaniffies,  and  is  finite  when  AR 


AC 


is  finite. 


365.  Prop.  If  W be  fuftained  by  P in  a fyftem  of  moveable  pulleys  F-,- 
v,  y,  x,  each  of 'which  has  afeparate  rope , and  the  angles  contained  by  cm. 
the  direSiions  of  the  ropes  be  F S E,  DTC,  B R A j W : P ; ; E F x D C 
x BA  tvExvCxxA. 


T 


Dem, 
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Dem.  Let  W,T,R,P  reprefent  the  tenflons  of  the  firings  vW, yTy. 
xR, PG  refpe£lively;  and (360 )W\  T ::  E F : v E 

T:R::CD:vC 

R : P ::  AB  : xA\  and  confequently 
W:  P ::  EP x CD  xAB:vE  xyCxxA. 

Q^E.  D. 


366.  Cor.  i.  If  the  pulleys  and  the  angles  FSE,  DT C,  BRA  be 
equal,  TV:  P ::  EF3  : vE3-y  and,  if  the  number  of  moveable  pulleys 
be  equal  to  TV:  P ::  EFn : vE\ 


367.  Cor.  2.  If  the  dire£Hons  of  the  ropes  become  parallel,  TV: 
P ::  2Ev  x 2yCx  2xA  : Ev  x Cy  x Ax,  and,  when  the  pulleys 
are  equal,  W : P ::  2 x 2 x 2 : 1 5 or  as  that  power  of  two,  whofe 
exponent  is  the  number  of  moveable  pulleys,  to  unity,  which  coin- 
cides with  (352). 


368.  Cor.  3.  If  the  tenfion  of  the  rope  PG,  to  which  P is  ap. 

mx  AB  _ mx  AB  x CD 

plied,  be  equal  to  m,  R = — -^37—,  1 = - v ^ , Tv  \ 

vi  x AB  x CD  x EF 
Ax  x Cy  x Ev 


Ax  x Cy 


SCHOLIUM. 


369.  The  conclufions,  derived  from  confidering  the  tenfions  of 
the  feveral  ropes  in  any  fyftem  of  pulleys,  may  alfo  be  inveftigated 
by  fuppofing  the  moments  of  P and  TV  to  be  equal,  the  velocities 
involved  in  thefe  moments  being  reduced  to  oppofite  directions. 
1.  In  fig.  99.  the  ropes  being  all  parallel  to  the  direftion  in 
which  TV  aCts,  the  velocities  of  P and  W are  in  oppofite  directions 
and  entirely  efficient ; and,  when  an  equilibrium  obtains,  the  pro- 
duct of  P and  its  velocity  is  equal  to  the  produft  of  TV  and  its 
velocity : for  let  LI  — Mm  — Nn  — 0 0 = v,  and  if  the  point  L 

be 


PULLEY. 


H7 


be  elevated  to  /,  through  a fpace  equal  to  v,  the  pulley  E V will 
defcend  through  a fpace  equal  to  v3  and  any  point  of  the  rope  E 
through  a fpace  equal  to  2v,  and,  when  the  point  M is  elevated  to 
///,  through  3 v ; therefore  the  pulley  BA  will  defcend  through  a 
fpace  equal  to  3 v,  and  when  the  ropes  A and  B are  ft  retched,  A 
muft  defcend  through  a fpace  equal  to  6 v,  and  when  the  point 
N is  elevated  to  n,  through  jv,  &c.;  confequently  the  velocities 
of  W and  the  feveral  firings  E,  C,  A,  P,  are  refpeCtively  as  v,  3 v, 
yv,  and  when  an  equilibrium  obtains  P : Ww  1:15.  2.  In 

fig. 98.  let  W afcend  through  a fpace  equal  tov,  and  the  ropes  F,E,A 
will  evidently  be  elevated  through  fpaces  equal  to  2v,  4^,  8 v,  re- 
fpeCtively,  and  if  the  number  of  moveable  pulleys  be  equal  to  it 
is  cleanthat  the  velocity  of  P : velocity  of  Ww  2”  x v : v ::  2”:  1,  and 
when  there  is  an  equilibrium  P and  W are  inverfely  as  their  ve- 
locities, or  as  1 : 2”.  3.  If  the  ropes,  fuftaining  the  pulleys  be 

not  parallel  to  each  other;  let  EFV  be  a pulley  fuftained  by  two 
powers  E and  P,  whofe  directions  meet  in  £;  and  if  /Pberaifed 
through  a very  fmall  fpace  equal  to  S V,  E and  P,  adling  parallel 
to  PS  and  FS,  will  defcribe  the  fpaces  SE  and  SF  refpeCtively, 
and  the  velocities  of  IF,  E,  P,  are  to  each  other  as  SF,  SE,  SF . 
Refolve  Sp and  SE,  each  into  two,  Sm,  mF , and  Sm,  m E,  of 
which  mFi and  mE  being  equal  and  oppofite  deftroy  each  other, 
and  the  remainders  are  wholly  efficient ; therefore,  in  an  equili- 
brium, E P x 1 S m — IF  x $F$  but  fi-f-P  x S F : E + F x S rn 

x S F 

(or  PFxSF)  ::  S F : S m : FV : Fm,  and (E  x SE) : 

FF 

w X SF::  — : Fm  ::  FF:  FE,  or  the  power  or  tenfion  at  E is  to 

2e 

the  moment  of  W as  EV:  FE,  which  coincides  with  what  is 
proved  in  (360), 
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370.  Def.  A plane  furface  inclined , in  any  angle , to  an  horizontal 
plane,  is  called  an  inclined  plane . If  BA  he  drawn  upon  the  inclined 
plane , and  BC  upon  the  horizontal  plane,  from  the  fame  point  B of  their 
common  interfeHion , perpendicular  to  it,  the  angle  ABC  is  the  angle \ 
of  elevation  or  inclination ; and  if  PW  be  the  direllion  of  the  power , 
the  angle  PWA  is  called  the  angle  of  trail  ion, . 


371.  Prop.  If  a body,  whofe  weight  is  W,  be  juft  Supported  upon 
the  inclined  plane  AB  by  a power  P,  ailing  in  the  direllion  PW  ; P : 
W ::  PW : PC  (fuppofing  PC  to  be  perpendicular  to  the  horizontal  line 
BC)  :: fin . Z inclination  ABC  : cof  L.  AWP. 


1 

Dem.  The  weight  W,  adting  in  the  diredtion  TPP  or  PC  per- 
pendicular to  the  horizon,  is  fupported  by  the  power  P,  and  re- 
adtion  of  the  plane,  acting  refpedtively  in  the  diredtions  PW,  and 
WC  perpendicular  to  the  plane ; and  confequently  P,  W,  and 
preffure  upon  the  plane,  are  to  each  other  refpedtively  as  the  Tides 
PW,  PC  and  WC  of  the  triangles  PWC  (196),  and  P : W\\  PW 
: PC  ::  fin.  z.  PCW  or  ABC  : fin.  ZPWC  or  cof.  of  jl  PWA \ 
C^E.  D. 

Another  demonftration : 

^FIG.  Let  W Z,  reprefenting  the  weight  of  W,  or  its  tendency  to  de- 

xvl-  fcend  in  a direction  perpendicular  to  the  horizon,  be  refolved  into 
two,  one  S Z perpendicular  to  the  plane,  and  the  other  W $ pa- 
rallel to  it.  WS  reprefents  the  tendency  of  W to  defcend  upon 
the  plane,  and,  taking  Wx  = WS,  and  drawing  x E perpendicu- 
lar to  the  plane,  any  force  WD,  WE,  &c.  drawn  from  W and  ter- 
minated by  x E,  will  be  in  equilibrio  with  W,  becaufe  the  only  effi- 
cient 


\ 


INCLINED  PLANE, 
cient  part  of  WE,  refulting  from  refolution,  is  equal  and  oppofite 

to  WS-,  but  P : W:i  WE : WZ :: 

A SZW or  ACB  : cof.  Z,  E/FZ?. 


WX  x rad.  x rad. 


cof.  z.  £ WX  * fin.z.6'Z^ 


::  fin. 
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372.  Cor.  x.  The  fame  force,  afting  in  parallel  dire£Hons,  is 
required  to  fupport  the  fame  weight  upon  every  part  of  the 
plane ; becaufe  the  angle  of  traction  is  the  fame,  and  P = 
W x fin.  Z.  inclin.  .... 

ofJSSES' wh,ch  15  a s,ven  <iuantltx- 


_ ~ ^ Fx  fin.  of  A inclin* 

373.  Cor.  2.  Becaufe  P = - 


if  W and  the 


plane  be  given*  P is  the  leaft  pofiible  when  the  cofine  of  the  an- 
gle AWP  is  the  greateft  pofiible,  or  when  PW  is  parallel  to  the 
plane:  as  the  angle  P WA  encreafes  from  hence,  its  - cofine  de« 
creafes,  and  confequently  P encreafes*  and  becomes  equal  to  W% 
when  PW  is  perpendicular  to  the  horizon,  and  infinitely  greater 
than  W when  PW  coincides  with  WG  or  WC, 


FIG, 
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374.  Cor.  3.  When  PW  is  parallel  to  the  plane,  P : W ::  fin.  A 
of  inclin.  : radius  ::  AC  : A By  when  it  is  parallel  to  the  bafe,  P : 
W\  \ fin.  A of  inclin.':  Cm.  ABAC  (this  angle  being  the  complement  - 
of  the  angle  of  traflion) ::  AC  : BC„ 

375.  Cor.  4.  11AB  be  perpendicular  to  the  horizon,  and  the 
angle  PWA  — o,  P = W y for  the  cof.  of  A PWA  = fin.  of  90° 
— fin.  of  A of  inclination.  If,  in  this  fuppofition,  PW  be  parallel- 
to  the  horizon,  P is  infinite  for  cof.  of  A of  tra&ion  — q.  - 


376.  Cor.  5.  Let  Pr  reprefent  the  preffure  upon  the  plane,  and 
Pr  : W:i  fin,  AWPC  ; fin.  A PWC or  cof.  z of  traaion,  and  Pr  =. 

Wx 


f£0 


INCLINED  PLANE. 
W x fin.  A WPG 


o,  when  PJV  is  perpendicular  to  the  horizon 


cof  Z PWA  " 
and  infinite  when  the  Z PWA  is  a right  angle* 


377.  Cor*  6.  Let  C/be  perpendicular  to  P’s  direction,  and  the 
fides  of  the  triangle  CIB , C7,  CP,  and  JP,  are  refpedtively  per- 
pendicular to  the  directions  of  P,  W7  and  prefliire  upon  the 
plane,  and  confequently  P,  /P,  and  P r,  are  refpedtively  as  C/,  CP 
and  7P. 


378.  Cor.  7.  If  /PCP  were  an  angular  balance  revolving  upon 
the  fulcrum  C,  and  adted  upon  by  two  forces  in  the  directions 
PW  and  WLy  an  equilibrium  would  obtain  between  them  when 
P : W inverfely  as  the  perpendiculars  let  fall  from  C upon  their 
directions,  or  P : W\\  CL  : CK  (272);  but  CL  : CK ::  fin.  Z CWL 
or  /PCP  : fin.  z CWK  or  CWP  ::  P/P:  PC. 

f i g.  379.  Cor.  8.  If  P and  /P  be  in  equilibrio,  their  perpendicular 
evil;  veiocities  are  i0  each  other  inverfely  as  their  magnitudes;  for  let 
W defcend  through  an  infinitely  fmall  fpace  W A,  and  its  perpen- 
dicular defcent  is  WV>  and  P's  perpendicular  afcent  is  equal  to  the 
difference  between  PA  and  P/P,  or  Am7  if  Em  be  perpendicular 
to  PA.  Draw  FDn  perpendicular  to  PA , and  D Z to  FA>  and 
Am  : WT ::  P’s  velocity  : /P’s  velocity  ::  An  : D Z ::  AF : DF 
(fim.  triangles)  ::  /P:  P (377). 


•FIG.  38°.  Prop.  If  two  bodies  W and  V,  placed  upon  the  inclined 
CVIII.  planes  AB,  AD,  fupport  each  other  by  means  of  a rope  pafing  over 
the  pulley  P,  V : W ::  cof  Z AVP  x fin . Z ABC  : cof  Z PWA  x fin . 
z ADC. 


Dem.  The  tenfion  of  the  rope  VPW is  every  where  the  fame, 
or  the  fame  power,  P,  is  required  to  fupport  V and  /P;  but 

p • 
•1  $ 
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P : W ::  fin.  A ABC:  cofi  A PWA ; and 

V : P ::  cofi  A ^ VP : fin*  A ADC ; therefore 

F : Wn  fin.  JLABCy.  cofi  A A VP : cofi  A PWA  x fin.  Z.  AD  C . 

Q.E.  D. 

381.  Cor.  1 • If  PF  and  PW  be  parallel  to  AD  and  AB  re- 
refpedtively,  P : W::  AC  : AB, 

V : P \ : AD  :AC  therefore 
V:W::AD:AB. 

This  conclufion  is  alfo  derived  from  the  general  expreffion,  the 
cofines  of  the  angles  PVA  and  PWA  becoming  and 

382.  Cor.  2.  If  PV  and  P/Fbe  parallel  to  the  bafes  of  the 
planes, ,P  * W::  AC : BC, 

V:  P ::  DC:  AC,  and 
V:W::DC:BC. 

This  alfo  follows  from  the  general  expreffion,  the  complements  of 
the  2Ls  A VP  and  AWP , being,  in  this  fuppofition,  refpedfively 
equal  to  DAC  and  BAG. 


W E D G E. 


383.  Def.  A wedge  is  a hard  body,  generally  of  a Triangular  prifi 
matie  figure  as  A F,  which  is  generated  by  the  motion  of  the  triangle 
AE  D upon  the  right  line  E F always  perpendicular  to  its  plane. 


FIG.. 

CIX, 


If  A ED  be  an  ifofceles  triangle,  it  is  called  an  ifofceles  wedge, 
if  fcalene,  a fcaiene  wedge.  ABCD  is  the  back  of  the  wedge* 
upon  which  a force  is  impreffed  ufually  by  percuffion  $ and 
ABBE,  DR  PC , are  the  (ides  of  the.wedge,  upon  which  the  re- 
fiftances  of  wood,  &c.  act  and  counterpoife  the  force  of  percuiliorn 
The  angle  A ED  is  the  vertical  angle  of  the  wedge. 


384.  Prop.  If  two  equal  refifiances , aiding  in  equal  angles  upon  the 

fdes  of  an  ijofceles  wedge  ABV,  be  in  equilibrio  with  a power , P,  ail- 
ing. 


WEDGE. 

ing  in  a diredlion  perpendicular  to  the  back;  P is  to  the  refiftances , as 
the  re 51  angle  of  the  fines  of  half  the  vertical  angle  of  the  wedge  and  the 
inclination  of  the  ref  fiance  to  the  fdes , to  the  fquare  of  the  radius . 


Dem.  Let  the  dire£lions  and  quantities  of  the  refiftances  be 
CD  and  Cd;  refolve  each  into  two,  DE  and  de 3 in  the  directions 
of  the  fides,  and  CE,  Ce,  perpendicular  to  them,  and  DE,  de , are 
loft  by  their  obliquity.  Refolve  EC,  ?C  into  two  forces,  EF,  e F, 
parallel  to  the  bale,  and  EC,  EC  perpendicular  to  it;  EF,ef  be- 
ing equal  and  oppofite,  deftroy  each  other,  and  the  forces  2 EC9 
being  exa6lly  oppofite  to,  and  in  equilibrio  with  P,  are  equal  to 
it.  But  EC:  EC::  fin.  Z.  EEC  or  /.EEC:  rad. 

EC : DC::  fin. -ZEDC : rad.;  and 

ex  sequo  EC:  DCufm./LBCVx  fin.Z EDC : radf 2 ::  2 EC orE  : 2 DC 
or  refiftances.  Q^E.  D. 


385.  Cor.  1.  If  the  refiftances  be  perpendicular  to  the  fides,  the 
fine  of  the  angle  ADC  becomes  the  radius;  and  confequently  P 1 
refiftances ::  fin. tiCVA : radius ::  AC  : AV:\  AB  : AV  + BV* 

386.  Cor.  2.  If  the  refiftances  be  perpendicular  to  the  axis, 
P : refill. ::  BC  x CV : BVZ ; and,  when  the  angle  AVB  is  equal 
to  two  right  angles,  P : refill.  : : BC  x o : BC2  : : o : BC,  or  P is 
infinitely  lefs  than  the  refiftances. 

387.  Cor.  3.  When  the  refiftances  are  perpendicular  to  the 
hack  AB , the  angle  EDC  = EEC,  and  P : refill. : : fin.2  Z.  B V C : 
rad.2  ::  BC2 : BVZ.  If  the  angle  BVA  be  equal  to  two  right  an- 
gles BC  — BV,  and  P — refiftances ; and  if  the  angle  BVA  be 
diminifhed  without  limit,  the  refiftances  are  encreafed  without 
imit. 


388.  Cor 
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388.  Cor.  4.  If  P be  the  fame  in  the  two  fuppofitions  of  com. 
and  2 ; refift.  in  cor.  1 : refift.  in  cor.  2 ::  CVx  BV. 


389.  Cor.  5.  If  the  refiftances  be  given  in  cor.  2,  P is  the 
greateft  poffible  when  the  angle  BVA  is  a right  angle. 


390.  Cor.  6.  If  the  quantities  of  the  refiftances  be  given,  and 
their  directions  be  variable;  P is  the  greateft  poflible  in  the  com- 
mon fuppofition  of  cor.  i.j  for  it  varies  as  the  fine  of  the  angle 
EDO,  which  is  the  greateft  when  that  angle  is  right, 

* 

SCHOLIUM, 

391.  The  relation  fubfifting  between  the  power  and  refiftances 
In  the  wedge*  has  been  traced  through  various  proceffes  and  modes 
of  reafoning,  by  different  philofophical  writers*;  and  different,  and 
frequently  contradictory,  conclufions  have  been  deduced  from  dif- 
ferent demonftrations,  fome  of  which  mu  ft  confequently  be  erro- 
neous. As  in  all  equilibria  of  forces,  they  m u ft  either  obliquely, 
or  direCtly,  oppofe  each  other,  and  their  intenfities,  eftimated  in 
oppofite  directions,  muft  be  equal;  one  fource  of  error  hath  re-" 
fulted  from  a mifapplication  of  this  equality  of  moments,  which 
is  univerfally  true  and  will  never  lead  to  falfe  conclufions,  if  the 
velocities  be  reduced  to  oppofite  directions,  and  the  efficient  parts 
only  of  the  moments  be  fuppofed  equal,  i.  Let  two  equal  refift- 
ances R and  r act  perpendicularly  upon  the  tides  of  an  ifofceles 
wedge  ABD,  and  be  in  equilibrio  with  a power  P aCting  perpen- 
dicularly upon  the  bale  AB-,  and  taking  D d,  the  continuation  of 
PDy  very  fmall,  and  drawing  dE , d e parallel,  and  DE , De  per- 
pendicular, to  the  fides,  the  ^velocities  of  P,R,r,  are  to  each' 
other  as  D d,  DE,  De  refpeCtively,  thefe  being  deferibed  by  them 
in  the  fame  time.  Refolve  DE,  D e into  two,  EL  and  eL  pa- 
rallel 

• RohauU  Not.  ad  a,  9.  Maclaurin’s  Newt.  Chap.  III.  Art.  21.  Graves,  Left.  I.  C.  X, 
Defaguliers,p,  107.  Brnerfon,  Prop, 30.  Mufchenbroek, Soil. CCCCLXI1I.  and  CCCCCXCI. 

u 
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railel  to  the  bafe,;  which  being  equal  and  oppofite  deftroy  each 
other,  and  DL,  DL  perpendicular  to  the  bafe,  which  being  op- 
pofite to  P’s  direftion,  are  wholly  efficient;  and  becaufe  there  is 
an  equilibrium  R + r x DL  = P x Dd,  but  P + r x DL  or  P x 
D7:P  + 7 x DE  ::  D L : DE  ::  AP  : AD  ::  AB  : AB  + AD, 
the  fame  as  (385).  J J 

When  R and  r act  in  any  other  direction,  the  relation  of  their 
moments  to  that  of  P is  difcoverable  by  a fimiiar  procefs.  If  they 
be  parallel  to  the  bafe,  draw  Mdm  parallel  to  their  direction,  and  the 
velocities  of  P,  R and  r,  are  refpectively  as  D d,  DM  and  dm ; and 
refolving  DM , dm  into  two  DE,  de  perpendicular,  and  ME , me  pa- 
rallel, to  the  fides,  the  laft  not  being  oppofed  to  the  fides  are  quite 
inefficient ; and  repeating  the  procefs  above  E + rx  DL  — P x Dd ; 
and  P x D d : P + r x D B::  A P : AD 

P +7  x DE  : P +7  x DM::  DE  : DM::  PD  : AD 

and  P x Dd : P+rx  DM ::  /LP  x PD  : ^7  D2;  which  is  the  fame 
35(386).  < 

A different  analogy  is  inveftigated  by  Rowning,  from  the  fame 
principle,  viz.  the  power  : the  refiftances  ::AP  : PD. 

r • . - 1 . ; . ’ . ,*n  , i 1 

* 

2.  Another  fource  of  error  is  an  improper  ufe  of  this  principle, 
<c  that  if  three  forces  a6t  upon  a body,  which  remains  at  reft,  they 
are  to  each  other  as  the  three  fides  of  a triangle,  refpeftively  pa- 
rallel or  perpendicular  to  their  directions $”  which  certainly  is  un- 
true, if  any  parts  of  them  be  inefficient  and  loft  by  obliquity  of 
direction  ; for  the  force  FG  will  have  exactly  the  fame  effeft  upon 
the  fides  of  the  wedge  AD  with  FH , FI,  or  the  perpendicular  FL , 
fuppofing  G L to  be  parallel  to  AD , and  of  the  parts,  refulting 
from  a refolution  of  each  into  two  forces,  one  perpendicular  to, 
and  the  other  coincident  with,  the  fides,  thefe  laft,  F x,  &c.  are 
loft.  When  the  wedge  does  not  fill  the  cleft,  and  the  refift- 
ances act  perpendicularly  upon  its  fides,  Maclaurin  and  Varignon 
have  applied  the  above  principle  and  deduced  different  conclu- 
fions,  both  of  which  cannot  be  true*  Dr.  Hamilton,  Gravefands, 
Defaguliers,  Emerfon,  Mufchenbroek  affert,  that  the  power  is  to 
the  refiftances  as  half  the  back  is  to  the  height,  and  Kell,  Whifton 
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and  Nicholfon,  aflign  this  ratio  to  be  that  of  the  whole  back  to 
the  height  The  firft  analogy  coincides  with  this  general  theo- 
rem,, “ that  the  power  is  to  the  refiftances,  when  in  equilibrio,  as 
a line  drawn  from  the  bifeftioft  of  the  bafe  to  one  fide,  parallel 
to  the  refiftance  upon  that  fide,  to  the  height  of  the  wedge  ; and 
this  theorem  is  prefumed  to  be  erroneous  for  the  following  reafons. 

1.  If  the  directions  of  the  refiftances  be  parallel  to  the  axis, 
their  fum  is  equal  to  the  power*  according  to  the  theorem,  which 
cannot  be  true;  becaufe  the  power  aCting  perpendicularly  is  wholly 
efficient,  but  part  of  the  refiftance  is  loft  by  obliquity  of  direction* 

2.  If  the  vertical  angle  of  the  wedge  be  diminifhed  without 
limit,  a line  drawn,  from  the  bifeCtion  of  the  bafe  to  a fide,  pa- 
rallel to  the  refiftance,  accedes  to  equality  with  the  height  when 
the  direction  of  the  refiftance  is  parallel  to  the  height,  and  the 
power  and  refiftance  become  equal,  according  to  the  theorem  ; 
but,  the  power  continuing  the  fame,  the  directions  of  the  refift- 
ances accede  to  aparallelifkn  with  the  fides,  and  they  become  wholly 
inefficient* 


- 3.  When  the  refiftances  a£t  perpendicularly  to  the  axis,  and 
the  vertical  angle  of  the  wedge  accedes  to  two  right  angles;  ac- 
cording to  the  theorem,  the  ratio  of  the  power  to  the  refiftances 
encreafes  without  limit,  which  cannot  be  true,  becaufe  the  ineffi- 
ciency of  the  refiftances  evidently  encreafes  without  limit,  and 
confequently  the  ratio  of  the  refiftances  to  the  power  encreafes 
without  limit,  which  is  direCtly  the  reverie  of  the  theorem.  7 

4.  If  the  power  be  the  fame  in  the  two  cafes  where  the  direc- 
tions of  the  refiftances  are  perpendicular  to  the  Tides  and  axis,  of 
the  wedge,  the  refiftances  are,  according  to  the  theorem,  as  the  fide 
and  height  of  the  wedge  refpeCtively ; or  greater  refiftances  are 
required  to  fuftain  a given  power,  when  their  directions  are  per- 
pendicular to  the  fides,  and  therefore  entirely  efficient,  than  when 
they  are  oblique  and  confequently  not  wholly  efficient,  which  cej- 
t.ainly  is  untrue. 

■ ‘ v " u z ' , . , \ It 


1 $6  WEDGE. 

It  is  prefumed,  for  thefe  reafons,  that  the  analogy,  derived  from 
the  theorem,  and  confequently  the  theorem  itfelf,  cannot  be  gene- 
rally true ; and  were  thefe  reafons  lefs  decifive,  it  would  not  be 
difficult  to  point  out  the  feveral  overfights  in  the  demonftration 
which  induced  a falfe  conclufion** 


FIG. 
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392.  Prop.  If  the  power  and  refijlances  P,  R,  and  r,  a St  perpen- 
dicularly upon  the  back  and  fides  of  a fcalene  wedge  AB  D,  and  be  in 
equilibrio , P ; R + r ::  back  of  the  wedge  : fum  of  its  fides . 


Deai* 

r * * * - 

•THEOREM.  If  a power  P,  aCting  perpendicularly  upon  the  back  of  an  ifofceles  wedge 
JIG*  ABC , be  in  equilibrio  with  the  equal  refinances  E and  F,  aCting  perpendicularly  upon  its 

CXI  I.  fides,  P : E + F as  a line  PE  drawn  from  the  bifeCtion  of  the  bafe  P to  one  fide,  parallel  to 

the  refinance  upon  it,  to  the  height  of  the  wedge  PB, 

X>BM.  Let  the  directions  of  E and  F meet  in  the  bifeCtion  of  the  bafe  P,  and  PE  — PF, 
and,  compleating  the  parallelogram,  P t E + F *♦:  PN : PE  -p  PF  (196}  ::  PH:  PE  :: 
PE : PB . 


Cor.  If  PN  be  the  force  of  P,  PE  and  PF  will  reprefen t the  force  with  which  P pro- 
trudes the  refinances  in  directions  perpendicular  to  the  fides. 


THEOREM  II.  If  the  directions  of  the  refinances  be  any  other  lines  PD,  PO , equally 
inclined  to  the  fides,  the  power  is  to  the  refinances  (A  -f  F)  as  PD  to  PB, 


DEM.  Refolve  PE  and  PF  into  two,  PG  and  PK  in  the  directions  of  PD  and  PO,  and 
GE,  FK  perpendicular  to  them ; and  thefe  lad  forces,  acting  perpendicularly  to  the  refin- 
ances, are  lofi.  If  PN  be  the  force  of  P,  PE  and  PF  are  its  force  perpendicular  to  the 
fides,  and  PG  -f-  PK  the  force  in  equilibrio  with  the  refinances;  therefore  P : E -f  F : : PN 
' PG  -f  PK: : P H:  PG  ::  PD  : PE,  becaufe  ?£*  = PG  X PH  X PB,  and  con- 

sequently PH : PG  : : PD  : PB,  Q^E.  D. 


In  this  demonftration,  EG  and  PAT,  being  inclined  to  the  fides  of  the  wedge,  are  not  irv- 
efficient,  and,  not  being  oppofite,  they  do  not  defiroy  each  other,  and  confequently  ought 
not  to  be  neglected.  And,  befides,  if  the  power  eftimated  in  the  directions  of  PD  and  PO 
fee  equal  to  PG  + PAT,  thefe  will  be  equal  to  the  power  eftimated  in  the  direction  PN,  or 
equal  to  P N,  Refolve  PG  and  P K into  two,  GL,  O-L,  perpendicular  to  the  axis,  which 
feeing  equal  and  oppofite,  deftroy  each  other,  and  PL  and  PL  are  the  only  remaining  parts 
of  the  force,  and  thefe  are  never  equal  to  PN,  unlefs  PD  and  PE  coincide.  Hamilton  m tfa 
Principles  of  Mechanics* 
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Dem.  Becaufe  the  power  and  refiftances  aft  perpendicularly 
upon  the  back  and  Tides,  they  are  wholly  efficient,  tlreir  direftions 
are  in  the  lame  plane,  meet  in  the  Tame  point  (216),  and  their 
magnitudes  are  to  each  other  as  the  three  Tides  of  a triangle 
parallel,  or  perpendicular,  to  their  direftions  1 therefore  P : R + r 
;:AB  : AD  *+•  DB>  Q^E.  D* 

393.  Cor*  If  PM,  RE,  re,  be  the  relative  magnitudes  of  P,  Ryrs 
in  equilibrio,  and  lines  be  drawn  through  M,  E , and  e , parallel  to 
the  lides  of  the  wedge  refpeftively,  any  forces,  whofe  magnitudes  are 
PL,  RF,  rfy  drawn  from  P,  R and  r,  terminated  by  the  lines  drawn 
parallel  to  the  Tides,  will  be  in  equilibrio  ; for  their  perpendicular 
and  only  efficient  parts  PM,  RE  and  re  are  in  equilibrio. 

t 
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^394.  Def.  If  a right  line , divided  into  equal  parts  AC,  CE,  EG,  PLATE 
&c*  reprefenting  equal  inclined  planes , be  fo  wrapped  round  the  convex  p™’ 
and  concave  furfaces  of  two  cylinders  with  equal  bafes , that  AB,  CD,  CXIV* 
E F,  &c.  the  horizontal  bafes  of  the  planes , may  be  bent  into  the  peri- 
pheries of  circles  parallel  and  equal  to  the  bafes  of  the  cylinders ; equal 
fpirals  will  be  formed  upon  their  furfaces , whofe  lengths  are  AC,  CB, 

E G,  &c.  and  diflances  C B,  ED,  F G,  & c.  the  perpendicular  heights 
of  the  planes . The  convex  cylinder  is  inferted  in  the  concave , and  fo 
adapted  to  it  that  the  fpirals  protuberant  upon  one  cylinder  may  exactly  * 
fill  the  excavated  fpiral  or  groove  upon  the  other ; the  firfi  is  called  the 
external , and  the  fecond  the  internal,  fir ew\ 

Another  definition  : 

If  a cylinder  move  uniformly  about  its  axis , whilfl  a point  moves 
uniformly  upon  its  furface  in  a right  line  parallel  to  the  axis,  the  line, 
deferibed  by  this  compound  motion , is  a fpiral , which , being  raijed  upon 
the  external  furface  of  the  cylinder , forms  the  external  ferew ; and  a 
fimilar  fpiral  groove  being  cut  upon  the  internal  furface  of  a aollow  ■ -cy- 
linder*. . 

t ■ • - - * 

• Maclaurin,  Chap.  III.  XXII,  Keil’s  Phyfics,  Le£t,-X,  Rohault,  Not.  ad  9.  Emei-. 
fon’s  Mechanics,  Prop.  29. 
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Under , of  the  fame  diameter , receive,  the  protuberant  fpiral,  forms  the 
internal  fcrew . Either  of  thefe  f crews  is  fixed \ and  the  other  is  move- 
able by  a lever  puffing  through  the  center , and  in  the  plane > 0/ 

395.  Prop*  There  is  an  equilibrium  upon  the  fcrew , when  the > 
power , P,  is  to  the  weighty  Ws  or  ref  fiances  adling  parallel  to  the  axis , 
as  the  diflance  between  two  contiguous  fpirals^  to  the  periphery  of  the 
circle  defers  bed  by  the  power . 


Bem.  It  Is  evident  that  Wr  adUng  upon  either  of  the  ferews, 
m a diredtion  parallel  to  its  axis,  will  equally  prefs  every  point  of 
the  fpirals  of  the  other  in  contadl  with  it,  in  directions  perpendi- 
cular to  their  bafes.  If  ABD  be  the  bafe  of  one  fpiral,  p , the 
magnitude  of  a power  adting  at  B perpendicular  to  JSC,  and  in 
equilibrio  with  the  preffure  pr>  upon  one  point  of  the  fpiral,  P'  a 
power  adting  at  P perpendicularly  to  PC,  and  in  equilft>rio  with 
p:  or  p.r;  (374)  p ' pr  ::  diftance  between  tvyp  contiguous  fpi- 
rals ( d ) : ABD-,  P'  :p  ::  BC : PC ::  ABD  : periphery  of  the  circle 
deferibed  by  the  power,  therefore  P' : p r d : periphery  of  this  cir- 
cle, and  the  fum  of  all  the  P'rsi  or  P is  to  the  furn  of  all  the  prs, 
or  IV in  the  fame  ratio,  that  is,  P \W\\  d : periphery  of  the  circle 
deferibed  by  P.  QJE«  D. 


Another  demonftration  from  def.  2. 


Whilft  B or  P makes  one  revolution,  /P  is  elevated  through  a 
fpace  equal  to  d , therefore  the  velocity  of  P is  to  the  velocity  of 
W9  as  the  periphery  of  the  circle  deferibed  by  P to  the  diftance 
between  two  contiguous  fpirals,  and  confequently  when  there  is 
an  equilibrium,  PiJf?::  dift.  between  two  fpirals  : to  the  peri- 

, phery  deferibed  by  P.  Q^E.  D» 

» 


396.  Cor.  1.  If  the  direction  of/Fbe  inclined  to  the  axis,  and 
JP  do  not  act  in  the  plane  of  the  bafe,  but  in  any  other  dire<5Hon, 
the  ratio  of  P.  to  ffl maybe  found  by  art,  371,  - 


397*  Cor, 
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397.  Cor.  2.  The  preflure  fuftained  by  any  point  of  the  fpirals 
is  to  the  part  of  W incumbent  upon  it,  as  the  length  of  a fpiral 
to  its  bale  A B D» 


398.  Cor.  3.  M an  endlds  or  perpetual  fcrew,  afting  upon  a plate 
wheel,,  the  diftance  of  whofe  teeth  is  equal  to  AB>  the  diftance  of  _ 
two  contiguous  fpirals,  and  in  equilibrio  with  a body  W3  fufpended  xciv, 
from  the  axis  EF ; P vW ::  AB  x £F  : diameter  of  the  wheel  x 
periphery  of  a circle  whofe  radius  is  PGj  for  if  R be  the  refiftance 
of  a tooth  to  a fpiral  of  the  ferew,  P : R ::  AB  : per.  of  the  circle 
deferibed  by  P,  R:  W::  EF:  diameter  of  the  wheel;  therefore 
P : W\:  AB  x EF  : per,  of  the  circle  deferibed  by  P x diameter  of 
the  wheel, . 


S C H O L I U M. 

399.  The  fee  on  d demonftration  of  this  propofitson  is  generally 
deemed  unfatisfaftory,  becaufe  the  moments  of  P and  W are  not 
reduced  to  oppofite  diredlions;  but  the  ratio  of  P to  W may  be 
inveftigated  by  finding  the  oppofite  and  efficient  parts  of  a power 
fuftaining  a body  upon  an  inclined  plane,  and  combining  it  with 
the  power  of  the  lever.  Let  JVC  be  an  inclined  plane,  or  fpiral  fig, 
of  the  ferew,  /Fa  weight  afting  perpendicularly  to  the  horizon  CXVI> 
WE , and  fupported  by  a power  P,  afting  parallel  to  WB-r  and  if 
/Fie  elevated  through  a very  filial  1 fpace  7Vwy  or  perpendicular 
height  Hw , it  is  evident  that  P,  acting  parallel  to  WRy  will  de- 
feend  through  a (pace  equal  to;  JVE  — we  or  JVH;  and  confer 
quently  the  velocities  of  IV and  P,  eftimated  in  oppofite  direftionsy 
are  as  Hw  to  HWy  or  as  the  height  of  the  plane  to  its  bafe,  and 
when  an  equilibrium  obtains,  P : IV ::  height  of  the  plane  : its  FICr° 
bale  or  ABD . But,  from  the  natufe  of  the  lever,  a power,  aft- 
ing  at  the  diftance  PC,  muft  be  diminifhed  in  the  ratio  of  B C •; 

PC,  or  of  the  circumference  A BD  : circumference  deferibed  by. 
the  power  afting  at  Pr 

* * , * 
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400.  Def.  tT'HR  center  of  gravity  of  a body  or  fy ft em  of  bodies  is  a 
^ point  about  which  the  parts  of  the  body  or  fyficm  are  in 

equilibrio* 

401.  Prop.  To  find  the  center  of  gravity  of  a body* 

Let  Ay  By  Cy  Dy  See*  be  particles  of  the  body*  and  finding  the 
centers  of  equilibrium  p and  y,  of  A and  B,  C and  D refpe&ively 
(274);  let  A 4-  B be  placed  in  py  and  C -I-  D in  q>  and  their  cen- 
ter of  equilibrium,  G,  will  be  the  center  of  gravity  of  the  particles 
A,  By  Cy  Dy  Sec . Becaufe  the  force  of  gravity  a£ts  upon  the  parti- 
cles in  parallel  dire£tions,  the  efficacy  of  A to  communicate  motion 

to  G is  A x A Gy  and  that  of  B is  B x BG  {279)  or  Ax  Ap  -h  pG 
and  B x Bp  + pGy  which  are  equivalent  to  them  (181),  or  A-\-B 
x p Gy  fince  A x Ap  and  Bx  Bp  are  equal  and  oppofite,  and  con- 
fequently  deftroy  each  other.  The  fum  of  the  moments  of  C 
and  D is  found,  by  a fimilar  procefs,  to  be  the  fame  as  if  they 
were  placed  in  q\  and  confequently  G,  which  is  the  center  of  gra- 
vity of  A -F~  B and  C Dy  placed  in  p and  q refpeftively,  is  the 
center  of  gravity  of  Ay  B,  C,  D,  placed  at  the  points  Ay  B , C,  D \ 
'Sec.  QJE.  D. 

402.  Cor.  1.  The  particles  of  the  body  cannot  be  in  equilibrio 
about  any  other  point  except  G$  for,  if  poffible,  let  X be  fuch  a 
point,  and  it  is  proved,  as  before,  that  the  efforts  of  A and  B to 

move  X~A-hBxpXy  and  of  C and  D — C-\-  D x qX\  there- 
fore the  point  X is  kept  in  equilibrio  by  twro  forces,  A-t-BxpX 

and 


0 
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and  C + D x qX>  not  acting  in  oppofite  diredtions,  which  is  im~ 
poffible  (187). 


403.  Cor.  2.  In  every  fituation  of  the  body  competed  of  the 
particles  Ay  B , C,  D,  &c.  if  the  point  G be  fupported,  the  body 
will  be  at  reft;  for  the  force  of  gravity  adting  always  in  parallel 
diredtions  upon  the  particles,  their  moments,  or  efforts  to  move  G, 
will  always  be  as  A x AGy  B x£G,  &c.  which  by  the  procefs  ufed 
in  this  propofition,  will  always  be  reduced  to  two  forces  that  are 
equal  and  oppofite. 


404*  Cor.  3,  If  A+  B + C + D,  &c.  be  equal  to  % and  the 
preffure  of  each  in  parallel  diredtions  be  equal  to  qy  a force  as  q9 
adting  at  the  point  G,  in  a diredtion  oppofite  to  that  in  which  the 
particles  prefs,  will  remove  their  preffure.  Or  if  A , B}  C,  &c.  be 
deftitute  of  gravity,  and  only  refift  the  adtlon  of  a force  by  their 
inertia,  a force  P acting  at  G will  communicate  equal  velocities  to 
every  particle;  becaufe  their  refiftances,  being  exerted  in  directions 
oppofite  to  that  of  P (3d  law  of  motion)  and  therefore  parallel  to 
each  other,  vary  as  their  diftance  from  G,  and  confequently  the 
fums  of  the  refiftances  on  each  fide  of  G are  equal.  And  v . v>  if 
J^be  moving  and  without  gravity,  a force  applied,  at  G (the  center 
of  inertia)  equal  to  the  moment  of  % will  deftroy  all  motion. 

S C H O L I U M. 

405.  The  particles  which  compofe  a body,  being  connected  to- 
gether by  the  force  of  cohefion,  every  line  of  particles  may  be 
confidered  as  a lever,  impreffed  in  different  points  by  the  action  of 
gravity,  or  any  force  which  adts  in  parallel  diredtions.  The  par- 
ticle A therefore  is  connedted  with  G by  the  cohefion  of  the  in- 
termediate particles,  and,  an  infinite  number  of  levers  terminating 
in  G will  therefore  be  formed,  upon  which  the  particles,  in  any 
one  line,  adt  with  intenfities  varying  as  their  magnitudes  multi- 
plied into  their  diftances. 

406,  Prof. 


X 
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406.  Prop.  The  fum,  or  difference,  of  the  products,  which  rej ulh 
from  multiplying  each  particle  A,  B,  C,  D into  its  perpendicular  difance 
from  any  plane  LN,  according  as  they  are  on  the  fame  or  different  fides 
of  the  plane,  is  equal  to  the  product  of  all  the  particles  multiplied  into 
the  difance  of  their  center  of  gravity , G,  from  that  plane . 


Dem.  Let  P and  i^be  the  centers  of  gravity  of  A and  B , C and 
D , and  drawing  right  lines  through  P , parallel  to  the  plane, 

which  interfed  the  perpendiculars  drawn  from  thofe  points  re- 
fpedively;  and  A :B::  BP  :AB::BnorBb—Pp:AmovPp—Aa> 
and  A x Pp  — Aa  = J3  x Bb  — Pp,  or 
Ax  Aa~P  B x Bb  — A-+-  bx  Pp. 

By  a fimilar  procefs  it  appears,  that  C xCc-hDxDd = C *4-5 
But  A*+-  B : C-f-  D :: : P G ::  Gv  or  Gg  =?=  ^ y : P x 
or  Pp  — Gg,  and  A + B x Pp  — - Gg  = C + D x Gg 
or,  by  tranfpofition  and  a fubftitution  of  equals,  Ax  Aa  + B x 
B b z±z  C x C c DxDd  = A-\~B-±-G-\-Dx  Gg,  where  the 

higher  or  lower  figns  are  to  be  ufed,  according  as  the  bodies  are 
on  the  fame,  or  a different,  fide  of  the  plane.  Q^E.  D. 


jt  jo,  407=  Cor.  1.  If  the  particles  be  placed  upon  the  fame  right 
cxix.  line,  or  A a,  Bb,  Cc,  Dd,  Gg,  become  Ag,  Bg,  Cg,  Dg , Gg,  re- 
fpedively,  it  is  evident,  that  A x Ag  + B x Bg  ^CxCg^Dx 
D g — A +B  4-  C 4-  Dx  Gg  ; or  the  fum,  or  difference,  of  the 
products  refulting  from  the  multiplication  of  each  particle  into  its 
diftance  from  any  point  g,  according  as  they  are  on  the  fame,  or 
a different,  fide  of  that  point,  is  equal  to  the  produd  of  their  fum 
multiplied  into  the  diftance  of  their  center  of  gravity  from  that 
point*. 


408.  Cor.  2.  The  whole  moment  of  a body,  ading  upon  a lever,, 
feeing  equal  to  that  of  every  particle,  or  to  the  fum  of  the  pro- 
duds  which  refults  from  the  multiplication  of  each  particle  into 
Its  diftance  from  the.  center  of  motion  (279),  is  equal  therefore  to 

the: 
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the  produ£l  of  the  whole  body  into  the  diitance  of  the  center  of 
gravity  from  the  center  of  motion3  and  is  confequently  the  fame 
as  if  it  were  collefted  in  the  center  of  gravity.  The  demon  (tra- 
tion  of  this  propofition  obtains  therefore  when  A , By  C,  D , are 
colledlions  of  particles  or  bodies,  whofe  centers  of  gravity  are  the 
points  A,  B5  C , D.  And  to  find  the  center  of  gravity  of  a fyftem 
of  bodies,  it  is  evident,  that,  in  the  propofition  (401),  bodies,  whofe 
centers  of  gravity  are  A , B}  C,  D,  &c.  may  be  fubftituted  for  par- 
ticles, 

* 

409.  Cor.  3.  If  A,  B,  C,  D,  be  bodies  a firing  upon  any  plane 
LN,  in  parallel  directions,  the  fum  of  their  efforts  to  move  it  is 
the  fame  as  if  they  were  collected  in  their  center  of  gravity ; for, 
if  A,  B,  C,  D,  be  the  refpeftive  centers  of  gravity  of  each  body, 
this  fum  is  equal  to  A x Aa  x Bb  =t=  C x Cc  z+=.  D x D d — 

AT+B^+-C-{-  D x Gg-,  or,  if  they  be  placed  upon  a lever,  the  fum 
of  their  efforts  to  make  it  revolve  is  the  fame,  as  if  they  were 
placed  at  G.  When  the  center  of  gravity  therefore  is  in  the  plane, 
or  at  the  fulcrum  of  a lever,  the  plane  and  lever  are  quiefcent. 
And  if  any  point  Z be  taken  in  NL,  A x aZ  + Bx  bZ  + Cx  cZ 
-f - D x.  dZ  =z  A -i-B  + C -4-  D xgZ%  for  if  a plane  pafs  through 
Z , the  proof  is  the  fame  as  that  of  this  propofition. 


410.  Cor.  4.  The  di fiance  of  any  plane  from  the  common  cen- 
ter of  gravity  of  A>  JS,  C,  D , &c.  or  Gg  is  equal  to  •+*  x 


Bb^±=CxCc^DxDd 


+ C + JD,  &c. 
through  any  point  Z is  equal  to 


A 4"  B 

; and  its  diflance  from  a plane  palling 
A x Za+B  xZb^=Cx  Zc^D  x Zd 


A 4*  B -4s  G -4*  .O 
where  the  lower  figns  are  to  be  ufed  for  thofe  bodies  not  on 
fame  fide  of  Z with  A and  B« 
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41 1.  Cor.  5,  A right  line  drawn  from  A through  the  center  of 
gravity  G of  any  number  of  bodies  A>  B , C,  D,  &c.  will  pafs 
through  the  center  of  gravity  of  the  remainder;  for  B x B b -b  D 
x D d — C x C c,  and  confequently  the  center  of  gravity  of  B , C,  D 
is  in  the  plane  palling  through  A G,  and  if  this  plane  revolve,  their 
center  of  gravity  is  always  in  the  plane  palling  through  A G,  and 
confequently  it  mu  ft  be  in  the  line  AG  produced,  which  is  the 
common  interfecfion  of  the  planes.  If  r be  this  center,  B 4-  C 4-  D 
x G r = A x AGy  and  if  the  bodies  be  equal  and  n their  number, 
AG  — n — 1 x Gr. 


412.  Cor.  6.  If  a circle  or  fphere  be  defcribed  about  the  center 
of  gravity  G,  of  any  number  of  bodies  A , B , C,  &c.  and  any 
point  P be  taken  in  the  periphery  of  the  circle,  or  furface  of  the 
fphere,  PA2  x A -4-  P P3  x B + P C2  x C,  &c.  is  a given  quan- 
tity; for,  drawing  GP  and  the  perpendiculars  to  it  Aa , Bby  Cc , 
AxGa  — By>Gb^-CxGc  (409),  or,  by  fubftitution  of  equals. 


A x 


GA 


PA 


GP 


GP 


B x 


PR2  — BG2  — GP2 

Gp 


+ G x 


PC2  — GP2  — GC 2 


or,  ^ x PxP  + P x PP2  + Cx  PC2 


^x  GP  + GP  + BxG^  + GP^CxG^  + GP2,  and 
this  fide  of  the  equation  is  invariable  in  whatever  point  of  the 
periphery  or  furface  P be  placed. 


413.  Prof.  If  A,  B,  C,  D,  be  particles  of  a body  urged  by 
forces  in  parallel  direffiionsy  whofe  magnitudes  are  A a,  B b,  Cc,  &c* 
the  film  of  their  weights  is  equal  to  the  weight  of  A + B 4-  C,  Cfc. 
aided  upon  by  a force  whofe  magnitude  is  G g. 


Dem.  The  weights  of  A , P,  C,  &c.  are  A x Aay  B x P C x 
Cc , &c.  (235),  and  confequently  the  fum  of  their  weights  is 
equal  to  A-h  B C,  &c.  xGjj  but  this  product  is  the  weight  of 
A-\-  B +~C9  &c.  a&ed  upon  by  the  force  G^.  Q^E.  D. 

414.  Cor* 


0 
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414.  Cor.  If  the  forces  A a,  B b,  C c.  See.  be  equal  to  each  other, 
is  equal  to  one  of  them,  or  if  the  particles  B>  C,  6cc.  be 

a£ted  upon  by  the  fame  force,  their  weight  is  the  fame  as  if  they 
were  collected  in  their  center  of  gravity  and  a£ted  upon  by  that 
force.  The  tendency  therefore  of  a body  to  defeend  is  the  fame 
as  if  it  were  colledted  in  its  center  of  gravity,  and,  confequently, 
if  a line  drawn  from  that  center  perpendicular  to  the  horizon, 
fall  within  the  bafe  of  the  body,  it  cannot  fall,  and,  if  without  the 
bafe,  it  cannot  fland* 

& 

415.  Prop.  If  any  number  cf  bodies  A,  B,  C,  &c.  move  in  parallel  fig. 
direSliops , with  any  velocities , the  center  of  gravity  will  deferibe  a right  C XXIII. 
line  parallel  to  them . 


Dem.  Let  A and  B,  a and  b , be  cotemporary  petitions  of  the 
bodies  A and  B,  and  G,  g,  their  centers  of  gravity,  and  through  g 
draw  a line  *ry  parallel,  and  confequently  equal,  to  AB.  From 
the  nature  of  the  center  of  gravity,  A : B ::  B G : AG  ::  b g : a g :: 
yg ; xg  (fim.  triangles)}  and  the  point  g divides  the  parallel  and 
equal  lines  AB,  xy,  in  the  fame  ratio,  and  Gg  is  a right  line  pa- 
rallel to  A a or  Bb.  If  H be  the  center  of  gravity  of  A,  B,  C,  it  is 
proved  in  the  fame  manner,  that  it  cuts  the  parallel  and  equal 
lines  GC,vz,  in  the  fame  ratio,  and  Hh  is  confequently  a right 
line  parallel  to  Gg.  Q^E.  D. 

416.  Cor.  x.  If  any  number  of  bodies  A,  B,  C,  &c.  afeend,  or  fig. 

1 J PYYrf 

defeend  in  parallel  right  lines,  the  fum  of  the  products  refulting 
from  the  multiplication  of  each  body  into  the  fpace  deferibed  by  it, 
is  equal  to  the  product  of  their  fum  and  the  fpace  deferibed  by  their 
center  of  gravity  G -,  for,  let  a,  b,  c , g,  be  cotemporary  pofitions  of 
A,  B,  C,  G,  and,  drawing  any  plane  IV L,  A x Am  4-  B x B n -f- 
Cv-Cq  = A -j-  B -{-  C x Gh  (406),  and  A xam  + Br.bv-\-C  x 
cq  — Aff  B-\-  C-Kgh;  and  confequently  by  addition  A r.  Aa  ■ 4- 
B x B b -f-  C x Cc  = A 4-  B + C x Gg. 

417.  Cor. 
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cxx?fi  4T7‘  ^or*  2*  ^ any  number  of  bodies  therefore  move  in  parallel 
cxxiv.  direftions  with  any  unequal  velocities,  or  they  be  placed  upon  the 
lever  XT,  and  receive  unequal  impulfes  from  any  force  at  the  fame 
time  in  parallel  directions,  the  center  of  gravity  will,  in  the  be* 
ginning  of  its  motion,  move  uniformly  in  a right  line  parallel  to 
them,  and  its  velocity  is  equal  to  the  products  of  each  body  into  its 
velocity,  divided  by  the  fum  of  the  bodies ; for  the  fpaces  Aa,Bb, 
Cc,  Gg  are  defcribed  in  the  fame  time,  and  vary  as  the  velocities* 

A x A a — f—  B x B b —f—  C x C c 

A+B+C  ~ * 

FIG.  418.  Prop*  The  furface , or  folid , defcribed  by  the  line  or  furface 
CXXV.  moving  round  an  axis  pafjing  through  C,  is  equal  to  the  furface  or 

folid  formed  by  the  multiplication  of  A B into  the  line  defcribed  by  the 
center  of  gravity,  G,  of  AB. 

Dem.  For  if  AB  be  covered  with  phyfical  points  of  the  fame 
thicknefs,  AD,  D E,  E F,  &c.  AD  x CA  + D E xCD  + flfx 

CE , &c.  = AD  + DE  4*  £F,  &c.  or  AB  x CG  (407),  or  becaufe 
the  arcs  A a,  D d,  E e,  &c.  are  fimilar,  AD  x A a -4-  DE  x D d°+° 
£F  x Be,  &c,  (=  the  fum  of  all  the  fuperficial,  or  folid*  annuli 
Ad,  De,  &c.)  ^ AB  x Gg. 


and  Gg  (or  velocity  of  G) 


FIG.  419*  Prop.  The  content  of  the  folid  generated  by  the  revolution  of 
C XXVI.  ^ plane  figure  ABC  round  an  axis  AC,  is  equal  to  that  of  the  folid 
whofe  bafe  is  ABC,  and  perpendicular  height  the  periphery  of  the  circle 
defcribed  by  the  center  of  gravity,  G* 


Dem.  For  the  moment  oi  ABC  ov  ABC  x G D,  is  equal  to 
the  fum  of  the  moments  of  the  elementary  parts  of  ABC,  or  to 
the  fum  of  all  the  fmall  reCtangles  E n multiplied  into  the  diftance 
of  their  center  of  gravity  from  AC>  or  to  the  fum  of  all  the  y % 


y y 2 

tnnx  ™ or  7 x mn*> 

2v  Z 


therefore  ABC x GD  is  equal  to  the  fum  of 

all 
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all  the  — x m n,  and  pxABCxGD  to  the  fum  of  all  the  — - kmu% 
but  if  p be  the  periphery  of  a circle  whofe  radius  is  unity,  p x GD 

a p x 

Is  the  periphery  of  a circle  whofe  radius  Is  GD-,  - — —Is  the  area 

2> 

p y‘& 

of  a circle  whofe  padius  is/,  and  the  fum  of  all  the  y.mn,  is 

2 

therefore  equal  to  the  folid  defcribed  by  A B C. 


420.  "Def,  The  center  of  gravity  of  a line  or  furface , is  the  center 
of  gravity  of  equal  phyfical  points , which  are  fuppofed  to  compofe  that 
line  or  fiirface . 


421*  Cor.  1.  The  center  of  gravity  of  a right  line  Is  evidently 
in  Its  bifeftion,  and  the  center  of  gravity  of  a parallelogram, 
prifm,  cylinder,  are  in  the  bifeftion  of  the  diameter  or  axis,  be- 
caufe  the  number  of  phyfical  lines  In  a parallelogram,  or  of  phyfi- 
cal laminae  in  the  prifm  and  cylinder,  on  each  fide  of  this  point, 
are  equal. 


422.  Cor.  2.  The  center  of  gravity  of  any  number  of  lines  A B,  fig. 
CD,  RFy  &c.  is  found  by  joining  the  centers  of  gravity  m,  n,  of  cx;xvli- 
any  two  A By  CDy  and  taking  a point  p,  fo  that  pm:  pn::  CD  : 

AB,  and  joining  p>  and  q the  center  of  gravity  of  EFy  and  taking  a 
point  r fo  that  pr  : r q ::  EF  : AB  -4~  C Z),  &c.  (401)*  The  cen- 
ter of  gravity  of  the  fides  of  a triangle  ABC  may  be  found  as 
above,  or  it  may  be  found  by  bifecting  the  fides  in  m3  n3  p,  joining  cxxviir 
the  points  of  bifeftion,  and  bifefting  the  angles  m pny  and  n mp , 
by  the  lines  p r and  m q3  whofe  interfeftion,  G,  is  the  center  of 
gravity;  for  p q \ qn\\  pm  : mn\\  AC : BC>  or  the  center  of  gra- 
vity is  in  qm*y  and  mr  : rn  ::  mp  :pn  ::  AC : ABy  or  this  center  is 
in  p r,  and  therefore  mud  be  in  their  interfeftion  G, 
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423.  Prop.  If  a regular  polygon  ABODE  be  infcribed  in  the  feg- 
ment  of  a circle  whofe  center  is  F3  half  the  fum  of  its  fdes  is  to  the  fine 
of  half  the  arc  perpendicular  let  fall  from  F upon  a fide  : the  difiance 
of  G from  F, 

Dem.  For  let  m,  n,p,  q , be  refpeSively  the  centers  of  gravity  of 
the  Tides,  and  joining  vs,  the  centers  of  AB,  BC,  and  CD,  DE , 
it  is  clear  that  the  center  of  gravity  of  all  the  fides  will  be  in  v s> 
and  it  will  be  alfo  in  FC,  and  confequently  at  G the  interfedlion 
of  FC  and  vs.  But  from  the  fimilar  triangles  sFq,  EID , ED  : 
El (::  ED  -f-  DC : EC)  ::  F q : Fs,  and  from  the  fimilar  triangles 
GsF , CEH , CE  : H E ::  F s : FG,  and,  by  adding  thefe  analogies 
together,  E D + D C : E H ::  Fq  : F G.  QJE.  D. 


424.  Cor.  1.  If  a regular  polygon  be  infcribed  in  a circle,  its 
center  of  gravity  is  the  center  of  the  circle;  for  FG  = 
fine  of  half  the  periphery  x Fq  o x F q 

. - .i.t -.mm  T...  irrinranH  ■I1ITI  IjJI  **  ~*  ■ ■■  . ■ - - ■ . 

i the  fum  of  the  Tides  i the  fum  of  the  fides  * 


425.  Cor.  2.  As  the  arc  EC  : fine  of  that  arc  ::  F E : diftance 
of  the  center  of  gravity  of  twice  EC  from  the  center  F;  for,  let 
the  fides  of  the  polygon  infcribed,  be  diminiflied  without  limit,  fo 
as  to  coincide  with  the  circular  arc  and  be  equal  to  it,  and  Fq  is 
then  equal  to  the  radius.  If  the  arc  be  a femicircle,  the  quadrant 
CK : FG  1:  FC  : FG-,  and  the  center  of  gravity  of  the  whole  pe- 
riphery is  in  F,  becaufe  FG  — ~ 0m 


426*  Prop.  The  diftance  of  the  center  of  gravity  of  a triangle  from 
any  of  its  angles,  is  equal  to  two  third  parts  of  the  line  drawn  from  that 
angle  to  the  bifeSiion  of  the  fide  oppofite  to  it* 

Dem. 


/ 
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Dem.  Let  Ap  bife£t  the  oppofite  fide  BCy  and  drawing  ab,  cd,  fig. 
cf  &c.  infinitely  near  and  parallel  to  BC,  each  will  be  bifedted,  CXXX" 
and  the  center  of  gravity  of  each,  and  confequently  of  all,  which 
make  up  the  triangular  furface,  will  be  in  Ap ; and,  for  the  fame 
reafon,  it  is  in  B q bife&ing  ACy  and  therefore  mu  ft  bo  in  their 
interfe&ion  G;  but,  from  fimilar  triangles,  AG  : Gp  ::  AB : pq 
BC:pC ::  2 : 1.  Q^E.  D. 

427.  Cor.  1.  The  center  of  gravity  of  any  right  lined  figure  is 
found  by  dividing  it  into  triangles,  and  confideiing  them  as  bo- 
dies:  let  m be  the  center  of  gravity  of  ABC,  and  n of  B DC  and 
joining  m n , and  taking  a point  G,  fo  that  mG  : nG  : : DB  C : BA C, 
it  will  ‘be  the  center  of  gravity  of  the  trapezium  ABDC  (401). 

The  procefs  is  fimilar  when  the  figure  has  more  fides. 

. r 

428.  Cor.  2.  The  center  of  gravity  of  a regular  polygon,  in- 
fcribed  in  a circle,  is  the  center  of  that  circle;  for  drawing  a right  ' 
line  BH , from  any  of  the  angles  through  the  center,  the  figures 

on  each  fide  are  fimilar  and  equal,  and  the  center  of  gravity  is  in 
BH;  and,  for  the  fame  reafon,  it  is  in  £)/,  and  therefore  muft  be 
at  C,  and  confequently  the  center  of  gravity  of  a circle  is  its  center. 

429.  Prop.  The  di flame  of  the  center  of  gravity  of  a regular  polygon , 
infcribed  in  a Jedlor  of  a circle  F E A Cflfrom  its  center , is  equal  to  two 
thirds  of  diflance  of  the  center  of  gravity  of  the  periphery  EDABC. 

Dem.  Find  the  center  of  gravity,  H \ of  the  periphery  (423), 
and,  taking  IE  — \FE,  deferibe  a polygon  fimilar  to  EDABC . 

The  centers  of  gravity  of  the  triangles  FED,  FDA , FAB , FB  Cy 
are  at  E,  5,  T,  F,  the  bifeftions  of  IK , KN , NP,  and  the 
centers  of  gravity  of  F E DA  and  FA  B C,  are  at  R,  and  X,  the  bi- 
lections  of  SL>  FT,  and  the  center  of  the  whole  figure  is  at  G,  the 
bife&ion  of  RX;  but  FE  : El::  FM : LM,  therefore  LM  — \FM , 

and,  for  the  fame  reafon,  RO  — \ F0  and  GII  = \ FH>  E.  D, 

Y 430.  Con 
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430*  Cor.  1.  The  diftance  of  the  center  of  gravity  of  a fedtor 
of  a circle  from  the  center,  is  therefore  equal  to  two  thirds  of  the 
diftance  of  the  center  of  gravity  of  the  circular  arc  upon  which  it 
ftandso 

431 . Cor.  2,  As  the  arc  AE  : fine  of  AE  ::  radius  : diftance  of 
the  center  of  gravity  of  twice  AE  from  F,  or  FIl  (425)5  but  EG 
— \xFH-,  therefore  AE : fine  of  A E (::EAB  C:  its  fubtenfe  EG) 
::  \ radius- ■:  EG. 

SCHOLIUM. 

‘ 432.  The  diftance,  from  the  vertex,  of  the  center  of  gravity  of  a 
parabolic  fpace  is  equal  to  three  fifths,  and  of  a paraboloid  to  two 
thirds,  of  the  axis  5 but  thefe,  and  the  moft  difficult  propofitions 
upon  the  center  of  gravity,  are  beft  inveftigated  by  a fluxion al 
procefs. 

433.  Prop.  If  one  or  more  of  the  bodies  A,  B,  C,  &c.  move  uni - 
* form iy  in  the  fame  right  line , with  velocities  equal  to  a,  b,  c,  &c.  thein 
common  center  of  gravity  will  move  uniformly . 


Dem.  Let and  B move  uniformly  in  the  fame,  or  an  oppofite* 
diredtion,  P be  their  center  of  gravity,  and  D their  diftance:  and 
becaufe  the  motions  of  A and  B are  uniform,  D either  continues 

the  fame,  or  encreafes  and  decreafes  uniformly  5 but  AE  — ^-^5, 

and  confequently  varies  as  Dy  and  P moves  uniformly.  If  another 
body  C move  uniformly  in  the  fame  right  line,  and  R be  the  cen- 
ter of  gravity  of  A,  P,  C 5 the  diftance  CP  either  continues  the 
fame,  or  encreafes  and  decreafes  uniformly,  becaufe  C and  P move 

uniformly  5 but  PR  — ^ fB\C'  an^  C0R^e<luently  varies  aa 
CJ\  or  R moves  uniformly.  QJE.  D,  . . 


434.  Cor. 


0 
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434.  Cor.  1.  The  velocity  of  the  center  of  gravity  is  equai  to 

\A  a B b C c * 

— _ _ . for,  let  p>  r,  a}  b3  c,  be  cotemporary  pofitions  of 

A + H”  L 

P,R,  and  the  bodies,  and  (407)  A x Ap  or  xAa-b-ap  — Bx 

_ 7 jr?  -3 rv  t-.  1 r.  Ax  Aaz±=RxBb 

Bp  or  x bp  — - />  ^ -r-  B x P p,  and  Pp  ~ — g— , 

becaufe  A x a p — B x bp  — o*  And,  placing  yi  4-  ii  in  P and 

repeating  the  above  procefs,  it  appears  that  Rr  = the  velocity  of 

_ , , x Ax  Aa-=±zBxBbz±zCxCc  _ . r . 

/<  ( 106).  — ~A'‘+B  + C — — — * “ 13  *rom  hence  again 

collected,  that  the  velocity  of  R is  uniform ; becaufe  A a,  B b3  C c are 
conftant,  and  confequently  their  fum,  or  difference,  multiplied  into 
the  fame  given  quantities,  or  the  velocity  of  R}  is  always  the  fame. 


435,  Cor.  2.  Becaufe  A + B-t-CxRr  = AxAa^=BxBb 
=±=  C xCc,  the  velocity  of  the  center  of  gravity  is  fuch  as  would 
be  communicated  to  the  fum  of  the  bodies  acted  upon  by  a force 
equal  to  A x A a =±=  B x B b — G x Cc, 


436.  *Prop.  If  one  or  more  bodies  A,  B,  C,  &c.  move  uniformly 
in  right  lines3  either  in  the  fame  or  different  planes , their  common  cen- 
ter of  gravity  S will  move  uniformly  in  a right  line . 


FIG. 

CXXXVa 


Dem. 


* This  proportion  is  proved  very  neatly,  though,  perhaps,  lets  intelligibly  by  the  follow- 
ing procefs. 


CASE  I.  Let  two  bodies  move,  in  the  fame  plane,  in  the  directions  DE,  AB ; and  let  p \ q 
D and  A,  E and  B be  cotemporary  pofitions,  and  H,  K,  the  centers  of  gravity  in  thofe  pofi.-  CXXXVI, 
tions,  refpe&ively  ; and  taking  BP  — AD , joining  EP  and  drawing  D L parallel  to  H K, 

DE  '.AB  in  the  given  ratio  of  the  motions  of  the  bodies ; and,  becaufe  the  angle  EDP  is 
given,  all  the  angles  of  the  triangle  EDP  are  given,  and  DP  is  to  PE  in  a given  ratio:  but 
PE  : PL  : : BE  : BK,  which  is  a given  ratio,  therefore  DP  : PL  in  a given  ratio  ; and,  be- 
caufe  all  the  angles  of  the  triangle  DPL  are  given,  the  angle  PDL  is  given,  and  L is  always 
in  DL.  By  the  nature  of  the  center  of  gravity,  DA  : DH  ::  EB  : EK  : : PB  or  DA  : IK; 
therefore  DH~  LK , and  D HKL  is  a parallelogram,  HK  is  parallel  to  DL,  and  the  angle 
B HK  is  given,  and  the  center  of  gravity  K is  always  in  the  right  line  HK  given  in  portion. 

And,  becaufe  all  the  angles  of  the  triangles  DPL  and  DLE  are  given,  the  lines  DP,  D E, 

Y 2 DL, 
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Dem.  i.  Let  B defcribe  Bb  uniformly  in  the  time  7*,  and  P, 
be  the  centers  of  gravity  of  A and  B-,  and  A -+•  B : B ::  AB : AP 
v.Ab  : A^:i  Bb  : P^JEuc.  B.  6.  P. 5.),  and  is  parallel  to 


jB  and  equal  to 


BbxB 

A-\-B' 


and  varies  therefore  as  Bb  or  uniformly. 


Let  A defcribe  A a uniformly  in  the  time  7",  either  in  the  fame  plane 
with  B b,  or  not,  and  R be  the  center  of  gravity  of  A,  and  B placed 
at  b-,  and  ^ R , the  path  of  the  center  of  gravity,  will  appear,  by  the 
fame  procefs  with  the  above,  to  be  parallel  to  A a,  and  equal  to 
ci  x AL 

and  confequently  it  varies  as  Aa>  or  encreafes  uniformly. 


When  both  bodies  move  at  the  fame  time,  the  point  P will  have 
two  motions  P^and  §>Jl,  and  will  confequently  defcribe  the  dia- 
gonal  PR  uniformly  in  the  time  T (18 5). 


2.  Let  a third  body  C be  added,  and  the  common  center  of  gra- 
vity be  Sy  and  C S produced  will  pafs  through  the  center  of  gra- 
vity of  A and  £(411).  From  the  nature  of  the  center  of  gravity* 
A+B  + C:A  + B ::CP  :CS::  C^:  CT::$JP  : ST>  and5P= 

A-t-B 

DL,  that  is,  AB,  DE,  HK , are  in  a given  ratio,  and  confequently  the  point  K moves  uni- 
formly in  HK.  The  demonftration  is  the  fame  if  one  of  the  bodies  moves  from  B towards  A . 

CASE  II.  Let  the  paths  of  the  bodies  AB  and  DE  be  in  different  planes ; and  through 
JB  draw  a plane  B de  parallel  to  DE,  and  through  DE  draw  the  plane  DdeE  perpendi- 
cular to  Bde ; produce  RA  to  d , and  let  Dd,  Ee , be  perpendicular  to  de,  and  the  planes 
DdA,  EeB,  will  be  perpendicular  to  the  plane  ed  B,  Let  A and  D,  B and  E be  cotempo- 
rary pofitions  of  the  bodies.  If  the  body  at  D were  to  move  in  de,  the  center  of  gravity 
would  move  uniformly  in  fome  line  HK  (cafe  i.);  through  HK  ere£t  the  plane  HKkb  per- 
pendicular to  HBK.  From  fimilar  triangles,  and  the  nature  of  the  center  of  gravity,  Ah  : 
hD  ::  AHi  Hd:i  BK:  Ke  : : Bk  : kE;  therefore  hk  is  the  path  of  the  center  of  gravity  of 
the  bodies  moving  in  AB,  DE,  And,  becaufe  Dd : Hh  : : Ad : AH: : Be  : BK : : E e or  Dd : 
Kk,  Hh  ~ Kk  and  kh  is  equal  and  parallel  to  HK;  therefore  the  center  of  gravity  of  the 
bodies,  moving  uniformly  in  AB,  DE , moves  uniformly  in  hk. 

CASE  III.  The  common  center  of  gravity  of  two  bodies  and  a third  body,.  3s  either  at 
reft,  or  moves  uniformly  in  a right  line ; for  two  may  be  placed  in  their  common  center  of 
gravity,  which  was  proved  to  move  uniformly,  and  the  center  of  gravity  of  the  three  or  mors 
bodies  is  proved,  by  the  fame  procefs  as  before,  to  move  uniformly. 
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| - x 

and  varies  as  S!JP  or  uniformly ; and  for  the  fame 
reafon  TV,  the  motion  of  T arifing  from  A’ s motion,  ,is  equal  to< 

yf-i-R-frlf9  an<^  t^efe^ore  varies  as  ox  uniformly  (cafe  i.)* 


When  A and  B move  together,  the  motions  ST,  TV,  will  be  com- 
bined  into  one,  SV-,  and  if  C defcribe  Cc  uniformly  in  the  time  T, 
the  common  center  of  gravity  will  defcribe  VT,  and  this  new  mo- 
tion, combined  with  S V,  will  make  it  defcribe  S T uniformly  in. 
, the  time  T.  Q^E.  D. 


& 


437^  Cor.  i.  It  is  evident,  that  the  paths  of  the  center  of  gra- 
vity, arifing  from  the  motion  of  any  one  body,  is  always  parallel 
to  that  of  the  moving  body;  P^  and  ST  are  parallel  to  Bbs  ££R 
and  TV  are  parallel  to  A a and  VTto  Gc*  . 


438.  Cor.  2.  The  centers  of  gravity  of  two,  three,  &c.  bodies^ 
will  defcribe  polygons  or  curves  fimilar  to  that  of  the  moving 
body  to  which  their  motion  is  owing;  and  if  the  velocity  of  the 
body  be  variable,  the  velocity  of  each  center  will  be  variable  ac«» 
cording  to  the  fame  law. 


439.  Cor.  3.  The  velocity  of  the  center  of  gravity  of  two,  three* 
&c.  bodies  is  the  fame  as  if  they  were  placed  in  it,  and  ailed  upon 
by  forces,  equal  to  the  moments  of  the  moving  bodies,  in  their 
relpeilive  planes  and  directions ; for  B x B b ■=  A + B x P^  and 
Ax  A a = A+B  x and  if^f-4-P  v/ere  placed  at  P,  and 
acted  upon  by  forces  equal  to  B x B b and  A*  A a in  the  planes 
and  directions  of  Bb  and  Aa9  they  would  defcribe  the  diagonal. 
PR  (185). 

440.  Prop.  The  common,  center  of  gravity  of  two  or  more  bodies  is. 
not  affeSfed  by  any  aStion  of  the  bodies  upon  each  other  , 

U;E  M*. 


m 
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f i G.  Bem.  Let  A and  B be  two  bodies  in  a fyftem,  afling  upon  each 
cxxavhi,  ot]jer^  G their  common  center  of  gravity,  and  A a%  B b>  the  velo- 
cities loti  by  A and  gained  by  B refpeCtively  in  oppofite  directions, 
and  Ax  Aa  — BxBh{  3d  law  of  motion),  or  A : B ::  B b : A a :: 
BG  : AG  ::  bg  : a G,  orA:B::B's  diftance  from  the  center  of 
gravity  : AT s diftance  from  it ; and  confequently  the  fame  point  G 
is  ftili  the  center  of  gravity  of  A and  £,  or  it  has  been  immove- 
able. What  is  proved  of  thefe  two,  is  true  of  every  two  bodies, 
and  therefore  of  alh  Q^E.  D. 


441.  Cor.  If  two  parts  of  a fyftem  A and  Bf  attraCl  or  repel 
each  other,  or  moving  with  unequal  rectilineal  motions,  difturb 
each  others  motion  by  the  force  of  their  inertia,  the  center  of  gra- 
vity will  not  be  affeCted  by  their  mutual  aCtion. 
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COMMUNICATION  of  MOTION,  &c.  *75 


CHAP.  X. 

COMMUNICATION  of  MOTION  by  DIRECT 

IMPACT. 

442*  Def.Q^/FO  bodies  are  [aid  to  impinge  diredlly , when  the  right 
v ^ line,  in  which  their  centers  of  gravity  move , pajfes 
through  the  point  of  contadl . 


443.  Def.  Fhe  center  of  gravity  of  a body , er  fyjlem  of  bodies,  flip - 
to  be  without  gravity , /j  the  fame  point  with  that  center  when  its, 
influence  obtains , 

Lemma.  If  two  bodies  X and  X,  confiding  of  any  number  of  fig, 
particles  without  gravity  X,  J3,  C\  and  D,  £,  &c.  be  immoveably  CXXXIX 
connedted  to  the  right  line  SR,  palling  through  their  centers  of 
gravity  G and  H,  which  is  perpendicularly  impreffed  at  F by  a 
force  F,  the  moments  communicated  to  thefe  bodies  are  inversely 
as  the  diftances  of  their  centers  of  gravity  from  the  point  where 
F acts, 

. , . ’ . • * . h r t ' ' *•  * " r . *. 

1 3 ‘ i . 

Dem.  The  fum  of  the  refinances  of  D and  £ to  the  action  of 

F is  D x*F  d -f-  E .x  F e (279)  = D 4-  E x FH  (407),  and  co nfe- 
quently  if  d,  e,  h,  be  the  refpective  velocities  of  D,  E,  and  H , and 
D + E — T be  placed  in  H,  D x d -}-  £ x e — T x h $ and  for  the 
fame  reafon  Axa-\-Bxb-{-Cxc,  &c.  = X x g,  fuppofing  a , 
to  be  the  refpective  velocities  of  X,  B , C3  and  of  X colledted 
at  G.  Let  a fulcrum  be  placed  at  C3  and  becaufe  F is  in  equilibria 

with 
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with  Dx</+£xf  orfxli,  F:T*.b::  GH : FG,  and  if  a ful- 
crum be  placed  at  H,  X x g : F : : FH : G H,  and  ex  requo  XxgiF 
x h ::  FH:  FG.  QJ2.D. 

444.  Cor.  Becaufe  g : b ::  F HxTi  FG  xJT::  D xFd+  E x 
■F e : A x f a + B x F i + Cx  Fc,  the  velocities  t>f  G and  7F,  and 
of  the  points  A,  B,  C,  Sec.  are  the  fame,  whether  the  particles  be 
placed  in  thofe  points,  or  collected  in  their  centers  of  gravity  G 
and  H ; and  the  effect  is  evidently  the  fame,  whether  G and  H be 
in  the  right  line  SR,  or  in  P ^ making  an  invariable  angle  with 
SR,  and  at  the  fame  perpendicular  diftances  from  F s direction. 

445.  Prop.  If  a material  futface  SUR,  compofed  of  the  particles 
A,  B,  C,  D,  &c.  be  impreffed  by  a force  equal  to  F,  aBing  in  the  plane 
of  the  furface  at  the  center  of  gravity  F,  and  perpendicularly  to  a right 
line  SFR  paffing  through  it,  the  particles  will  move  with  equal  veloci- 
ties in  direSlions  parallel  to  that  of  F. 


Dew.  Let  the  particles,  on  one  fide  of  F’s  direction,  A + B 
•4-  C,  Sec.  = X be  placed  at  their  center  of  gravity  G,  and  D -f-  F, 
See.  on  the  other  fide  at  their  center  of  gravity  H,  and  GFH is  a 
right  line  (411).  But  g : h ::  T x FH : lx  FG  ::  1 : 1 and  g — h-, 
and  the  incipient  motions  of  X and  T are  parallel  to  F’s  direftion 
{2d  law  of  motion).  Since  AT and  T begin  to  move  with  equal  ve- 
locities, in  -parallel  directions,  they  are  relatively  at  reft,  and  con- 
fequently  will  not  difturb  each  others  motions ; and  becaufe  the  re- 
lative fituations  of  the  points  A,  B,  C,  Sec.  are  always  the  fame, 
-they  will  move  with  velocities  equal  to  thofe  of  G and  H,  and  in 
parallel  directions.  The  effects  are  the  fame  whether  A,  B,  C,  Sec. 
be  in  their  real  places,  or  colletted  in  their  centers  of  gravity 
{444);  and  the  initial  motions  of  G and  H are  not  difturbed  by 
the  mutual  actions  of  the  particles  (441)*  QJ2.  D. 


446.  Cor. 


by  DIRECT  IMPACT,  177 

446.  Cor.  1.  If  any  particles  B}  C,  &c.  be  not  in  the  fuperficies  fig. 
SR,  but  on  different  fides  of  it,  their  center  of  gravity  will  be  in  q CXXXIX 
(41 1),  and  their  efforts,  refulting  from  their  inertia,  to  difturb  the 
incipient  motion  of  the  particles,  are  meafured  by  the  products  of 
each  particle  into  its  perpendicular  diftance  from  the  plane  SR( 279), 
and  thefe  being  equal  and  oppofite,  and  confequently  deftroying 
each  other,  the  particles  will  continue  to  move  with  their  initial 
velocities.  If  a body  therefore  be  impelled  by  any  power  F,  in  a 
direction  paffing  through  its  center  of  gravity,  its  conftituent 
particles  will  move  with  equal  velocities,  in  directions  parallel  to 
that  of  F ; and  if  the  particles  be  equal,  and  their  number  n,  the 
velocity  of  each,  and  of  the  center  of  gravity,  is  the  fame  whether 
that  center  be  impelled  by  the  force  F\  or  each  particle  by  a force 
’ F 

equal  to  — , in  the  direction  of  F . 


447.  Cor.  2.  In  the  impaCt  of  one  body  A upon  another  body 
B,  either  moving  or  quiefcent,  when  the  right  line  joining  their 
centers  of  gravity,  and  the  lines  in  which  they  move,  are  in  the 
fame  right  line,  the  forces  of  impact  and  refiftance  produce  a 
change  of  velocity,  in  each  body,  only  in  this  line,  or  their  impact 
is  direCt. 


448.  Prop.*  Let  a body  A,  moving  with  a velocity  equal  to  a,  inu 
pinge  dire  Idly  upon  B,  moving  in  the  fame , or  an  oppofite , dir  edit  on,  with 
a velocity  equal  to  b,  to  find  their  common  velocity . 


If  A and  B be  inelaftic,  (3d  law  of  motion)  Aa^Bb  is  the 
fame  before  and  after  impaCt  (where  the  higher  fign  is  to  be  ufed 
when  the  bodies  move  in  the  fame  direction,  and  the  lower  when 
they  move  in  oppofite  directions,)  and,  becaufe  they  move  together, 

if  v be  their  common  velocity,  A a ^ B b ~ A + B x v and  v = 


A a =±=  B b 
A B 


Q^E.  L 


449.  Cor, 


* Newt.  Cor.  3.  ad  leges  motus.  MaclauritVs  Newt.  Chap.  IV.  Rohault.  Not.  Part  I. 
Ch.  II.  Art.  6.  Hcllham.  Left.  V.  and  Appendix.  Nov.  Com.  Petropol.  Tom.  XVII,. 
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449.  Cor.  1.  The  velocity,  which  A lofes  by  impact,  is  equal  to 
the  difference  between  its  velocities  before  and  after  impadt,  or  to 
a — v;  and  the  velocity  which  B gains  by  impa£f,  in  the  direction 
of  A’s  motion,  is  equal  to  the  difference  between  its  velocities  after 
and  before  impact,  or  to  v b . Subftituting  the  value  of  v, 

A B b A a A-  B a — A a B b B x a b 

a — v — a = A-+-B  " ~ ~A-±W 


/,  and,  refolving  this  equation  into  a proportion,  A + B : B :: 
p b : /.  The  velocity  gained  by  B — — b~  - ~ 


A a B b — A b — B b A x 


a 


A+B  A-\~B 

b : g . From  hence  we  have  the  following  rules. , 


and  A + B : A :: 


1. * *  The  fum  of  the  bodies  is  to  the  ffruck  body  as  the  differ- 
ence or  fum  (according  as  they  move  in  the  fame,  or  an  oppofite, 
direction)  of  the  velocities,  before  impa6t,  to  the  velocity  loft  by 
the  ftriking  body. 

2.  The  fum  of  the  bodies  is  to  the  ftriking  body  as  the  differ- 
ence or  fum  of  the  velocities,  before  impact,  to  the  velocity  gained 
by  the  ftruck  body. 


450.  Cor.  2.  If  A and  B move  in  oppofite  directions  with  velo- 
cities that  are  always  inverfely  as  the  bodies,  their  common  cen- 
ter of  gravity  will  not  be  affected  by  their  motion  but,  / and  g7 
reprefenting  the  velocities  loft  by  A and  gained  by  jB,  are  made  in 

oppofite 

• Thefe  rules  are  inveftigated  differently  by  the  following  procefs : 

A x I 

1.  A y l — B x g (3d  law  of  motion)  and  §•  ~ — — ; but  a — l ( A's  velocity  after  im- 

A x / 

pa&)  — g^l  {B’s  velocity  after  impa&)  — =±  l and  B Xa  — B xl  ziA  X B X b 

and  / x AAB  — B X a+T,  and  T+i?  : B : : a~A'6  • /• 


2.  I 


A 


and 


a 


l 


a 


g X £ 
A 


and  A a — B Xg  zz  Ag  A X b and  A + B x g 


(becaufe  the  bodies  move  on  together) 
AXa^b,  and  A + B : A : : a b : g* 


*79 


by  DIRECT  IMPACT. 

oppofite  direftions,  and  A x / = B x g or  A : B ::  g : /,  or  g and  l 
are  inverfely  as  the  bodies,  and  confequently  the  velocity  of  the 
center  of  gravity  of  A and  B is  not  affefted  by  impaft,  and  is, 
therefore,  both  before  and  after  impaft,  equal  to  their  common 
velocity,  v . 


451.  Prop.  If  A,  moving  with  a velocity  equal  to  a,  impinge  up- 
on B,  moving  in  the  fa?ne , or  an  oppofite , direction  with  a velocity  equal 
to  b,  and  A and  B be  perfectly  elajlic , or  one  of  them  be  perfectly  hardy 
and  the  other  perfectly  elaftic%  to  find  the  velocity  lofi  by  A (L),  and 
that  gained  by  B (G). 


When  A and  B are  inelaftic,  A + B : B ::  a =*=  b : /,  and 

A + B : A ::  a b : g-,  but  Z/  = 2/, 
and  G = 2g  (257)  5 therefore  A B : 2 B ::  a ^ b 1 and  A Hr 
5 : 2 A ::  ^ =*=  b : G$  and  we  have  thefe  rules. 

1.  The  fum  of  the  bodies  is  to  twice  the  ftruck  body  as  the 
difference  or  fum  of  the  velocities,  before  impaft,  to  the  velocity 
loft  by  the  ftriking  body. 

2.  The  fum  of  the  bodies  is  to  twice  the  ftriking  body  as  the 
difference  or  fum  of  the  velocities,  before  impaft,  to  the  velocity 
gained  by  the  ftruck  body.  QJE.  L 


452.  Cor.  1.  L : G ::  2 / : 2g  ::  B : A and  A x L 

BxG 


fore  in  all  perfectly  elaftic  bodies  L 


A 


and  G 


BxG > there* 
Ax  L 
“ ~B 


453.  Cor.  2.  A's  velocity  after  impaft  is  equal  to  the  difference 
between  its  velocity  before  impaft  and  the  velocity  loft,  or  to  a * — • 

2Bxa^b_^Aa~hBa-~~2Baz±z2Rb  A - — B x a =±=  2 B b 

A H- 5 “ A-yB  “ * 

B's  velocity  after  impaft  is  equal  to  the  fum  of  its  velocity  before, 

z 2 and 
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and  the  velocity  gained,  or  to  =±=  b ~b 


2Aa±Bb~Ab 
A+B 


If  A=B, 


A — B x a 2 B b 

~A^B 


. .2  Aa^±zBb  — Ab 

by  and — — T. — - — = a* 


A *4“  B 


or  the  bodies  move  with  interchanged  velocities* 


454.  Cor.  3.  If  A be  greater  or  lefs  than  B , L is  lefs  or  greater 
than  a ^b,  and  G greater  or  lefs  than  b.  If  A be  to  B , as 

2 n . _ r 2 m 


m to  n,  L = a qp  b x 


m + n' 


and  G = a ==  b x 


m -l-  n 


455*  Cor.  4.  If  there  be  any  number  of  bodies  A,  B,  C,  Z),  &c» 
in  geometric  progreffion,  encreafing  or  decreafing,  and  A , moving 
with  a velocity  equal  to  a>  communicate  motion  to  B at  reft,  and 
By  moving  with  the  velocity  gained,  communicate  motion  to  C at 
reft,  &c.  the  velocities  communicated  to  B>  C,  Dy  &c.  will  be  in 
geometric  progreflion,  decreafing  or  encreafing.  For  (451) 

A+  B : 2 A ::  a : velocity  of  B 
B + C : 2B  ::  vel.  of  B : vel.  of  C 
C- f-  D : 2C ::  vel.  of  C : vel.  of  D 

D + E:  2D::  vel.  of  D : vel.  of  E.  And,  becaufe  Ay  By  C7 
&c.  are  in  geometric  progreflion,  A + B : 2 A ::  B 4*  C : 2 B :: 
C + D : 2C::  D + E : 2D;  and  confequently  r? : vel.  of  B ::  vel  of 
Z? : vel  of  C ::  vel  of  C : veh  of  Z>,  &e.  And  if  the  bodies  encreafe 
or  decreafe  in  magnitude,  a is  greater  or  lefs  than  the  velocity  of 
By  or  the  velocities  communicated  decreafe  or  encreafe. 


456.  Cor.  5.  If  the  number  of  bodies  in  geometric  progredion 
be  equal  to  n,  a : velocity  of  the  laft  body  ::A-t-B)n"1  : zA)’”-li  for 
a : vel.  of  the  laft  body  in  a ratio  compounded  of  the  ratios  of  a : 
vel.  of  By  vel  of  B : vel.  of  C,  vel.  of  C : vel.  of  D,  &c.  each  of  which 
is  equal  to  the  ratio  of  A-\-B  : 2 Ay  and  the  number  of  ratios  is 
equal  to  n — 1.  The  velocity  of  A,  or  a,  is  alfo  to  the  velocity  of  the 

laft  body  ::  A + B x B + C x C -f-  D%  &c.  : A x B x C}  &c.  (the 
product  of  all  except  the  laft)  x 


457.  Cor. 


BY  DIRECT  IMPACT,  x8i 

4^7.  Con  6,  The  velocities  loft  by  A>  B , C,  Sec.  are  in  geometric 
progreffion  encreafing  or  decreafing,  according  as  the  bodies  de- 
creafe  or  encreafe  3 for, 

A -I-  B : 2 B : : a : vel.  loft  by  A 
B -+•  C : 2 C vel.  of  J5  : vel.  loft  by  B 
C-+  D : 2D::  vel.  of  C : vel.  loft  by  C3  See . 

But  A,  By  Cy  Sec.  being  in  geometric  progreffion,  A+  B : zB  :: 

B + C 1 2 C ::  C -h  D : 2 Dt  Sec.  and  confequently  a : vel.  loft  by  A 
vel,  of  B 1 vel.  loft  by  B ::  vel.  of  C : loft  by  C,  & c.j  therefore  the 
ratios  of  the  velocities  loft  and  gained  are  the  fame,  and  the  laft 
being  in. geometric  progreffion  (456),  the  ftrii  are  fo  too* 


458.  Prop.  If  there  be  three  perfectly  elaftic  bodies , A,  X,  and 
A,  moving  with  a velocity  equal  to  a,  impinge  upon  X at  reftt  and  X 
impinge  upon  (fat  reft , Qf  velocity  is  the  great  eft  pofjible  when  X is  a 
mean  proportional  between  A and  Q. 


Dem.  Let  q be  the  velocity  of  and  a :q  ::  sf- f- X x XHr  ^ 
4.X X (456) : : A+X+T-h^j.  4 A (fuppofing  A to  be  to  X as  T to  g>, 
and  confequently  A -+--X- : X::  T- f- and  for  fubfti- 

tuting  its  equal  T -4-  £>_x  X)-,  and  q = ^ an<*> 

I 

being  given,  q varies  T and  *s  greateft  when  their 

fum  is  leaft,  or  when  X—Y*>  for  A x ^ being  given,  X x T is 
given,  and  the  fum  of  two  fadlors  containing  a given  product  is 
leaft  % when  they  are  equal.  QJE.  D» 


459.  Cor.  1.  The  velocity,  communicated  to  % will  be  en~ 
creafed,  by  encreafing  the  number  of  bodies  in  geometric  pro- 
greffion, between  it  and  A , and  arrive  at  its  limit  when  that 
- number 


* Let  the  given  produft  be  reprefented  by  the  given  rectangle  AB,  contained  by  two  un»  FIG. 
equal  lines  AL , LB.  Make  the  fquare  LE  equal  to  the  rectangle  AB  and  AL  + LB  — AD  CXL. 
— 2 CM  is  always  greater  than  2 LM  or  LM  + LF, 
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number  is  infinitely  great,  and  then  a : q ::  \/~A.  Let 

the  fuccelfive  differences  of  the  bodies  be  x,  y,  z,  6cc.  or  B — A 4-  xt 
C = B v,  jD  = C zt  &c.  and  let  their  relpedlive  veloci- 
ties be  a,  b , c,  c,  d,  &c.;  becaufe  A -+-  B : zA  ::  a : b and  B = 

A+x,  by  fubftitution,  A+A+x:  2 A or  A : A a : b \/B  : 

2r 

B + C : zB  or  2B  +y  : zB  or  B -f-  - : B ::  b : c ::  y/  c : 

2t 

_ ^ eg  _ 

%/ B ; and,  for  the  fame  reafon,  C + - : C ::  c : d ::  v D : s/C,  &c. 

but  a : d in  a ratio  compounded^  the  ratios  of  a : b,  b : c}  c : d>  &c. 

or  their  equals  \/ B : s/ Ay  \/  C : s/B,  s/ D : s/Cy  &c.  or  of  the 
fquare  root  of  the  laft  body  to  the  fquare  root  of  the  fir  ft  (41); 

and  confequently  a : q s/ s/  A« 

460.  Cor.2.  Becaufe  A x L — B x G,  A : B ::  G : L-,  but  G and 
L are  made  in  oppofite  directions,  and  are  to  each  other  as  the 
(paces  defcribed  by  the  bodies  in  the  fame  time,  and  being  inverfely 
as  the  diftances  from  the  center  of  gravity,  this  center  will  evi- 
dently not  be  affected  by  impadl,  but  will  continue  to  move  with 
a velocity  equal  to  v,  their  common  velocity  after  impaCt  when 
inelaftic.  This  alfo  appears  from  article  440, 


461.  Prop.  If  two  perfectly  elafic  bodies  A and  B impinge  direfily, 
the  films  of  the  products,  refulting  from  multiplying  each  body  into  the 
fquare  of  its  velocity , is  the  fame  before  and  after  impadh 


Dem.  Retaining  the  fame  notation,  a — v — /,  and  2 a — 2v 
— L,  and  2 v =+=  2 b = G;  and  confequently  A’s  velocity  after  im- 
pact is  equal  to  a — 2a-h2v  = 2v  — a,  and  B's  velocity  — z±zb 
4-  G = 2 £ 5 but  Ax  zv  — d]z  -4-  B x 2 v =^fl2  — A x 4 v x 

*v  — ' a -f-  a2  -f-  B x 4 v x v b 4-  bz  = A x az  + B x bz,  becaufe 
Axa  + = and  confequently  A x f—fj  4-. 

B x 


BY  DIRECT  IMPACT, 

B xv  =f=  b = o,  or,  multiplying  this  equation  by  4^  Ax/^vx 
v — a + — Q^E.  D. 


462.  Cor.  1.  Whatever  therefore  be  the  number  of  elaftic  bo- 
dies A , Bs  C , &c.  which  impinge  fucceflively,  beginning  with  A3 

the  fums  of  the  products,  refulting  from  the  multiplication  of  each 
body  into  the  fquare  of  its  velocity,  are  the  fame  before  and  after 
impact. 


463.  Cor.  2.  The  relative  velocities  of  A and  B are  the  fame 
before  and  after  impaft 3 for,  before  impaft,  the  relative  velocity 
is  equal  ’to  the  velocity  of  A diminifhed  or  encreafed  by  that  of 
B , according  as  they  move  in  the  fame,  or  an  oppofite,  direction, 
or  equal  to  a =?=  b,  and,  after  impact,  it  is  equal  to  B’s  velocity  di- 
minifhed or  encreafed  by  that  of  A,  or  equal  to  2v^=-b  — 2v-h 
a — a -=^b3  the  fame  as  before  impact. 


464.  Cor.  3.  In  this  propofitipn  the  force  of  elafticity  is  equal 
to  that  of  compreffion,  and  this  obtains  very  nearly  in  feme  kinds 
of  bodies,  as  glafs,  ivory,  tempered  fteel,  &c.  and,  in  thefe,  the 
confervatio  vis  vivas  is  preferved,  or  the  products  of  the  bodies  into 

the 

* This  propofition  may  be  proved  a little  differently  by  the  following  procefs  : let  p and 
q be  equal  to  the  velocities  of  A and  B refpedively,  after  impad,  and  A X adz  B x b zr 
•g  x y ~ Ap  (3d  law  of  motion)  and  A a =*=  Ap  zz  B q =f  B b.  But  the  relative  velocities  of 
A and  B are  the  fame  before  and  after  impad,  or  a =p  b ~ q =?p,  and  a zz  q =±  b,  and, 
multiplying  A a =p  Ap  into  adz  p,  and  Bq  Bb  into  q =±  b,  the  refults  are 
A X az  =*=  A p a 

zdz  A p a~~  J px  ZZ.  B X q1  hF  B qh 

z±  B q b ■ — ■ B bz,  or 


EXAMP.  Let  the  ratios  of  A:  B,  and  a : b,  be  refpedively  as  i : 9,  and  6 : 1,  and,  be- 
fore impad,  A X c?  -f  B X bz  = 1 X 36  -+  9 X 1 =r  45,  and,  after  impad,  A x pz  •=.  A x 


a 


2 BX  a — b 


, and  BXqz  zz  Bxb  + 


2 A X a 


A —p  B 


; the  firff  ~ 6 


l8  X 5)  2 60 


JO 


10 


2 xTr 

— or  9>  an^  thefecond  = 9x1+  = 9 X 4 ~ 36,  and  A x p7,  + B x q1  — 45 
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the  fquare  of  their  velocities*  are  the  fame  before  and  after  impact. 
But  in  all  bodies*  endued  with  imperfect  degrees  of  elafticity,  the 
equality  of  thefe  produdts  is  not  preferved. 

465,  Prof®  When  either  A or  B is  perfectly  hard \ and  the  other  im- 
perfectly elajlic * or  when  they  both  are  imperfectly  elafic * and  the  whole 
force  of  rejlitution  is  to  that  of  comprefion , as  any  number  n : i*  to  find 
the  velocities  of  A and  B after  impact . 


De  m.  When  A and  B are  inelaftic,  let  the  velocities  loft  by  A and 
gained  by  B,  refpeftively,  by  the  force  of  impaft,  be  / and  g ; and 
1 : n ;;  /:  «/  = the  velocity  which  A lofes  by  the  force  of  reftitu- 
tion*  and  nl  + l — A’s  whole  lofs  of  velocity.  Let  m = n + 1 


and  a — ml  — A’s  velocity  after  impact,  = (becaufe  / = 


S’s  velocity  after  impact  = t±=.b  + g-k-ng  — 


b -f-  mg.  QcE.  I. 


B y.  a^b 


466.  Cor.  1.  Becaufe  l — - ^ , n-h  1 x /,  or  A’s  whole 


B x a : =3=  b 


lofs  of  velocity,  =«+ix  ~~AC+Ai~y  an(*  confe<luentty  ^ 4-  B : 

n + 1 x B ::  a =j=  b ; velocity  loft  by  yf.  And  becaufe  « -j-  1 xg-, 

Ay  a 


or  J5’s  whole  gain  of  velocity,  = » + ix  B3  : w ft-1 

%.  Awa^b  \ velocity  gained  by  B. 


467.  Cor.  2.  It  is  proved  in  the  fame  manner,  as  when  the 
bodies  were  perfectly  elaftic,  that  the  velocities  loft  and  gained,  by 
a feries  of  imperfectly  elaftic  bodies  in  geometric  progrelfion,  which 
are  all  at  reft,  except  the  firft,  are  in  geometric  progreffion  ■,  for  let 

the 


0 


by  DIRECT  IMPACT, 

the  velocities  of  A,  B9  C>  D,  &c.  be  a,  b>  c,  & c.  and 

A -4-  B : n -4- 1 x A wax  h 
B -4-  C i n “4“  i x B b ic 

C *“4*“'  D * Hr*  i x C I’  r 
and  becaufe  ^ : B '•>  B : C ::  C : D,  &c. 

A 5 “4~  2 x • • Zi>  -f-  C » ti  -4~  i x B * * C D * u *4"  2 ^ C,  &c.} 

or  a : b ::  b : c ::  c : d>  &c* 


468.  Cor,  If  elafticity  be  equal  to  the  refiftance  made  to 
eomprdlion,  n—iy  and,  fubftituting />  and  q for  the  velocities  of 
. mB  g 

A and  B after  impact,  p = a — and  q — mg  =±=  b.  Let 

elafticity  be  f,  &c.  of  the  refiftance,  or  n = I,  f,  I,  &:c.;  and  p — 

1 a ~~  c^=  &c-  and  — fg  — &>  \g. 


a 


A 5 


=±=  b,  &c,:  if  therefore  g and  » be  given,  the  ratio  of  the  re- 
lative velocities,  or  of  a =*=  b : q — p may  be  found ; and  v : v,  if 
the  ratio  of  the  relative  velocities,  and  As  B,  a,g  be  known,  the 

m B g 


degree  of  elafticity,  or  n}  may  be  found : for  p — a 


A 


and 


Bg 


q = z±zb  -j-  mg,  and  the  ratio  of  q — f (=t  b ■ — a -J-g  -+-  ~ x m) 


: a — b is  a given  ratio,  and  confequently  m (n  -f-  j)  is  known, 


469.  Cor.  4.  The  converfe  of  prop.  (461)  is  true,  and  if  the 
products  of  A and  B into  the  fquares  of  their  velocities,  be  the 
fame  before  and  after  impact,  the  force  of  reftitution  is  equal  to 
that  of  compreffion ; and  generally  if  the  products  of  A and  B 
into  that  power  of  the  velocity,  whofe  exponent  is  any  number  r, 
be  fuppofed  equal  before  and  after  impact,  the  relation  between 

the  forces  of  elafticity  and  refiftance  may  be  found : for  a — — 

==  p and  b -f-  mg  = q,  and  by  folving  the  equation  A x ar  -f- 

A a.  b x 


T% 
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b x y 


Ax  a — 


m B g 


A 


Bx±:  h ■+•  mgY,  m , and  confequently 


n may  be  found. 


470.  Lemma.  If  two  [pert  cal  bodies  A and  B move  from  A and  B 
at  the  fame  time , with  velocities  which  are  to  each  other  as  a : b,  or  AC 
: BD,  /<?  find  a plane  that  Jhall  touch  both  bodies  at  the  point  of  im - 
paid* 


Join  and  defcribe  the  parallogram  AH,  whofe  fides  are  AC 
and  AB'}  join  D II,  and  from  C , as  a center,  defcribe  a circular 
arc,  with  a radius  equal  to  the  femidiaters  of  the  bodies,  cutting 
DH  in  L \ draw  LE  parallel  to  AC,  and  EF  parallel  to  the  line 
joining  C and  L,  and  the  bodies  will  at  the  fame  time  be  in  E and 
F,  and  a plane  perpendicular  to  EF  will  touch  both  bodies  at  the 
point  of  impadt;  for  DE  : EL  or  FC::  DB  : BE.  ox  AC,  and 

DB : DB  =±=  DE  or  BE : : AC : AC±  FC  or  AF, 
and  DB  : AC ::  BE  : ::  b : a,  and  BE,  AF  are 

therefore  defcribed  in  the  fame  time  by  B and  A,  and  becaufe  EF 
— CL  — the  fum  of  the  femidiameters  of  the  bodies,  they  will  be 
in  contact  at  P,  with  a plane  perpendicular  to  EF.  QJE.  I. 


1.  Lemma.  If  two  fperical  bodies  A and  B inpinge  obliquely , to 
determine  the  velocities  lojl  by  A and  gained  by  B,  and  the  velocity  of 
each  after  impctSi . 


Cafe  1.  Suppofe  A and  B to  be  inelaftic,  and  to  meet  in  D,  and 
LI  to  be  a plane  in  contadt  with  both  the  bodies,  and  the  velocities 
to  be  FD  and  GD . Refolve  each  velocity  into  two,  FL , and  GM, 
perpendicular  to  the  plane,  and  DL,  DM,  parallel  to  it:  DL  and 
DM  are  not  affedted  by  impadt,  and  FL,  GM,  are  diredtly  oppo- 


site to  each  other. 


Taking  therefore  DH  = 


Ax  FL  — Bx  GM 
A + B 


(448), 


0 


by  OBLIQTJE  IMPACT. 

(448),  and  D m,  Dl  refpectively  equal  to  DM,  DL,  A and  B will 
defcribe  the  lines  D^DR  refpectively. 


Cafe  2.  If  A and  B be  either  perfectly  or  imperfectly  elaftic,  they 
will  be  redetSted,  and  the  velocities  DE,  DH  be  equal  refpedtively 

2BxFL  + GM 


to  FL 


A+B 


and  — GM  -+- 


2 A x FL  -t-  GM 

A +-B (453)- 


taking,  therefore  1);^  = DM  and  Dl  — DL,  A will  be  refleftecL 
along  DK,  and  B along  DP  5 for  the  velocities  DM,  DL  remain 
after  impadf,  and  thefe,  compounded  with  DH  and  DE  refpective- 
ly, will  'make  A and  B defcribe  the  diagonals  of  parallelograms^ 
whofe  fides  are  DE,  Dl,  and  DH,  D nu  QvJE,  L 

V 


472.  *Le  MM  A.  Do  find  the  fpontaneons  center  of  converpcn  of  the 
particles  P and  without  gravity,  or  a point  about  which  the  right 
line  S R,  adhering  to  thofe  particles , begins  to  revolve,  when  imprejfed 
perpendicularly  by  a force  F,  aiding  at  a point  F which  is  not  the  cen- 
ter of  gravity  G •_ 


Let  p q S be  a new  pofition  of  SR,  infinitely  near  to  the  former3 
and  the  point  S is  evidently  ftationary  whilft  P and  ^defcribe  the 
fmall’  fpaces  Pp  and  4>  y : but  Sfx  F^j  P x FP  ::  Bp  : (443) 

::  SP  or  SF  + FP  : Sgfor  SF  — F^  and  gfx  Fgfx  SF  — i^x 

P x FP2  -4-  <P  x F9Z 

Ft2  = P * FP*  + P x FP  x SF,  and  SF  = 

p x fp2  + f$t  ' n 

— p+^xfG  • ^ ' * 


473.  Cor.  1 . Whilft  F ads  at  the  fame  point,  the  point  S is  always 

. . , r_  . r PxFP2-p9xF9~ 

the  fame  whatever  be  the  magnitude  of  F,  became  — • — — — 

i -f-  t 

is  a given  quantity.  . 

474,  Cor. 

* Philof.  Tranf,  for  1780,  pa g.  550,  where  this  fubjeft  Is  treated  with  great  perspicuity*; 
by'  Mr,  Vince, 

A a 2. : 
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474.  Cor.  2.  To  whatever  point  of  g>JP  the  fame  force  F be  ap- 
plied, the  incipient  motions  of  i^and  P or^x  + P x P p,  are 
invariably  the  fame  (2d  law  of  motion);  and  consequently  the  ve- 
locity of  the  center  of  gravity,  or  Gg,  is  always  the  fame  as  if  both 
particles  were  placed  at  G and  afted  upon  by  the  lame  force  F9  for 


P x Pp  + 4>x 
P+<(  ~ 


(406). 


FIG. 

CXLV, 


475.  Cor.  3.  If  SUR  be  a material  Surface  compofed  of  the  par- 
ticles A,  B}  C,  &c.  and  a force  F aft  in  the  line  PF  placed  in  the 
Surface,  and  perpendicular  to  a line  SG  drawn  through  the  center  of 
gravity  G,  each  particle  will  receive  an  impulfe  in  a direction  paral- 
lel to  PF  (2d  law  of  motion);  and  becaufe  G is  not  affefted  by  the 
aftion  of  the  particles  upon  each  other,  it  will  move  in  a right 
line  (440),  and  the  center  ©f  Spontaneous  converfion  will  be  in 
Some  point  of  the  line  SG  perpendicular  to  PF.  Let  S be  that 
center,  and  the  whole  plane  will  begin  to  revolve  about  S ; but  if 
a force  i^equal  to  F were  to  aft  in  an  oppofite  direftion,  all  mo- 
tion would  evidently  be  deflroyed,  and  confequently  the  combin- 
ed force  of  every  particle  in  the  Surface  (revolving  round  S,  which 
refults  from  the  aftion  of  F),  to  make  it  revolve  about  F and 
deftroy  the  aftion  of  ^ would  be  equal  to  nothing,.  But  the  force 
of  any  particle  A — A x SA  multiplied  into  the  perpendicular 
diftance  of  its  direftion  from  F — A x SA  x F m,  or,,  becaufe  (let- 
ting fall  S a perpendicular  to  SF)  Fm  : Fn  ::  S a : SA,  and  Fm  = 


F 72  x S a 
SA 


and  A x SA  x Fm  — A x Fn  x S a — A x S a x SF — Sn 


AxS ax  SF  — AxSAz:  and  by  a fimilar  pmcefs  B xS FxSF—* 

A xSA2  B xS  Bz  &c* 


B x S B2  = B% s force : confequently  SF 
AxSAz  + BxSBz  & c. 


Ax  Sa  + B xW&c. 
If  S be  the  center  of  fufpenfion,  F 


A + J3&c.  x S G 
will  therefore  be  the. center  of  ofcillation  (art.  512) 


476,,  Cor* 


0 
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476.  Cor.  4.  KpqS  be  the  next  pofition  of  SR,  and  xz  be 
drawn  parallel  to  it,  P has  been  progreffive  through  xp,  and  Qre- 
greflive  through  zq,  fubtending  an  angle  at  g equal  to  that  at  S * 
The  initial  motion  of  the  center  of  gravity  is  not  affected  by  the 
unequal  motions  of  P and  ^ becaufe  their  adions  upon  it,  or 
P x.pg  and  qg  are  equal  and  oppofite,  and  the  motion  of  G 
is  confequently  rectilineal  and  uniform  (ift  law  of  motion) ; and 
becaufe  the  incipient  angular  motions  of  P and  Q^about  g conti- 
nue to  be  uniform,  it  is  evident  that  when  the  angle  G Sg  would 
become  equal  to  four  right  angles,  or  P and  Qhave  made  one  re- 
volution  .round  g,  Gg,  the  line  defcribed  by  the  center  of  gravity, 
would  be  equal  to  the  periphery  of  a circle  whofe  radius  is  S G. 

V 

477.  Prop.  Let  a body  B,  be  impelled  by  a force  F,  adding  in  the 
dir  eel  ion  F D not  p offing  through  its  center  of  gravity  G,  to  define  its 
motion . 

Through  G draw  a right  line  SR  perpendicular  to  FD  pro- 
duced, and,  if  S be  the  fpontaneous  center  of  converfion  of  the 
plane  furface  SUR,  every  particle  will  receive  an  impulfe,  and 
begin  to  move  in  a direction  parallel  to  this  furface  (2d  law  of 
motion),  and  confequently  to  revolve  round  an  axis  palling  through 
S perpendicular  to  it.  And  if  the  parts  of  every  fedtion  of  the 
body,  perpendicular  to  DF , on  each  fide  of  the  plane  SUR , be 
fimilar  and  fimilarly  fituated,  the  plane  of  converfion  S UR  will 
not  be  affefted  by  either  the  progreffive  or  rotatory  motion  of  the 
particles:  for  their  effects  upon  SUR , arifing  from  their  progref- 
five motion,  are  as  the  fums  of  the  produdts  refulting  from  the 
multiplication  of  each  particle  into  its  diftance  from  this  plane, 
which  are  equal  and  oppofite;  and  if  p and  q be  two  equal  parti- 
cles, fimilarly  fituated  in  any  plane  perpendicular  to  DF,  their 
effects,  arifing  from  their  rotation,  being  meafured  by  the  produdt 
of  each  particle  into  the  diftance  from  the  axis,  will  be  in  that 
plane,  and  equal  and  oppofite  to  each  other.  Confequently  the 
incipient  plane  of  rotation  remains  unaltered,  and  if  a right  line 
be  drawn  through  G,  perpendicular  to  the  plane  SUR,  every  par- 
ticle 
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ticle  will  move  round  this  line  as  an  axis,  w hi  lit  G moves  uni- 
formly in  a right  line. 


478.  Cor.  1.  In  a body,  B,  revolving  by  the  action  of  a force  im- 
pelling it  in  a diredion  not  palling  through  the  center  of  gravity, 
the  diftance  of  the  fpontaneous  center  of  converfion  from  the  in- 
terfedion  of  Fs  diredion  with  a right  line  palling  through  the  cen- 
ter of  gravity,  that  is,  SD  is  equal  to  the  fum  of  the  particles  mul- 
tiplied into  the  fquare  of  the.  diftance  of  each,  divided  by  B mul- 
tiplied into  SG. 


i<  1 G. 
CXLV, 


479.  Cor. 2.  A x SA2~AxSG2-{-  GAZ~ j-  2SG  x G #(Euc.B.2.P.  1 2}- 
B x SB2  = Bx  SG2+GB2  4-  2 SG  x Gb 
C xSC2  = CxSG2+lJC2  + 2 SG  xGc 


DxSD2—DxSG2-hGD2—2SGxGd,  Sec. 
and,  becaufe  Ax  2SG  x Ga  -j-  B x 2SG  x Gb  -!-  Cx  2SG  x Gc  — D 
x 2 SG  xGD,  See.  = o,  A x SA*  ■+■  B x SB 2 + Cx  SC2  -+-  Dx  SD 2 
= A x SG2  xGA 2 4-  B x SG 2 4-  GB2  4 -Cx  JG^+GC2,  Sec.-, 

therefore  SF=SG-\-GF: 


A xSG 2 4-  GA2  4 -BxSG2  + GB 2 


Sec, 


&c.;  and  FG 


A 4-  B 4-  C,  Sec.  x SG 

A,GA‘+.B,GB*  + C*GC1 


is  equal  to  a given 
other. 


usL  — |-  B — J—  C,  &C.  X S G 
ntity,.or  SG  and  GF  vary  inverfely  as  each 


fig.  480.  Cor.  3.  Becaufe  the  velocity  of  G is  the  fame  as  if  the  par- 
CXhV\.  tides  were  concentrated  in  G,  and  aded  upon  by  the  force  F,  the 
time  of  deferibing  the  angle  GSg  or  qgz  is  the  fame  to  whatever 
point  F be  applied  : but,  Gg  being  given,  the  angle  GSg  varies 
inverfely  as  SG,  or  directly  as  GF  (laft  cor.).  If  different  forces 
ad  at  the  fame  point,  Gg,  or  the  angle  of  rotation,  will  evidently 
be  as  the  magnitude  of  the  force;  and,  confequently,  the  angular 
velocity  will  vary  generally  as  Fx  GF,  or  as  the  magnitude  of 
‘the  force  multiplied  into  the  perpendicular  diftance  of  the  center 
of  gravity  from  its  diredion. 


481.  Prop. 


by  OBLIQUE  IMPACT. 

481.  PROP*  Let  a bodyy  whofe  quantity  of  matter  is  moving 
'with  a velocity  equal  to  V,  impinge  upon  the  body  B,  in  the  diredlion 
F C pafing  through  the  center  of  gravity  op'  Q *^to  find  the  velocity  of 
the  center  of  gravity > G,  of  the  body  B. 


Let  g be  the  velocity  of  G,  and  S the  fpontaneous  center  of 
converfion  of  B;  and  SG  : SD  ::  g : velocity  of  D,  which  is  there* 

fore  equal  to  V — ^ is  therefore  equal  to  the  velo- 

city loft  by  i^in  the  direction  F C,  and  (3d  law  of  motion)  §>jx 


V 


SD 


= B x gy  and 


^xFxSG  — SDxg 


SG 

£>jx  V x SG 


SG 


Bxgy  and 


S~B*.SG-h9x.SD'  QJ2-1' 


482.  Cor.  i.  If  the  bodies  be  perfedtly  elaftic3  the  velocity  of  G, 

c c.  . T 2 fi  x V x SG 

after  impact,  is  equal  to  7) — c " . 

1 x B x SG  + SD 


483.  Cor.  2.  Becaufe  the  velocity  of  after  Impaft,  is  equal  to 

S D x 

that  of  D,  or  to  or,  fubftituting  the  velocity  of  g,  equal. 

i^xFxSD  „ SD  . . r r , 

t0  5 x .SG  + ,7x  SD 5 * £ xSG  + 7 x SD  15  ' 'S  °fs  °f  VeI°’ 

city,  when  the  bodies  are  inelaftic,  which  is  equal  to 

— lofs  of  velocity,  and  confequently  velocity  after  impadlr, 

when  the  bodies  are  perfe&ly  elaftic,  is  equal  to  V — ffffcffi 

_ V*$jx.  SD  — By.  SG 
~~  ~ B x SG  + Z*  SD  ‘ 


\ 


igr 
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484.  Cor.  3.  If  FC  pafs  through  the  center  of  gravity  G,  of  the 
body  £>,  or  the  impact  become  direft,  SG  — SD , and  G’s  velocity 
2 ^xFxSG  _ . . Fx¥xSD—BxSD 

~ B CSG  + 4X  SG  J3  -+-  ^ ve!ocity  “ £ x SG  + J^x  ££> 

<0  _ ] j 

= F x -g  - and  rules  are  deduced  from  thefe  expreffions,  which 
are  the  fame  as  in  direct  impadt  before  inveftigated. 


485.  Cor.  4.  Becaufe  V—^rB  xg  (3d  law  of  motion)  g 
Q x V 

or  ^ie  pt'ogreffive  motion  of  B is  the  fame  upon  whateve 
point  of  B the  body  ^impinges. 


T 


486.  Cor.  5.  If  T be  the  magnitude  of  a body  placed  at  _D5t 
which  receives  the  fame  velocity  from  the  impait  of  that  was 
communicated  to  the  point  £),  and,  confequently,  the  velocity  of 

c O *n  1 i F 4L*  Fx  SD 

2 , arter  impact,  will  be  equal  to  = B~FSG~-h  ^xYD'  anci 

^ x S G 

T = Hence  if  the  direction  does  not  pafs  through  the 


center  of  gravity  of  SK  find  the  diftance  of  the  fpontaneous  center 
of  converfion  of  r,  and  its  center  of  gravity  I,  and  a body  whofe 

si  , 

magnitude  is  equal  to  i^x  — impinging  directly,  would  have  the 

fame  effect  upon  B>  whofe  velocity  confequently  may  be  eftimated 
as  above. 
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4T 

487.  Def  ■T,m.  center  of  per  cujjion  of  a body , or  fyflem  of  bodies,  is 
v ci  point,  which  being  flopped  by  an  immoveable  ob facie, 

the  body  or  fyflem  is  perfectly  quiefcent . 


If  A,  B,  C , &c.  be  particles  of  a body,  or  bodies,  wliofe  centers  of  fig, 
gravity  are  the  points  A,  B , C,  &c.  connected  by  inflexible  lines,  and  CXLV1If 
moving  with  equal  velocities,  in  diredtions  parallel  to  any  right  line 
DN,  an  immoveable  obftacle  oppofed  to  the  center  of  gravity  G in 
the  direction  ND  will  deftroy  all  motion.  For,  when  G is  flopped, 
each  particle  will  endeavour,  by  its  inertia,  to  proceed  in  the  line  in 
which  it  was  moving,  with  a moment  equal  to  the  produdfc  of  its 
quantity  of  matter  and  velocity;  and,  if  any  plane  be  drawn  through 
DGN , the  effort  of  each  particle  to  communicate  motion  to  it  va- 
ries as  its  moment  multiplied  into  its  perpendicular  diftance  (279)* 

But,  the  velocities  of  A,  B , C3  &c.  being  equal,  the  fums  of  thefe 
efforts  to  move  the  plane,  on  each  fide  of  it,  are  equal  (409),  and 
being  oppofite  they  confequently  deftroy  each  other,  arid  A , B , C, 

&c.  are  perfectly  quiefcent.  If  different  bodies,  or  particles  of  the 
fame  body  A,  B , C,  &c.,  whofe  relative  fituation  is  unchangeable,  F 1 G. 
revolve  about  an  axis  palling  through  any  point  S , and  a plane  CXLVIIt' 
be  drawn  through  their  center  of  gravity  G perpendicular  to  the 
axis,  each  particle  will  defcribe  a plane  parallel  to  this  plane, 
their  angular  velocities  will  be  equal,  and  their  lineal  velocities 
will  be  as  their  perpendicular  diftances  from  the  axis  of  fufpen- 

fiom 


* Simpfon’s  Fluxions,  pag.  210. 
'5« a.  VL 


Lyons’s  Fluxions,  nap,  244.. 


Emerfon’s  Mechanics, 
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fiorn  And  if,  as  before,  a plane  be  drawn  through  G,  parallel  to 
the  axis,  the  fums  of  the  moments  of  A,  B>  C,  &c.  multiplied 
into  their  perpendicular  diftances,  on  each  fide  of  this  plane,  are 
not  equal,  becaufe  the  velocities  are  not  equal ; and  confequently 
if  G be  flopped,  A,  B , (7,  &c.  will  not  be  quiefcent.  But  the  late- 
ral efforts  to  move  the  plane  paffing  through  S G perpendicularly 
to  the  axis,  being  fuppofed  equal,  it  is  evident  that  the  center  of 
percuffion  will  be  in  S G. 


488.  Prof.  Let  A,  B,  C,  &c.  be  p articles  of  a bodyy  revolving 
9 about  an  axis  pafijing  through  the  point  S,  it  is  required  to  find  the  center 
of  percuffion . 


a* 

w 


Let  Ay  B,  Cy  &c.  be  the  places  of  the  particles  reduced  to  th 
plane  paffing  through  S G,  perpendicular  to  the  axis,  by  let- 
ting fall  perpendiculars  from  them  upon  its  and  let  A’s  mo- 
ment or  [A  x SAy  becaufe  its  velocity  is  as  SA}  be  reprefented 
in  quantity  and  direction  by  Ap  perpendicular  to  SAy  and  re- 
folved  into  two  forces  Aq  perpendicular,  and  pq  parallel  to  SG. 
The  whole  moment  of  A : its  force  perpendicular  to  SG::  Ap  {A 

n a\  a a a n / r*  • i\  , A -A  X S J~i.  X S Cl 

x 8 A)  : Aq  ::  8 A : S a (urn.  triangles),  and  Aq = 

= A x Say  and,  fuppofing  P to  be  the  center  of  percuffion,  the 
efficacy  of  A to  communicate  motion  to  P is  equal  tc  its  perpen- 
dicular moment  multiplied  into  the  diftance  at  which  it  afts  = 

8 A* 


Ax  8 a x Pm  = Ax  Sax  S P — Sm  = A x S a x SP 


S 


a 


Ax  Sax  SP — A x SA2.  By  a fimilar  procefs  it  appears,  that 
the  efficacy  of  B,  C,  &c.  to  communicate  motion  to  P,  is  B x S b 
X SP  — B x SBzy  C x SC2  — - C x S c x S P,  &c.;  and,  becaufe  P 
is  quiefcent,  thefe  forces  are  equal  on  each  fide  of  it,  or  Ax  S a x 
SP  — A x SA2  + B x S b x SP  — B x SB2  = C x SC2  — C x Sc 

n T)  J c CD  AxSA2+BxSB'+CxSC2 

x SPy  and  conlequently  SP  — 


A x S a -I-  B x S b + C x S c 


&c. 


Q^E.  I. 


489.  Con 
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m 


489.  Cor. r.  Becaufe  A x Sa  -+-  B x S3  + Cx  Sc, he.  = A+'B+C, 

x „„  - AxSA'+BxSB'+CxSC  , 

Scc.x  SG  (410),  SP=  4+B  + c>  te:7SG-~-SK- 


490.  Cor.  2.  The  diftancs  of  the  center  of  percuffion  from  the 

r . , AxGA'+BxGB'  + CxGC* 

center  of gravrty,  or  GP,  is  equal  to  Zjrg+i,te.  * SG~ ’ 

-&C.  (479)- 


491.  Cor.  3.  In  the  fame  body,  or  fyftem  of  bodies,  5,  C9 
&c.  zf+S  +77,  &c.  x £G  x G P = A x GA%  -P  B x GBz-hCx 
GC\  &c.  £G  * GP  is  aifo  a given  quantity,  wherever  the  point 


err  r 1 1 1 i f Ax  GAZ  A-  B x G Bz 

or  fuipenfion  be  placed,  became -j — 8cc,  is  given  1 

Al  —J—  JTJ  ^ OC  v * 

and  it  S G be  infinitely  great,  or  the  velocities  of  A,  B,  C,  &c.  be 
equal  to  each  other,  GP  is  evanefeent. 


492*  Cor.  4.  If  a circle  be  deferibed  from  G as  a center,  with  a 
radius  equal  to  SG,  and,  the  plane  of  motion  remaining  as  before, 
the  points  of  fufpenfion  be  in  different  points  of  the  periphery  of 
this  circle,  the  diftance  between  the  centers  of  gravity  and  percuf- 
fion. will  be  invariable ; for  SG  being  given,  GP  is  given  (lad  con) 


r 1 r . j AxSA2  B x SBZ 

493.  Cor. 5.  If  particles,  whole  magnitudes  are  — 


>z  i 


SPZ 


C x SC2 


concentrated  in  P,  the  fame  angular  velocity  will 


be  generated,  in  thefe  particles,  by  a force  F a cling  for  a given 
time,  and  in  A,  B,  C,  &c.  at  their  refpeftive  diftances  SA,  SB , SC\ 
&c.  For,  let  X , T,  Z,  &c.  be  refpeftively  in  equilibrio  with  A,  B} 
C,  &c.  and  their  moments  are  inverfely  as  their  perpendicular  di- 
ftances (272),  or  A x SA  ; X x S P ::  S P : SA,  and  A x SAZ  — X' 

B b 2 ’ x SP% 


jgo  CENTERS  of  PERCUSSION, 

A V Q 

x SPY  and  X=  — ^-p— . By  a fimilar  procefs  it  is  proved 
_B*SB>  „ C x SO 

■***•"*  n rr*  j it  1 1 U ' /'i  tu  0 

r o -r 


494.  Cor.  6.  A pendulous  body  moving  with  a given  angular 
velocity,  will  have  the  greateft  effedt  upon  another  body  againfl: 
which  it  impinges,  when  the  point  of  impadt  is  the  center  of  per- 
culfion ; for  in  this  cafe  all  its  motion  is  communicated.  But 
when  the  direction  of  impadt  does  not  pafs  through  this  center,  it 
will  have  a lateral  motion,  or  endeavour  to  continue  its  rotation* 

495.  Cor.  7.  If  the  points  Ay  By  C,  &c.  and  G be  reduced  to  any 

plane  perpendicular  to  the  axis,  and  the  center  of  percuflion  be 

fuppofed  to  be  in  this  plane,  its  diftance  from  the  axis  of  fufpen- 

lion  is  found,  by  fubftituting  the  diftances  of  their  places  in  this 

plane  from  the  axis,  inftead  of  SA , SBy  &c.  in  the  expreffion 

AxSA'+BxSB*  c 
— ______ atc 

A + j B,  &c.  xG/S  1 


496.  LEMMA.  The  velocity  V,  generated  in  a body  whofe  quantity 
of  matter  is  Q ^by  the  action  of  a conflant  force  F,  for  a given  timey 
will  vary  as  the  force  directly  and  quantity  of  matter  inverfelyr* 


DEM.  Let  Vy  Fy  be  variable,  and  it  is  evident  that  Fwill  be 
encreafed  and  diminilhed  in  the  fame  ratio  with  F diredtly,  and  in 
the  fame  ratio  with  which  the  inertia  or  (pag.  63.)  ^is  diminifhed 


and  encreafed  $ 


or  V varies  as 


QJE.  D. 


497.  Cor.  Becaufe  the  velocity  is  equal  to  the  moment  of  a 
body  divided  by  its  quantity  of  matter,  if  m reprefent  the  quantity 
of  motion  generated  in  a given  time  by  i'V  or  the  numeral  product 

of 
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of  the  velocity  and  quantity  of  matter  in  a given  body,  V will  al- 
ways be  equal  to  — . 


498.  Prop.  If  any  conji  ant  force  F aSi,  for  a given  time , perpen-  fig. 
dicularly  upon  the  line  S V,  at  the  point  V,  and  S V and  the  particles  CXLVHI* 
A,  B,  C,  &c.  ivhofe  center  of  gravity  is  G,  are  conneSled  to  an  axis 
pafjing  through  a fxed  point  S,  the  velocity  communicated  to  the  point  V 
....  • F x S V1 

ivill  be  as  a * SA*  + B x S B1  -fr-  c x S C1’  C c‘ 


c r ...  t , r . , AySAz  BySB& 

DEM.  Suppofe  particles*  whore  magnitudes  are — —gy—* 

Cy.SC1 

,&c..to.be  concentrated  in  V>  and  they  would  be  in.equilibrio 

with  A,  j 3,  C,  &c.  refpe£lively  (493),  and  confequently  equally  refill 
the  aftion  of  F.  But  the  velocity  generated  in  thefe  particles,  colledh- 

F F 

ed  in  V,  is  as  <^(4.96)>  or  as  fixSA1  + B x SB1  -+-  Cx  SC*’ &c’  or  as; 


FxSF1 


AxSA'-bBtSP+Cx  SC 


. (fE.  D, 


499.  Cor.  1.  If  m,  as  before  (497))  reprefent  the  abfolute  quan- 
tity of  motion  generated  by  Fin  a given  time,  then  the  velocity  of 

m x S V% 


V 


AySAx^r  B y$Bl  + Gx  SC 


, &c* 


coo.  Cor.  2.  Becaufe  all  points  defcribe  equal  angles  at  the 
axis,  in  equal  times*  the  velocity  of  V is  to  the  velocity  of 
\A  SV  : SAy  and  the  velocity  of  A velocity  of  V x SA  — 
m x S V x SA 


Ay.  8 A 


x S IP  + cTJc>  and  by  a fimiiar  Procefs» the 

velocity 
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velocity  of  B 


tnx  SVx  SB 


A x SA*  + BxSB1-t-Cx  SC 
m x SV 


*1  > See* 


velocity  tfC—-AytSA>  + £ xSB'  + Cx  SC 1 ’ &C* 


50 1.  Cor.  3.  The  angular  velocity  of  a body,  being  as  It'S  lineal 
velocity  diredtly  and  diftance  inverfely,  the  angular  velocity  of  A,  or 
• tn  x S V 

= AxSA>  + BxSB*  + C xSC> ’ &C<  And  the  moment 

of  a body  being  meafured  by  the  quantity  of  matter  and  velocity, 
the  fum  of  the  moments  communicated  to  Ay  B,  C,  &c.  will  be 

. SA  + B x S B C x S Cy  &c.  x m x SV  . 

equal  to  AxSJ*+  BxSB*-i-Cx  SC*  (laft cor>)»&c* 


FIG. 

CXLIX. 


502.  Cor.  4,  If  A,  By  C,  &c.  be  coliedled  in  any  point  L , the 
quantity  of  motion  generated  in  them,  in  a given  time,  by  the  adtion 

r . n £ 7-,  yjr  • t SLx  mi 

ot  the  conftant  force  r at  F is  equal  to  — ====== 

A "4“  B -f-  C}  6tc.  X S Ll 


(5°°) = 


AY.SA-hBxSB-’rCx  SC,8cc.Xm\SF 


, &c.  and  con- 


a?x  SaT-p-  S x SB1  + Cx  SC1 

fequently  SL  — ~AxsA-^-B  xJB-GC-i-SC,  See.  1 but  Af'SA 

-j—  B x S B "f"  C x S C = A — f-  B — C,  &c.  x S G,  and  S L =: 
A*  SA'-hBx  SB'-{-CxsC' 

,, „ — , &c.,  and  L is  the  center  of  per- 

A ~jr~  B C)  See.  x u G 

cuffion.  If  therefore  any  fyftem  of  particles  be  concentrated  in  the 
center  of  perculfion,  the  quantities  of  motion  generated  in  them,  in 
a given  time,  placed  in  that  point  and  at  their  refpefrive  diftances, 
SA>  SB)  See.,  by  the  action  of  F at  any  point  V , are  the  fame. 


SCHOLIU  M. 

503.  In  the  preceding  propofition  and  corollaries  A,  B,  C,  See. 
are  fuppofed  to  be  unaffected  by  gravity,  and  motion  to  be  com- 
municated 
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municated  by  fome  conftant  external  force  F,  which  is  only  re- 
filled by  their  inertia;  but  the  rules  inveftigated  are  applicable 
when  F is  the  force  of  gravity,  or  that  force  a£ls  in  conjunction 
with  F:  for  during  an  infinitely  fmall  time  the  force  of  gravity 
may  be  confidered  as  conftant.  If  a fyftem  of  bodies  A , B , C,  &c. 
whofe  center  of  gravity  is  G,  be  fufpended  from  an  horizontal 
axis  palling  through  S,  the  fum  of  their  efforts  to  defcend  is  the 
fame  as  if  they  were  collected  in  G,  and  they  will  therefore  de- 
scend till  SG  be  perpendicular  to  the  horizon.  In  any  other  po- 
fition  of  SG,  let  GL  reprefent  the  force  of  defcent  in  a direction 
perpendicular  to  the  horizon,  and  be  refolved  into  two  forces,  GE 
touching  the  arc,  and  EL  in  the  direction  of  SG.  EL  is  the 
tendency  from  S,  and  GE  is  that  part  of  the  whole  force  of  gravity 
which  produces  a rotation  about  S , and  may  be  deemed  conftant 
whilft  G defcribes  an  infinitely  fmall  arc,  and  is  to  be  added  to, 
or  fubtr-afiled  from,  F , according  as  they  confpire  with,  or  oppofe* 
each  other. 


C E N T E R of  GYRATIO  N.. 

504.  Def.  The  center  of  gyration  of  a body , or  fyftem  of  bodies , A, 
13,  C,  &c,  is  a point  Y,  in  which , if  A + B-f-C,  &c.  be  collected , the 
fame  angular  velocity  will  be  generated,  in  a given  time,  by  any  con* 
Jlant  force  F,  aiding  at  any  point  V in  a given  direction,  whether 
A 4-  B + C,  &c.  be  collected  in  Y,  or  be  at  their  original  difiances 
SA,  SB,  SC,  0c* 

t \ * 

505.  Prop.  To  find  the  center  of  gyration  of  the  particles  A,  B,  C, 
&c.  which  are  connected  to  an  axis  p fifing  through  the  point  S,  and 
preferve  their  relative  filiation* 


Let  SA,  SB,  S C,  &c«  be  the  perpendicular  diftances  of  A,  B , C, 
&c.  from  the  axis;  and,  fuppofing  the  quantity  of  motion  gene- 
rated by  Fs  in  a given  time,  to  be  m,  their  angular  velocity  is  equal 

to.* 


1 99 


FIG, 

CL, 


FIG. 
CLIi . 


CENTERS  of  PERCUSSION, 


to 


m 


xSV 


A x Sd*  + 5 x SB*  + CxSC"  &c*  ^0I);  and>  when  S 
-4-  C\  &c*  are  concentrated  in  2",  their  angular  velocity  = 

M ‘ ^ • But,  from  the  definition  of  the  center  of 


A ~f“  B -4—  C3  &c.  x s 

m x 5 V 

gy ra tion,  ^ + Bx  5JS2,  &c. 


m 


xSV 


a- f-  ^ + c x a?  r 2 


, and 


e AxSA2^BxSB2-hCxSCz,&:c.  , ,.n 

/j  / — — ~ ^2  | | ^tq  3 and  *S  / — the  diftance 


of  the  center  of  gyration  from  5 = y; 

&c. 


dtixSA'-b  B xSBz  -4-  C ^SCZ 


A -j—  B -1-*  (7,  &c. 


506*  Cor.  1.  If  therefore  p — a particle  of  a material  furface 
or  body,  B,  d = its  perpendicular  diftance  from  the  axis  of  fufpen- 
fion  paffing  through  5,  the  diftance  of  the  center  of  gyration  from 

dz  x p 

•the  axis  is  equal  to  the  fum  of  all  the  —jg  • 


507.  Cor.  2.  If  any  part  of  a fyftem  of  particles  A , B,  &c.  be 
collected  in  their  center  of  gyration,  the  center  of  gyration  of  the 
whole  fyftem  will  continue  the  fame ; for  the  fame  force  will  com- 
municate an  equal  angular  velocity  to  A and  B and  A B placed 
in  their  center  of  gyration.  A,  B,  C,  &c.  may  confequently  be 
confidered  as  bodies  of  any  magnitude,  whofe  centers  of  gyration 
are  the  points  A , B,  C,  &c.  refpeftively. 


508.  Cor.  3.  Becaufe  A-t-  B C>  Szc.  x S Tz  — Ax  SAZ  -f5x 

.S Bl  C x S C2,  &c.  = A -f - B ~{-  CxSGxSP  (489)}  therefore 
JST*  = SG  x SP,  or  the  diftance  of  the  center  of  gyration  from 
the  axis  of  fufpenfion  is  a mean  proportional  between  the  diftances 
of . the  center  of  gravity  and  the  center  of  percuffion  from  that  axis. 


509,  Con 


FIG 


FIG.CXLVII. 


FIG.CXLIIX. 


F1G.CXLVI. 


ZQX 
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509.  Cor.  4.  If  a fyftem  of  bodies  A,  Bs  C,  &c.  whole  fum  = ^ 
eonnefted  as  in  this  propofition,  be  ftruck  by  a given  moment  at 
the  point  in  a direction  perpendicular  to  a line  SV3  drawn  from 
V through  the  center  of  gravity  and  perpendicular  to  an  axis 
palling  through  S>  their  angular  velocity  may  be  found:  for,  let  T 
be  the  center  of  gyration,  G the  center  of  gravity,  and  the  angular 
velocity  of  A , B , C,  &c.  is  the  fame,  whether  ^ be  collected  at  T] 

, , . 0 . i^x  SG  x SP  ai 

or  a body  equal  to  - -g,  y—  (409),  or  o — be  directly 


oppofed  to  the  impinging  body  at  the  point  V.  But  A + B C, 
&c.  or  i^being  given,  and  alfo  the  quantity  of  matter  and  velocity 
of  the  (hiking  body,  the  velocity  of  ^L,may  be  found  by  the  com- 
mon rules  in  the  direct  impact  of  bodies  (449).  And  the  arc  de- 
fcribed  in  a given  time  by  and  the  diftance  SV , being  known3 
the  angle  which  it  fubtends  may  be  found.  The  converfe  of  this, 
or  the  velocity  of  the  impinging  body,  may  be  found,  if  its  quan- 
tity of  matter,  and  ^and  its  velocity,  be  given* 


510.  Cor.  5.  In  a given  fyftem  of  bodies  A , B}  C,  &c.  whofe 

center  of  gravity  is  G,  if  a circle  be  defcribed  from  G as  a center 

with  any  radius,  and  the  center  of  ftifpenfion  S be  in  its  periphery, 

the  diftance  of  the  center  of  gyration  from  S is  always  the  fame  5 

r Ci  A x SAZ  “4“  B x S Bz  -4-  C x & C2,  &c.  «... 

for  0 T — — — Fry — g'7~ — , which  is  a given 


quantity  (412). 


A -4-  B C3  dec, 


51 1.  Cor,  6.  If  the  periphery  of  a circle,  compofed  of  the  par- 
ticles A , B , C,  &c.  were  to  revolve  about  an  axis  perpendicular  to 
its  plane  and  paffmg  through  its  center,  the  center  of  gyration 

• n i • ,1  * i r n 'v-  B -4~  C,  &c.  x rad.2 

will  be  in  the  periphery 3 for  ST=  w ; ’ — = - 

* A v v ZL  —f”  "4“  Cj 

radius.  The  angular,  velocity  is  therefore  the  fame  as  if  all  the 

matter  were  collected  in  any  one  point  of  the  periphery  j and  if 

all  the  matter  in  a gyrating  body  is  to  be  placed  in  die  center  of 
gyration  T3  it  may  be  placed  in  any  point  of  the  periphery  of  a 

C c circle 


FIG. 

CLU 
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FIG. 

CLIi. 
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circle  whofe  radius  is  ST,  or  collected  into  two  equal  portions,  and 
placed  in  two  points  diametrically  oppofite  to  each  other,  and 
whofe  diftances  from  S — ST-,  for  then  the  center  of  gravity  will 
be  in  and  there  will  be  no  lateral  motion. 


CENTER  of  OSCILLATION. 

512.  Def.  The  center  of  of  dilation  of  a body , or  fyflem  of  bodies , 
A,  B,  C,  &c.  conned ed  to  an  axis  puffing  through  S,  and  moving  by  the 
adion  of  gravity,  is  a point,  in  vehicle , if  the  body  or  fyftem  be  colleded \ 
it,  and  A,  B,  C,  &c.  placed  at  their  original  diflances  SA,  SB,  SC, 
&c.  will  dejcribe  equal  angles  at  the  axis  in  the  fame  times , 


513.  Prop.  Suppofe  A,  B,  C,  &c,  to  be  particles  of  a body  conned - 
ed  to  an  horizontal  axis  pafjing  through  S,  and  aded  upon  by  the  force 
of  gravity  in  a diredion  parallel  to  the  vertical  line  S V,  to  find  their 
center  of  of  dilation . 


Let  SGO  be  drawn  in  the  plane  defcribed  by  the  center  of  gra- 
vity G,  and  O be  the  center  of  o ('dilation,  and  the  lines  SO,  SA, 
SB , &c.  will  defcribe  equal  angles  at  the  axis  in  equal  times.  If 
the  weight  of  A,  which  is  as  A (234),  aded  perpendicularly  to  SAs 
its  moment  would  be  A xSA:  let  this  be  reprefented  by  Ap,  per- 
pendicular to  the  horizon,  and  refolved  into  two,  Aq  perpendicu- 
lar to  SA , and  qp  parallel  to  it,  and  this  laft  being  loft,  A q is  the 
only  efficient  part  of  A's  moment.  But  Ap  (Ax  SA)  : Aq  SA 

A r . , . . . A x SA  x Aa 

: A a (fun.  triangles)  and  Aq  — = A x Aa^  5 and 

the  angular  velocity  of  A generated  in  a given  time  is  (501) 

^ X — ^7,  &c.  By  a fimilar  procefs  the 

- C X u 0“ 


A x SA1  -+-  B x SB- 
angular  velocities  of  B , C,  &c.  generated  in  the  fame  time,  are 

* This  follows  immediately  from  (279),  for  Aa  is  equal  to  the  perpendicular  let  fall 
from  the  center  of  motion  upon  the  direction  of  J’s  weight. 
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i j fee., 


» &c’ 


A^SA'+B*SB'+CxSC-* — ’ AxSA*+BxSB?+CxSC 

When  A-\-B~hC,  &c.  are  concentrated  in  O,  the  angular  velocity 

. ,j  , A-\-  B -\-C, &c. x Oo 

of  O generated  in  the  fame  time,  would  be  as  ^ .xSO* 

= W>  = SGisd  (fim*trian0 : therefore  ^XjS^.+fiXlSfi.+Cxisc. 

= but  Ax  Aa — B x Bb—C  yCc  — A-t-B-t-C,  &c.  x G^, 

oCt  x oO 

. _ AxSA>+BxSB'+CxSC* 

and  confequently  by  fubftitution,  k>0  — — A -^'bGA'^.c  xSG  * 


V 

514.  Cor.  1.  The  distances  of  the  centers  of  ofcillation  and  per- 

„ , . , , , . , A x SA%  4-  B x 

cuilion  from  the  axis  are  equal,  each  being  equal  to  - 


A *4~  B "4"  G 


SB2  4 Cx  SC‘ 


&c.,  and  confequently  SGxGO  equal  is  to 

X 0 o 

x GAZ  -4“  5 x G B2  . . 10^  \ n • ri 

— ^ o \~r~%r n &c.  (490),  ana  SG  and  GO  are  mverfeJy  as 

A 4”  B —j”  G occ. 

each  other.  If  S G be  infinitely  great,  or  A , B,  C,  &c.  move  with  1 
equal  velocities  in  parallel  lines,  GO  is  evanefcent,  or  the  centers  j 
of  gravity  and  ofcillation  coincide. 


515.  Cor.  2,  If  any  number  of  particles  be  connected  to  an  ; 
axis  and  revolve  round  it,  retaining  their  relative  fituation,  by  the 
action  of  a force  whofe  direction  is  in  the  plane  of  motion  and 
perpendicular  to  the  axis,  the  time  of  defcribing  any  given  angle 
is  the  fame  as  if  they  were  concentrated  in  O and  urged  in  the  • 
fame  direction  by  the  fame  force ; and  the  points  where  the  forces 
aft  are  transferred  from  A,B3  C3  &c.  to  0.  But  in  the  center  of 
gyration  T,  the  fame  force  is  fuppofed  to  act  at  the  fame  point,  » 
when  Ay  B , C,  &c.  are  placed  at  their  refpeftive  diftances  S'A>  SB,  , 
S C3  &c.  and  concentrated  in  T. 


C c 2 


51:6.  Coro  '. 
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516.  Cor.  3.  If  A,  B , C,  &c.  be  bodies  compofed  of  any  num- 
ber of  particles,  let  /,  my  n be  the  refpedlive  diftances  of  their  cen- 
ters of  gravity,  and  y>,  y,  ra  the  diftances  of  their  centers  of  ofcil- 

, . r . . . n _ . , . . , / x p x A -I-  m x q x B 

lation  from  the  axis,  and  SO  will  be  equal  to  — ' ^ 

1 A-\-  B-*r  C,6cc. 


-F  x r x C 
x SG 


: for  let  a,  b,  cy  be  particles  of  Ay  E,  C,  and  x,y,  z , their 

refpeftive  diftances  from  the  axis,  and,  by  this  proportion,  SO  — 
film  of  all  the  a xx2  ~ f-  fum  of  b xyz  -p  fum  of  c x z2 

" SG  xjt+B  + C ~ but  the  fumS 

ci  x x 2 b x y 1 2 c x z 2 

tSa'  mxB’  ITxC  are  refPeaively  e<luaI  to  P>  r>  and 


of  all  the 


confequently,  the  funis  of  a x v2  ~p  b xy2  4-  c x £2  = p x lx  A -p 

/x/)X^-f?x/;/xi>  + rx^xC 


qxm  x E -P  r x n x C,  and  SO 


A -P  B -p  C3  6cc. 


F i G.  517.  Cor.  4.  If  Ay  By  C}  confifting  of  a number  of  particles,  were 
cxlviii,  ufge(j  a Conftant  force  E at  the  point  E,  as  in  (498) : let  q,  r,  sy 

.&c.  be  particles  in  A,  UyV,  &c.  particles  in  B}  and  x9yy  zy  &c.  par- 
ticles in  Cy  and  A-q~br-\~Sy  &c.,  B — t -P  u + vy  &c.,  C = v ~ P 
y + 2}&c.;  and  the  velocity  communicated  to  Em  a given  time  is  as 

Ex  <SE2 


yx5y2+rx*SV2-4-ixS52,6cc.-p/xbV2+^><;b'/r,&c.  -p#x,&2~H^x»Sy2,6cc/ 

but  if  Pyp}  7T  be  the  centers  of  percuflion,  and  G,  g,  y the  centers 
of  gravity  of  A>  E,  C,  &c.  refpeftively,  then  (489) 

y x £ y2  -P  r x «SV2  ~p  5 x 6'  j2,  &c.  = SPxSGxA 


txSt2  + uxS  u2-\~vxSv2y&cc.  = S p x Sg  x E 
x x ‘S’v2  x + z x S 2P, &c.  =z  S x S y x C;  and  the 


velocity  of  Eis  as 


E x SVZ 

SP  x SG  x A A-  Sp  x Sg  4-  B+S  7?x  SyxC  * 


FIG.  518.  Prop®  If  O be  the  center  of  ofcillation  when  the  axis  oj 
CL!1L  fufpenfion  pajfes  through  8,  the  point  S will  be  the  center  of  ofcillation 
when  the  axis  of  fufpenfion  pajfes  through  O,  the  plane  of  motion  being 
fuppofed  to  be  unaltered . 

Dem. 


0 
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Dem.  When  S is  the  point  of  fufpenfion,  the  diftance  of  the 
center  of  ofcillation  from  the  center  of  gravity  G,  or  GO  — - 

^xiG'+^xBff+CxCG'  & , \ i i *, 

— , &c.  (ci a);  ana  when  the  axis 

J + B + C,&c.x5G  ° 

pafles  through  O,  the  diftance  of  the  center  of  ofcillation  from 

y.  si G1  -j-  B x B G1  „ r i tip 

&c.;  and  conlequently  iGxGO 


G = D = 


A-i-B  + CxOG 


= D x GO  and  SG  = D,  and  the  diftance  of  the  center  of  ofcil- 
lation from  0 — GO.  Q^E.  D« 
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519.  .Cor.  1.  If  two  circles  be  defcribed  from  G as  a center 
with  the  radii  GS  and  GO,  the  diftances  of  the  centers  of  ofcilla- 
tion from  the  points  of  fufpenfion  would  be  the  fame  in  whatever 
parts  of  the  peripheries  they  were  placed  ; for  SG,  or  GO  being 
given,  the  other  is  given  (491),  and  conlequently  the  times  of 
defcribing  equal  angles  at  the  axis  will  be  equal,  if  the  points  of 
fufpenfion  be  any  where  in  thefe  peripheries. 


520.  Cor.  2.  If  the  axis  of  rotation  paiTed  through  the  center 

of  gravity  G,  and  T were  the  center  of  gyration,  GTl  would  be 

, A*  x GAZ  +jBxGBj+CxGC  n ^ 

equal  to + C " \5°5)  = * GO,  and 

confequently  GO  is  a third  proportional  to  SG  and  GIT . 


521.  Cor.  3.  Becaufe  SG  x GO  is  a given  quantity,  SG  + GO 
Is  the  leaft  poffible  when  the  peripheries  of  the  circle,  whofe  radii 
are  SG  and  GO,  meet  in  T,  becaufe  in  that  fuppofition  SG  — GO 
(note  to  458).  And  becaufe  in  this  cafe  SO  is  the  leaft  poffible, 
the  time  of  defcribing  a given  angle  at  the  axis  is  the  leaft  poffible. 
But  becaufe  GO  encreafes  as  GS  decreafes,  the  time  of  defcribing 

a given 


CENTERS  of  PERCUSSION,  &c* 

a given  angle  at  the  axis  decreafes  and  arrives  at  its  limit  when  V 
and  S coincide  in  the  center  of  gyration  Ty  and  no  point  of  fu- 
fpenfion  can  be  affumed,  where  the  time  would  not  he  greater 
than  when  the  axis  pafies  through  Y*  As  GS  encreafes  from  G T ' 
to  infinity,  GO  is  diminifhed  without  limit,  and  the  time  of  de~ 
fcribing  a given  angle,  whether  the  axis  paffes  through  S or  O,  is 
perpetually  encreafech 


RECTILINEAL  MOTION  of  BODIES, 
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522,  Lemma.  J^F  a fde  AB  of  a right-angled  triangle  ABC  be  di- 
vided into  very  fmall  equal  parts , A b3  b c,  cd,  d e, 
&c.  and  reCl angular  par allelograms  be  defcribed  upon  them  about  the 
triangle , the  fum  of  the  rectangles  is  equal  to  the  area  of  the  triangle , 
when  A b,  b c,  &c.  are  di  mini  fed  without  limit « 


FIG, 

CLIV. 


For  the  difference  between  the  triangle  and  the  fum  of  the 
rectangles,  is  the  fum  of  the  triangles  A l m+m  np-\-p  q r,&c.  which 

is  equal  to  — — = o when  va-nifhes.  QH£.  D, 


523.  Prop.*  If  a quiefcent  body  be  acted  upon  by  a con  ft  ant  force  in 
the  fame  right  line,  and  any  right  line  AB  represent  the  time , and  LM, 
perpendicular  to  it,  the  velocity  communicated  in  the  time  AL,  the  [pact 
defcribed  in  the  time  AL  will  vary  as  the  triangle  A LM, 


Dsm.  Let  AB  be  divided  into  very  fmall  equal  parts  Ab , be, 
cd , &c.  and  let  the  forces  aft  only  at  the  beginning  of  each  part, 
and  the  velocity  confequently  during  each  will  be  uniform.  If 
the  velocity  communicated  at  A be  reprefen  ted  by  bm , the  incre- 
ments communicated  at  b,  c , d,  &c.  will  be  each  equal  to  bm,  and 
confequently  LM  encreafes  in  the  fame  ratio  with  AL,  and  AM 
is  a right  line.  But  the  fpaces  defcribed  in  the  particles  of  time 

\ A b, 

* Kell’s  Phyfics,  Left.  XT.  Graves,  Left.  I.  Ch.XIV.  Mufchenbroek,  Ch.VT.CLVIir. 
Cotes  de  Defcenfu  Graviam.  Morgan’s  Notes  to  Rohault,  Maclaurin’s  Phil.  Difc.  B.  II. 
Ch.  V.  Emerfon,  p.  5,  &c. 
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Ab,b  c,  c d,  e f,  See.  are  as  the  rectangles  A m,  bp,  c r,ds,  &c.  (107), 
and  the  whole  fpace  defcribed  in  the  time  A L,  is  as  the  fum  of 
thefe  reStangles,  which,  when  Ab,  be,  c d,  &c.  vanifh  and  the  force 
acts  inceffantly,  are  equal  to  the  triangular  area  ( ALM ).  QTi.  D* 


524.  Cor.  1.  If  the  velocity  and  time  be  reprefented  by  V and 
T,  and  be  divided  into  very  finall  increments  Vf  and  T",  whofe 
number  is  n,  V — n x V and  T — n x CI\ 


525.  Cor.  2/  If  V,  T and  v,  t reprefent  correfponding  velocities 

V T 

and  times,  V : v ::  T : t and  — = — * and,  if  for  v a number  of 

v t 

<y  xf 

feet  uniformly  defcribed  in  t feconds  be  fubftituted,  V=- — ~ 
will  be  the  number  of  feet  defcribed  in  f by  the  velocity  V* 


526.  Cor.  3.  'Whatever  be  the  magnitude  of  the  conftant  force, 
the  ipace  defcribed,  S , will  be  reprefented  by  a triangular  area, 
and  confequently  S,  or  the  fpaces  defcribed  by  the  action  of  differ- 
ent conftant  forces,  are  generally  as  V%  T,  and,  when  numbers  are 

y x 

fubftituted  for  Fand  T,  S is  equal  to  the  product  of — 9 In 

2' 

the  fame  conftant  force,  the  triangular  areas  ALM  and  AB  C are 
always  fimilar,  and  V and  T are  direfUy  as  each  other,  and  con- 
fequently S is  as  V2  or  L2.  If  therefore  the  time  be  divided  into 
equal  parts,  the  fpaces  defcribed  in  thefe  times  are  as  the  odd 
numbers  i,  3,  5,  7,  &c.;  for  the  fpaces  defcribed  in  j,  2,  3,  4,  &c. 
parts  of  time,  are  as  1,  4,  9,  16,  &c.  and  confequently  the  fpaces 
defcribed  in  the  ift,  2d,  3d,  &c.  alone  are  as  1,  3,  5,  7,  &c. 

527.  Cor. 

# This  equation  may  be  deduced  from  finding  the  fum  of  an  arithmetic  progrefiion : let 

2. 

V and  T'  be  increments  of  V and  T,  and  S — 1 -J-  2 -{-  3 -4-  4 . . . n x V T'  — — x V T 

2 

(becaufe  n is  infinitely  great,  and  confequently  vanifhes  compared  with  *4)  — ~ 
rxT 


2 
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527.  Cor.  4.  The  fpace  which  is  defcribed  in  any  time  T from 
a Rate  of  reft,  is  half  of  that  defcribed,  in  the  fame  time,  with  the 
laft  velocity,  V , continued  uniform : for,  in  the  fir  ft  cafe,  the  fpace 
FxT 

= (526),  and,  in  the  fecond,  the  fpace  = fxT(  107). 

2r  c * 


528.  Cor,  5.  If  a body,  projefled  with  any  velocity,  be  a fled 
upon  by  a conftant  force,  in  a direction  oppofite  to  its  motion,  it 
will  be  uniformly  retarded:  for  the  force  will  evidently  deftroy 
equal  parts  of  velocity  in  equal  times.  A body  therefore  pro- 
jected with  the  laft  acquired  velocity,  will  afeend  to  the  point 
from  whence  it  fell,  and  the  velocities  in  the  afeent  and  defeent 
are  the  fame  at  the  fame  point.  And,  if  bodies  be  projefiled  with 
different  velocities  and  refilled  by  the  fame  conftant  force,  the 
time  that  elapfes,  T,  till  the  velocity  be  deftroyed,  will  vary  as  the 
velocity  of  projedlion  F -}  the  fpace  will  vary  as  the  fquare  of  the 
time  Tz}  or  fquare  of  velocity  Vz ; the  fpaces  defcribed  in  equal 
portions  of  time,  will  be  as  the  odd  numbers  in  a retrograde  or- 
der 7,  5,  3,1;  and,  whether  thefe  retarding  forces  be  the  fame  or 

fxT 

different,  the  fpace  will  vary  as  V y T,  and  be  equal  to  • 


SCHOLIUM. 

529.  At  the  furface  of  the  earth  the  force  of  gravity  is  conftant, 
for  a body  defeends  through  16^  feet  nearly  in  the  firft  fecond,  and 
confequently  acquires  a velocity  that  would  make  it  deferibe  32- 
feet  uniformly  in  i";  and  this  is  found  to  be  the  velocity  commu- 
nicated in  every  fucceeding  fecond.  Any  of  thefe  quantities, 
fpace  defcribed  5,  velocity  acquired,  or  time  T,  being  known^  the 
others  may  be  difeovered, 

i.  The  proper  meafure  of  velocity  is  the  fpace  uniformly  de- 
fcribed by  it  in  any  given  time:  if  therefore  a body  fall  by  the 
force  of  gravity  for  tf\  and  acquire  a velocity  which  would  make 

D d it 
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it  defcribe  V feet  uniformly  in  i",  V and  32  are  the  proper  mea- 
fures  of  the  velocities  communicated  in  f and  1"  (106),  and  V : 
32  ::  t" : 1"  (525),  and  V — 32  x f.  If  t = 2,  3,  4,  &c.  feconds, 
F=  2 x 32,  3x32,  4x32,  &c.  feet  refpedtively. 


2.  If  or  the  number  of  feet  uniformly  defcribed  in  T,  by  the 
velocity  acquired  in  falling  for  an  unknown  time,  be  given,  this 

V 

time  may  be  found ; for  it  is  equal  — feconds.  If  V z=z  192  feet, 

3 2 

the  time  of  falling  =j=  = 

32 


6" 


3.  If  T be  the  fpace  defcribed  in  falling  tJ\  16  : Y:\  i2 : f2  (526), 
and  16  x fz  feet.  If  t = 2,  3,  4,  &c.  feconds,  Y — i6x22, 
i6x32,  16  x 42,  &c.  feet  refpeftively.  Or  T may  be  found  by 
knowing  the  velocity  (F)  at  the  end  of  the  defcent  1 for  T:  36  :: 

1 6 x Vz  3 6 x V2  V2 

Vz  : 322,  and  T — — =r—  == = 7-7  feet.  If  V — 192 

J 32J2  4X16)2  64  * 

feet,  T = = 576  feet,. 


4.  If  r,  or  the  number  of  feet  defcribed  in  falling,  be  known, 
the  time  of  defcent,  and  velocity  acquired,  may  be  found;  for 

T=  16  x and  confequently  t"  =. . If  T=  576  feet,  ? = 


— = — = 6 feconds.  And  becaufe  2"  = F = s/Ty.  8, 
^ 4 4 64 

If  2~  = 576  feet,  7 = v/576  x 8 = 24  x 8 = 192  feet. 


530.  Prop.  If  bodies  be  aSied  upon  by  different  conjlant  forces , the 
velocities  communicated  will  vary  in  a ratio  compounded  of  the  forces 
and  times. 


Let 
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Let  S}  V , Ty  reprefent  force,  velocity  and  time,  and  be  fuppofed 
variable,  and  it  is  evident  that  the  velocity  will  be  encreafed  and 
diminifhed  in  the  fame  ratio  with  both  the  force  and  time,  and, 
thefe  being  independent  of  each  other,  V will  be  as  F x T.  QJE,  D. 


531.  Cor.  1.  V therefore  is  as  F x T,  and  if  F be  compared  with 
the  force  of  gravity/,  or  any  other  known  force,  capable  of  gene- 
rating a velocity  equal  to  v in  the  time  t,  then  V : v F x T :/x 


, V FxF 
and  - = -7 , 
v * j x t 


v 

532.  Cor.  2.  Becaufe,  in  all  conftant  forces,  the  fpace  varies 
generally  in  a ratio  compounded  of  the  velocity  and  time,  and  the 
velocity  varies  generally  as  the  force  and  time  5 the  following  ana« 
logies  are  general : 

V 2 

S is  as  Vx  T,  or  as  F x T2,  or  as  — 5 


cr  • 5 J~S 

T varies  as  p.,  or  as 


r 

s 


V varies  as  or  as  s/ S x F;  and 


V S V * 

F varies  as  ov  a.s  y=-2,  or  as  . 

If  numbers  be  fubftituted  for  V,  F,  and  F-,  or  the  number  of  feet 
defcribed  in  a given  time  i,  by  the  action  of  any  conftant  force  F, 
be  fubftituted  for  the  force ; the  number  of  feet  which  would  be 
uniformly  defcribed  in  this  given  time  i,  by  the  velocity  acquired  in 
the  time  T,  = V;  and  T = the  number  of  parts  of  time  each  equal 
to  t,  contained  in  the  whole  time  in  which  the  velocity  is  com- 
municated: then  ( 106)  V and  2 F are  proper  meafures  of  the  ve- 
locity acquired  in  the  times  T and  1,  and  F:  2?::  T:  1 (525)  and 
y — 2 F x T;  and  fubftituting  this  value  of  V in  the  general  equa- 
V x 1 \ 

tion  (S  = — - — ),  the  following  general  equations  are  deduced: 

D d 2 $ = 


l 
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T= 

V— 


VxT  „ ^ V*  c 

- = F x CIZ  = — ,,  feet; 

2 4 F 

~y  = equal  portions  of  time, eachofwhich  is  equal  to  i;and 

2S_ 

T “ 


\/5xqF  feet. 


533.  Cor.  3.  Thefe  equations  and  analogies  are  applicable  to 
all  accelerating  and  retarding  forces,  fuch  as  gravity,  and  to  all 
refiftances  that  are  conftant  and  produce  equal  decrements  of  ve- 
locity in  equal  times*  If  the  motion  of  a ball  fhot  into  a bank  of 
earth  or  piece  of  wood,  be  uniformly  refilled,  and  the  magnitude 
of  this  refiftance  compared  with  gravity,  and  the  velocity  of  im- 
pact, be  known ; the  depth,  or  fpace  through  which  it  moves  be- 
fore all  motion  is  deftroyed,  may  be  difcovered;  and  vice  versa*. 


F 1 G. 
CLV. 


534.  Prop.  If  a body  defcend  down  an  inclined  plane  AB  by  the 
a 51  ion  of  a conftant  force  F,  whofe  dir  eft  ion  is  perpendicular  to  any  right 
line  B C ; F will  be  to  that  part  of  F which  makes  the  body,  defcend , as 
the  radius  to  the  fine  of  the  plane's  inclination  to  B C. 


Dem.  Let  any  given  line  LM,  perpendicular  to  BC\  reprefent 
the  conftant  force  F,  in  quantity  and  direction,  and  be  refolved 
into  two  forces,  LN  parallel,  and  MN  perpendicular,  to  the  plane:; 
MN  is  deftroyed  by  the  reliftance  of  the  plane,  and  LN  is  the 
only  part  of  F that  communicates  motion  to  the  body;  therefore 

F: 


* EXAMPLE.  Suppofe  a refinance  were  equal  to  the  refinance  of  gravity  F , when  a 
body  is  proje&ed  perpendicularly  upwards,  multiplied  into  any  number  n , and  all  mo- 
tion were  deftroyed  in  t" , then  S (being  equal  to  the  force  multiplied  into  the  fquaie  of 
the  time)  ~ » x 16  X tz»  If  the  velocity  of  proje&ion  were  fuch  as  would  make  a body 

» vel.2,  \ 

defcribe  f feet  in  a fecond  uniformly,  then  S (bein?  equal  to  — ) — - 

J 4 X force/  4 x n X 16 


r 


n X 64  * 


If  the  fpace  defcribed  and  force  be  known,.. then  the  time  is  equal  to  y/ - 


X 16 


and  the  velocity  « v' 5 x « X 64  feet. 
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F : that  part  of  F which  makes  the  body  move  (A)  ::  LM : LN 
AB  : AC  (fim.  triangles)  ::  rad. : fin*  of  L.ABC*  Q^E.  D, 


535.  Cor.  1 . F is  to  that  part  of  F which  is  deftroyed  by  the 
reaction  of  the  plane  as  LM  : MN ::  AB  iBC  (fim.  triangles) 
radius  : cof  <LABC>  and  confequently  the  part  of  F , deflroyed  by 

the  refiftance  of  the  plane,  = which  is  conftant 

upon  the  fame,  or  parallel,  planes,  and  upon  different  planes,  not 

bale 

parallel,  varies  as  the  pcngtj1  > if  Ebe  given. 


F x AC 

536*  Cor.  2.  Becaufe  the  accelerating  force  LN=  A — ' 9 

and  F is  given,  A is  conftant  upon  the  fame,  or  parallel  planes, 
and,  upon  different  planes,  inclined  in  unequal  angles  to  B C,  it 

H 

varies  as  the  height  divided  by  the  length,  or  as  7 , calling  H the 
perpendicular  height  and  L the  length. 


53 7.  Cor.  3.  Becaufe  the  force  upon  the  fame  plane  is  conftant, 
the  analogies  and  equations  in  (52 6)  are  applicable  to  the  motion 
of  a body  upon  the  fame  plane;  and  the  analogies  and. equations 
in  (532)  obtain  when  bodies  move  upon  different  planes.  If  BC 
be  horizontal,  and  F be  the  force  of  gravity,  then  the  fpace  de- 


fcribed  upon  the  plane  in,  Tl  — S . = A x T"2  — F xA2  x 


H 


(S36)  = 


16  Tzx  H 
L 1 


V 


2 F xT'xH 


32  T"x  H_ 
L ~ 


L 

8 x YU 


£eet ; and  T"  = 


Vx  L L 

32  x H 4 x v/5‘ 


538.  Becaufe  the  fpace  defcribed  is  generally  as  the  force  mul- 
tiplied into  the  fquare  of  the  time  (532),  the  fpaces  that  are  to 

each , 
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each  other  as  the  forces  mu  ft  be  defcribed  in  the  fame  time,  or 
when  S is  as  F,  Tis  given.  If  therefore  two  bodies  defcend  at  the 
fame  inftant,  one  down  the  plane  A B , and  the  other  in  AC  per- 
pendicular to  BC,  and  CP  be  drawn  perpendicular  to  AB,  P and 
C are  cotemporary  portions  of  the  bodies ; for  AP  : AC ::  LN : 
LM ::  A : F,  that  is,  the  fpace  is  as  the  force,  and  T2  and  T are 
FIG.  given.  If  the  diameter  AD  of  a circle  be  perpendicular  to  the 
horizon,  a body  will  defcend  through  it,  and  any  chord  AP  drawn 
from  its  extremity  A , in  the  fame  time,  becaufe  the  angle  AP D 
is  a right  one;  and  the  times  of  defcent  through  all  the  chords 
drawn  from  A are  confequentiy  equal  to  each  other. 

539.  Cor.  5.  The  velocities  acquired  in  falling  down  different 
inclined  planes,  are  as  the  fquare  roots  of  their  perpendicular 
heights ; for  V2  is  always  as  the  fpace  multiplied  into  the  force,  or 

L x H — 

fig.  as  Lx  Ay  or  as  — = — (536),  or  as  H , and  V is  as  v/JEZ  ; this  alfo 

CLV.  i-j 

follows  from  art.  537.  The  velocities  therefore  acquired  in  falling 
down  the  perpendicular  ACy  and  any  planes  A By  AEy  A Gy  &c. 
drawn  from  A and  terminated  by  the  bafe  C B,  are  equal  to  each 
other.  And  becaufe  V is  always  equal  to  2 A x T,  and  in  this 
cor.  A is  given,  the  times  of  falling  are  as  the  forces  inverfely,  or 
as  the  lengths  of  the  planes.  Or  becaufe  S is  as  V x and  Pis 
given,  T is  as  S,  that  is,  as  the  length. 


540.  Cor.  6.  The  times  of  defcending  through  different  planes 
are  as  the  lengths  directly  and  fquare  roots  of  the  heights  in- 
verfely; for  the  time  is  generally  as  the  fpace  defcribed  direCtly 


L 


L 


and  laft  velocity  inverfely  (532),  or  Tis  as  77,  or  as  -74=  (laft  cor.); 

v v H 


this  alfo  follows  from  art.  537.  The  times  therefore  of  defcribing 
different  planes,  equally  inclined  to  the  diredtion  of  Fy  are  as  the 
fquare  roots  of  their  lengths ; for  if  is  as  A ;Tirn.  triangles),  and 


confequentiy 


or  as 


s/  L or  T. 


541.  Prop. 
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541.  Prop,  The  velocity  acquired  in  falling  down  any  number  of 
contiguous  planes,  fuppofmg  none  to  be  lofl  in  pafjing  from  one  plane  to 
amt  her,  is  equal  to  the  velocity  acquired  in  falling  down  the  Jame  per- 
pendicular altitude . 

Dem.  The  velocities  acquired  in  falling  down  AB  and  EB,  AB 
-4-  B C and  EC  or  PC,  AB  + BC-\-  CD  and  PD,  or  down  the 
perpendicular  PR,  are  equal  (539).  QNLD. 

542.  Cor.  The  velocities,  acquired  in  falling  down  any  fyftems 
of  planes,  are  therefore  as  the  fquare  roots  of  their  perpendicular 
heights  j and  if  the  body  be  projected  from  D with  the  velocity 
acquired,  it  will  afcend  through  this  or  any  other  fyftem  of  planes 
to  the  fame  perpendicular  altitude. 

543.  Prop.  The  velocity  left  in  pafting  from  any  plane  to  the  next , 
is  to  the  whole  velocity  as  the  fine  of  the  angle  of  their  inclination  to  the 
radius . 


Dem.  Let  CB  reprefent  the  velocity  acquired  in  falling  down 
AC,  and  be  refolved  into  two,  CP  coincident  with  the  plane  CD , 
and  BP  perpendicular  to  it ^ and  this  laft  is  evidently  deftroyed 
by  the  refiftance  of  the  plane:  but  BP  : CB  ::  fin.  of  eLPCB  or 
L.PCA\  radius.  Q^E.  Eh 


544.  Cor.  1,  CB  : CP  (velocity  upon  the  plane  CD)  ::  radius  z 
cofine  of  z.  PCB  or  PCA . If  the  angle  AC D become  equal  to 
two  right  angles,  or  ACD  be  any  circular  arc,  CP  and  CB  coin- 
cide, or  the  velocity  loft  is  equal  to  nothing;  and  confequently  a 
body  moving  in  any  circular  arc  fuftains  no  lofs  of  velocity  by 
changing  the  direction  of  its  motion  ; and  a body,  projected  with 
the  velocity  acquired,  up  any  curvilineal  arc,  will  rife  to  the  fame 
height  from  whence  it  fell. 
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545.  Cor.  2.  If  ACD  be  any  circular  arc,  the  velocity  acquired 
in  falling  from  A to  D is  consequently  equal  to  that  acquired  in 
falling  through  the  fame  perpendicular  height;  and'  the  velocities 
acquired  or  deftroyed  in  defcending  or  afcending  through  two 
curve  lines  are  as  the  fquare  roots  of  their  perpendicular  altitudes: 
for  every  curve  may  be  confidered  as  confiding  of  an  indefinite 
number  of  inclined  planes. 

FIG.  546*  PROF.  The  times  of  defer ibing  two  fy ferns  of  inclined  planes 
CLVil*  anj  abed,  whofe  nnmber , inclinations , and  ratios  of  their 

lengths  are  the  fame , are  to  each  other  as  the  fquare  roots  of  the  lengths 
of  the  planes . 

Dem.  Becaufe  the  planes  are  equally  inclined  to  the  direction 
of  the  force,  the  time  of  falling  down  AB  is  as  \/ A B (540),  or 
as  YWi B,  or  V/ECr( hypoth.),  or  as  the  time  down  EB , or  EC ; and, 
dividendo,  the  time  of  falling  down  BC,  after  having  fallen  down  AB 

or  EB,  is  as  s/  AB\  confequently  the  time  of  falling  down  AB 

BG  is  as  s/  AB,  or  as  \/ A B -4-  BC,  &c. : for  from  the  fuppo- 
fition  s/ AB  : %/ ab  ::  s/ AB  -4-  B C : %/ a b + b c,  &c.  QHL  D. 

547.  Cor.  1.  The  times  of  deferibing  fimilar  parts  of  fimilar 
curves,  equally  inclined,  in  fimilar  parts,  to  the  direction  of  the 
force,  are  as  the  fquare  roots  of  their  lengths. 

548.  Cor.  2.  If  two  bodies  vibrate  in  fimilar  circular  arcs,  the 
times  of  performing  thefe  vibrations  are  as  the  fquare  roots  of  the 
lengths  of  thefe  arcs,  or  as  the  fquare  roots  of  their  radii. 

SCHOLIUM. 

549.  In  the  preceding  propofitions  and  corollaries,  inclined 
planes  and  bodies,  defcending  or  afcending  upon  them,  are  flip- 
pofed  to  be  without  any  afperities  upon  their  furfaces,  and  the 
bodies  are  fuppofed  to  move  by  the  adtion  of  a force  in  a given 

direction. 


’ 

/ 

, 

1 

s». 

% 

f 

*■ 
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dire&ion,  without  any  retardation  from  fridtion,  or  rotation  about 
an  axis.  In  this  fuppofition,  the  tendency  of  each  particle  of  a 
body  to  defcend,  when  impelled  by  the  force  of  gravity*  is  equal  to 

H 

the  particle  multiplied  into  and  the  tendency  of  the  body  W is 

H 

equal  to  W x and  is  the  fame  as  if  it  were  collefted  in  its  cen- 
ter of  gravity.  But  if  the  parts  of  W and  the  inclined  plane  ad- 
here together,  the  force  of  this  adhefion  muft  be  eftimated  and 
allowed  for  in  pradtice.  If  W be  a fpherical  body,  and  the  parts 
of  its  furface  in  contadt  with  the  plane  adhere  by  the  preffure  of 
W upon  it,  their  tendency  to  defcend  will  be  diminiflied  by  this 
adhefion,  and  confequently  they  will  be  regreffive  with  regard  to 
the  center  of  gravity  G,  and  revolve  round  it.  The  abfolute  ve- 
locities of  different  particles  in  W>  and  confequently  their  accele- 
rating forces,  are  different ; and  the  tendency  to  defcend  of  the 
center  of  gravity  is  diminifhed  by  this  motion  of  rotation  round 
it.  The  angular  velocity  of  every  particle  round  G is  the  fame, 
and  the  fame  as  if  all  the  particles  were  concentrated  in  their  cen- 

IV  x GT2 

ter  of  gyration  T ’ or  a body  whole  magnitude  is  - — Qffi — - were 
collected  in  A (498). 


550.  Prop.  Suppofe  the  fame  fpherical  body  to  fide  and  roll  down 
the  fame  inclined  plane , to  find  the  ratio  of  the  forces  aiding  upon  it* 


From  the  nature  of  the  circle,  the  initial  regreffive  velocity  of  the 
point  A is  equal  to  the  progreffive  velocity  of  the  center  of  the  fphere, 
or  center  of  gravity  G;  but  the  regreffive  velocity  of  a body  whofe 


IVxGT2 

magnitude  is  — — placed  at  A (laft  fcholium),  would  be  deftroy- 


ed  by  the  adlion  of  a force  in  a contrary  direction  equal  to  L’  ana 

in  this  cafe  G would  not  be  impeded  by  the  regreffive  motion  of  A, 
but  G and  A would  Aide  down  with  equal  velocities  $ confequently 

E e the 


FIG. 

CJLIXr 
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the  force  acting  upon  W when  it  Aides  : the  force  when  it  rolls 

■ ~~w  xGP  H II 

down  the  plane  ::  GA~2  xL'WxL'  ^E-  l 

551*  C°r*  If  the  center  of  gyration  he  found,  and  GT>  and 
GA  be  expreffed  in  numbers,  the  ratio  of  thefe  forces  will  be  ex- 
preffed  in  terms  of  the  w eight* 

SCHOLIUM. 

552.  In  the  communication  of  motion  by  the  external  applies-* 
cation  of  forces  fuch  as  impaeft,  protrufion,  &c.  their  magnitude, 
or  capacity  to  communicate  motion,  is  not  always  meafurable  by 
their  cotemporary  effects ; but  in  this  chapter  every  particle  of 
matter  is  fuppofed  to  be  impelled  by  a force,  fimilar  to  that  of 
gravity,  with  the  fame  intenfity  in  parallel  directions,  which  will 
confequently  communicate  the  fame  velocity,  or  change  of  velocity,, 
to  bodies  of  different  magnitudes,  whether  quiefeent  or  moving. 
The  magnitude  of  thefe  forces  at  any  inftant,  or  the  magnitude  of 
their  accumulated  action,  is  meafurable  by  their  cotemporary  effects, 
or  by  the  velocity  generated  or  deftroyed  in  equal  times;  for  the 
increments  or  decrements  of  velocity,  produced  in  equal  times,  by 
the  fame  conftant  force,  being  equal,  the  whole  velocity  is  en- 
creafed  or  diminifhed  uniformly ; and  when  the  forces  are  unequal,, 
the  changes  of  velocity  being  as  the  forces,  it  is  evident  that  the 
velocities  are  proper  meafures  of  the  intenfity  of  forces,  and  will 
vary  as  the  forces  multiplied  into  the  times  in  which  they  are  ge- 
nerated or  deftroyed.  And  the  magnitudes  of  variable  forces, 
whofe  intenfities  and  cotemporary  effects  are  perpetually  encreafed 
or  diminifhed,  are  meafured  at  any  inftant  of  time  by  their  con- 
ftant action  at  that  inftant,  or  by  the  velocities  which  they  would 
produce  in  the  fame  time  were  their  intenfity  conftant  during 
that  time;  and  the  magnitude  of  their  accumulated  actions  for 
any  finite  time  is  meafured  by  the  addition  of  thefe  cotemporary 

effects* 


553.  Prop, 
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453.  *Prop.  I/F,  V,  T,  reprefent  any  finite  variable  force , velocity 
and  time , refpe lively , and  V,  T,  be  any  f mall  changes  of  V and  T5  V 
«#//  vary  as  F x T. 

Dem.  The  force  F being  always  finite,  and  being  fuppofed  to 
encreafe  or  decreafe  according  to  the  fame  law,  an  encreafe  or  di- 
minution of  it  in  any  finite  time  mu  ft  be  finite,  and  confequently, 
in  an  infinitely  fmall  time,  evanefcent  compared  with  the  whole 
force  F,  which  therefore  may  be  confidered  as  conftant  during  the 
time  f in  which  V is  generated  or  deftroyed;  therefore  (530)  V 
varies  as  Fxf.  Q.J2.  D. 

554. "  Cor.  1 • If  V be  the  fluxion  of  the  velocity,  or  the  change 
of  velocity  generated  by  F at  any  inftant,  fuppofed  to  aft  con- 
jftantly  for  any  time  f>  V will  therefore  vary  as  Fxf 

. . ' V V 

555.  Cor.  2.  T is  therefore  as  p and  F as  and  the  relation 
of  any  two  being  known,  the  other  may  be  found;  and  becaufe  f 

S 

is  as  FFls  as  F x S. 


556.  Prop.  If  any  right  line  AS  reprefent  the  time , and  OR  be  as 
the force  at  any  point  O,  the  change  of  velocity  at  O will  be  as  the  area  AR. 

Dem.  The  increment  of  velocity  fr  is  as  Fxf  or  as  AB  x Ap 
or  as  Aq\  and  the  next  increment  of  velocity  is  as  ps>  and  the 
film  of  the  increments,  or  the  whole  change  of  velocity,  is  as  the 
fum  of  thefe  areas;  confequently  the  velocity  communicated  in 
the  time  AO  is  as  AR . QPE.  D. 


557.  Cor.  1.  If  the  time  in  acquiring  any  given  velocity  be 
known,  and  the  areas  AR  can  be  fquared,  the  velocities -commu~ 
mcated  in  any  other  time  AO  may  be  found;  and  vice  versa. 

55 8.  Cor* 

* Newt,  Pi  in.  Tom.  I.  Seft.  VII.  Euler’s  Meehan.  Ch.  IIJ- 


E 


P O 
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558.  Cor.  2.  If  the  force  P be  finite,  and  the  time  Ap  infinitely 
fmall3  the  increment  of  velocity,  yy  is  evanefcent;  becaufe  AB  x 
Ap  — a finite  quantity  multiplied  into  one  that  is  evanefcent  = 0; 
and  confequently  the  increment  of  velocity,  or  V,  is  infinitely 
fmall,  and  no  finite  change  of  velocity  can  be  generated  by  F in 
an  inftant, 

559.  Cor.  3,  If  the  body  afcend  or  defcend,  and  the  velocity  be 
as  the  time  in  which  it  is  acquired  or  deftroyed,  the  force  is  inva- 
riable; for,  from  this  propofition,  the  change  of  velocity  h as 
AR , or  as  AO  (hypoth.),  and  confequently  AR  is  a redtangular 
parallelogram,  or  OR  is  conftant. 

-*  - \ 

560.  Prop.  IfPO  reprefent  the  fpace  defer i bed  by  the  adlion  of  a 
force  tending  to  S,  and  the  ordinate  OR  ^ the  relative  magnitude  of 
the  force  at  the  point  O,  the  velocity , V,  acquired  at  O will  vary  in  a 
jubduplicate  ratio  of  the  correfponding  area  P R. 


Dem.  Let  Fy  Fy  S\  be  the  velocity,  force,  and  fpace  deferibed. 


S * 


refpeftively,  and  becaufe  V is  as  F x T (554),  and  ris  as  j -,  VV  is 


r 

V*  . 


as 


Fx  S,  or  as  P Bx  Pp,  and  the  fluent  of  VV,  or  — is  as 


the  fluent  of  PB  x P p or  PR,  and  V is  as  >/ PR.  Q^E.  D. 


561.  Cor.  1.  If  x be  the  diftance  of  the  moving  body  from  the 
center  of  force,  S,  and  the  force  be  as  any  power  of  the  diftance, 
whofe  exponent  is  n — i ; V P is  as  F x — x,  or  as  — at”-1  x,  and 

y 2,  mmsi  yn 

— is  as 1 + correction:  but  when  V — o at  P,  x = SP  = p 

2 n c- 

and  — = — ; therefore  the  correction  = - 
n n n 


5,62..  Cor. 


, and  V is  as  V p " — x". 
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562.  Cor.  2.  If  the  force  be  conftant,  or  n — 1,  then  V being 
as  s/p  — xn  is  as  y/p  — x,  or  in  a fubduplicate  ratio  of  the  fpace 
defcribed,  either  in  acceding  to  S from  a ftate  of  reft,  or  receding 
from  S till  the  velocity  be  deftroyed,  The  fluxion  of  the  time  sf 
is  as  the  fluxion  of  the  fpace  diredtly  and  velocity  Inverfely;  or  as 

" 1 X # — 1 ^ ® i) aBsaas>  *c)  * 

— x ~ * x f ~ X1  anc^  ^ *s  as  ~ — and  w"ien  T=  o, 

— , — ,«» 

~ — oj  therefore  Tis  as  the  fquare  root  of  the 


.v 


p,  and 


AT 


fpace  defcribed  from  reft,  which  coincides  with  art.  526, 


563.  Cor.  3.  If  the  force  vary  directly  as  the  diftance,  or  n = 2, 

then  V varies  as  y/p2  — xz,  or  as  the  right  fine  of  a circular  arc, 

defcribed  from  5 as  a center,  and  radius  equal  to  S P or  y>,  whofe 

verfed  fine  is  the  fpace  defcribed.  And  defcribing  this  circle,  the 

n * r 1 • a*  • S Oo  R n . r . . 

fluxion  or  the  time  T is  as  or  as  or  as  (11m,  triang.), 

PRD 

and  the  fluent  T is  as  the  fraction  - g jY>  which  is  a conftant  quan- 
tity. If  the  force  therefore  vary  direftly  as  the  diftance,  the  times 
of  defcent  to  S from  a ftate  of  reft  are  equal  wherever  P be  taken. 


5164.  Cor.  4.  If  the  force  vary  inverfely  as  any  power  of  the  di- 
ftance, or  n be  negative,  or  lefs  than  1,  let  this  power  be  expreffed 

/ — -j-f- r — - 

by  the  number  — m 1 ; and  V is  as 


m x x 


r 


m x p 


or  as 


Pm 


.m 


. If  the  force  be  inverfely  as  the  diftance,  or  m — o3 


V m x pm  xm 

this  expreffion  does  not  fhew  the  variation  of  velocity.  If  the  force 


be  inverfely  as  the  fquare  of  the  diftance,  or  m — 1,  Fis  as  ~1L 


x 


s/m  x px 

or  the  velocity  is  as  the  fquare  root  of  the  fpace  defcribed  direftly, 
and  inverfely  as  the  fquare  root  of  the  diftance  from  S, 


F 1 g*~ 

CLXIh 


565.  ProEo 
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565.  Prop.  If  the  ordinates  PB,  AL,  OR,  be  always  proportional 
to  the  forces  at  thofe  points , and  the  force  at  A,  continued  conjlant  through 
the  [pace  AM,  communicate  a velocity , V , equal  to  that  acquired  by  the 
body  at  Oj  defending  by  the  variable  force , the  area  P R will  be  equal 
to  the  redl angle  A N,  and  the  body  muft  have  fallen  from  P. 


Dem.  Letd  and  A be  the  fluxions  of  the  velocities  communicated, 
by  the  variable  and  conftant  forces  refpe&ively,  in  any  periods  of 


e> 

their  dcfcent  j and  v : V:\ 


PB x Pd  ALyAm 


(S55)» 


v * V 

and  vv  : Vyw  PB  x Po  : ALy  Am,  and,  taking  the 
fluents,  v2 : Vz  ::  PR  : AN.  If  therefore  v — Vy  the  areas  PR 
and  AN  are  equal,  and  the  body  muft  have  fallen  from  P. 
QJL.  D. 


566.  Cor.  r.  If  the  areas  PR  and  AN  be  equal,  the  velocities, 
acquired  by  the  afition  of  the  conftant  and  variable  forces,  whilft 
the  bodies  defcribe,  from  reft,  the  fpaces  AM  and  PO,  will  alfo 
be  equal. 


567.  Cor.  2.  Becaufe  the  areas  AN  and  PR  are  always  equal, 
when  the  velocities  at  M and  O are  equal,  their  increments  Or  and 
Mn  muft  be  equal;  and  if  F be  the  given  force  at  A,  and y — the 
fpace  defcribed  AM,  pxy  = Or  = 0 R % Oo  = the  force  at  0 
multiplied  into  the  fluxion  of  the  fpace. 


568.  Prop.  If  a body  be  attradled  towards  the  point  S,  by  forces 
which  always  vary  as  that  power  of  the  di fiance  whofe  exponent  is  n — 1, 
and  begin  to  move  at  any  given  difiance  S P,  it  is  required  to  afign  the 
velocity , V,  acquired  in  defcribing  any  [pace  PO,  fuppojing  the  magni- 
tude of  the  force  at  any  given  difiance  S A to  be  known . 


Let 
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Let  the  magnitude  of  the  force  at  A be  to  the  force  of  gra- 
vity as  F : i,  and  let 
SA  — - a, 


SP=p, 

SO  = xy  and,  from  the  fuppofition,  F:  force  at  any  point 

p x Xn~“l 

O ::  an~x  : and  the  force  at  0 = —^7 — * But,  if  y be  the 

fpace  through  which  a body  muft  fall,  when  a£ted  upon  by  a con- 
ft  ant  force  equal  to  F ; to  acquire  a velocity  equal  to  that  at  0T 

F x xn~l  — x 

from  (567)  Fxy  — — ; , and  the  fluents  are  equal,  or 

— Fxn 

Fxy  — — Hb  correflion;  but  when  Fxy  vanifh.es,  x = p7 

y x a J 1 


p x pn xn 

and  confequently  the  fluent  corrected  = - — r . But  if 

?t  x ci 


s 


be  the  fpace  defcribed  by  the  force  of  gravity  in  1",  or  any  other 
given  time  i,  and  the  force  of  gravity  be  exprefled  by  i,  V = 


4 sFy  = 


4 sFxp*  — x 


n x a 


■ feet  in  i"  CT  K.  I, 


569.  Cor.  1.  If  the  force  be  as  fome  negative  power  of  the  di~ 
ftance,  or  n — i = — m,  then  F : the  force  at  0 : : a~m  : x~m,  and 

77  v*  77  v v* 

the  force  at  O = — 5 the  fluxion  of  Fxy  — - — — - — and 


its  fluent 


a 

F x x'~m 


a 


— m 


m x a 


— m 


cor 


Fx  am 


Fa 


m 


711  X X 


m — 2 


m x p 


F x am  x p 


m — r 


xm~l 

and  V — y/ 


m x pm~ 


f\s  F x am  x p 


.m — i 


X 


m—  1 


I 


m x p 


m—i 


570.  Cor. 

^ Let  f—  the  force  of  gravity, 

s zz  the  fpace  defcribed  by  the  conftant  action  of f in  l‘‘  zz  ]6  feet  nearly,  and' 
qj  zz  the  velocity  acquired  in  falling  i ; and 

yr  : <v*  : : F Xy  :/X  s and  Vz  ~ — — — - ; but  if  fzz  i,  <v ■ = 2 / and  — 4 and: 

/ Y\  £■* 

¥ ~ A/  4 . / ,i  > 


22g 


I 
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570.  Cor.  2.  Becaufe  4 Pi  and  an~'  are  given  quantities,  V va- 
ries as  fpn  — x\ 

571.  Cor.  3.  If  the  body  defcend  to  the  center,  or  x = o,  and 
the  force  vary  according  to  any  direft  law  of  the  diftance,  or  in- 
verfe  law  lefs  than  the  Ample,  that  is,  if  n be  any  affirmative, 

whole  number,  or  fra&ion  lefs  than  unity, 

a real  finite  quantity.  Let  the  force  be  as  that  power  of  x,  whofe 
exponent  is  — •,  1,  2,  3,  &c.  or  n — 2,  3,  4,  &c.  and  V — 

AsJlpF1  /h l FE  /tsFxpj  / &c 

i x a—'x  * 2 x a * ^ 3 x az  ? v'  4x^3  1 c< 


572*  Cor,  4,  If  the  force  be  Inverfely  as  the  diftance,  or  n — o 
and  the  body  defcend  to  the  center,  as  before,  V - 


/%sFxp° 
v O x or1 


Is  Infinitely  great.  If  the  force  be  inverfely  as  the  fquare  of  the  di- 

F x^3,  x F ci2, 

fiance,  or  n — — i,  F xy  = — — rr~  and  Fy  j-  cor.  = 


Fit  F*xy-x  and  PS  % «=*.  From 

x p px  px 

hence  it  appears,  as  before  (564),  that  the  velocity  varies  as 

/^PP 

V'OS' 


573.  PROP.  Suppofe  a body  to  be  impelled  by  a force  varying  as  that 
power  of  the  dijlance  from  the  center  of  force  S,  whofe  exponent  is 
n — i,  it  is  required  to  ajfign  the  time  of  defcribing  any  fpace  P O,  fup- 
pofing  it  to  fall  from  a fate  of  ref. 


The  fluxion  of  the  fpace  s — V x f,  and  confequently  f is 
equal  to  the  fluxion  of  the  fpace  divided  by  the  velocity  = - 


x 

F 
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x x s/ nan~l 


x 


\/ 4 s F xpn  ~ xn 
i x sj n an~~l 


; and  the  time  Is  equal  to  the  fluent  of 


V< 4 sF  xpn  — xn 

T=  — x x 


•.  Or,  if  n — i be  negative  and  — ™ m%  then 


ffl— I *s 


i ~m  x p x 


4 $Fam  %pm  1 — x 


— , and  ST  — Its  fluent  Q^E.I 


574.  Cor.  1.  Let  the  force  vary  as  the  diftance  from  the  center 
of  force  > S',  or  ?i  — 2,  and  7 — \X  ^ x Into  the  fluent  of 

« V 

BMH 

-y — = core  — length  of  a circular  arc,  whofe  radius  is  unity 

\/  jj  ' x 

X 

and  right  fine  If  the  time  vanilh,  or  x — p,  the  cor.  = length 

p 

of  a circular  arc  whofe  radius  is  i and  right  fine  is or  i,  andthere- 

P 

fore  = a quadrantal  arc  ; confequently  the  time  of  defcribing  any 
fpace  TO  is  equal  to  x *nt0  a quadrant  — ^/f^xinto  the 

ill  S ^ Jt 

X 

arc  whofe  right  fine  is  the  radius  being  unity.  When  the  body 

defcends  to  the  center,  or  - = o,  the  time  is  equal  to  /■ — - x 

v 41/1 

into  a quadrant.  If  the  radius  of  the  circle  = r,  and  a quadran- 
tal arc  of  that  circle  = the  quadrant  of  a circle  whofe  radius 

(5)  m XT {l  •*) 

is  unity  = ^ and  the  time  of  defcent  to  S = ... /— rp  x a 


given  quantity. 


575.  Cor.  2.  If  the  force  vary  inverfely  as  the  fquare  of  the  di- 

4 '*F*Z*FE*  and  f- 


ftance  from  S,  then  V == 


F f 


P ^ 


X X 

X p 
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FIG. 

CLXVI. 


FIG. 

CLxni. 


/ P ■; 

V q.s  Faz 


X 


r 


X 


p 


and  T = v/— 5“ 
a:  v 4^^^' 


x into  the  fluent  of  4 x 


/ x 

Vtzl  — . With  $P  or  / as  a diameter,  and  from  the  center  C do 


p—x 


r 


fcribe  a circle,  and  the  fluent  of  x x / — - — is  as  the  area  PRS,  for 

W p — x 

this  area  = feftor  PCR  4-  the  triangle  SRC  = arc  Pi?  4-  fine  OP 


5P 


x — , and  the  fluxion  of  the  area  = Rr  + mr  (PR  -y  OR)  x 
4 

xxCR  . CO  ,r  . N , ixA; 

~-~OR  +^xop(rim*  tnans0>  (or  W5°r^/ 


x x a; 


PP 
4 

or  x x 


X X p 


X 


x and  confequently  the  fluent  of  - x 

JjZL-  — /'j*  x arc  PP  ~j~  fine  OP.  And  becaufe  - — fh 

<s/p^x  ^ \sFaz  j\.s  Fa~ 

is  given,  the  time  of  defcribing  PO  varies  as  PP  4-  OP,  or  as 

' £ P 

PP  + OR  x — , or  as  the  area  PPP 

. 4 


576.  Prof.  J/"  a body  begin  to  fall  from  A,  it  is  required  to  deter- 
mine the  fpace  A O through  which  it  muft  defend , when  impelled  by  a 
force  varying  as  that  power  of  the  difance  whofe  exponent  is  n — 1,  to 
acquire  a velocity , V5  equal  to  that  communicated , whilji  the  body  de~ 

AS 


fcribes  a fpace  equal  to 
that  at  A. 


, by  the  conjlant  aBion  of  a force  equal  to . 


Let  the  force  at  A = 1 

$ A — r 

— x . And  the  force  at  or  1 : the  force  at 


::  rn~l : xn~\  and  the  force  at  O 


xn  1 . r 


— 3 and  - x the  force  at  A 
rv  2 


0 
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- = the  fluent  of 
2 


x”  'x 


rn-i  i.5^7)  ■“  nxr 


n^i  Hr  cor.  — 


rn  — xn  . „ _ n rn  , 2 — ft  * X 

— , and  rn~  xn  — — and  a:  = - — 

n x r7*"”1  2 2 » 


QJE.  I. 


577.  Cor.  1.  If  the  force  vary  direftly  as  the  diftance  from  the 

2 ■—  H]  o'  x T 

center  £,  or  n — 2,  # =•- — - — t — — = o,  and  the  body  muft  fall 

2 2» 

to  the  center  to  acquire  a velocity  equal  to  that  acquired  in  de« 

S A 

fcending  through  — , when  afted  upon  by  a conftant  force  equal 
to  that  at  A . * * , 


578.  Cor.  2.  If  the  force  vary  inverfely  as  the  diftance^  or 

2 — — . (fo  X 7" 

rz  = o,  x = , which  expreflion  does  not  Ihew  the  va- 

2 0 

lue  of  x : but  it  may  be  found  by  the  following  procefs.  The 

T 

force  at  A or  1 : force  at  Q ::  x : r,  and  the  force  at  O = and 

« 

- = rx  flu.  — - = r x — hyp.  log.  of  x -f~  cor.  = - log.  of  x 

2 X 

V 

+ rx  log*  of  r = r x log.  of  - . 


579.  Cor.  3.  If  the  force  vary  inverfely  as  the  fquare  of  the  di* 

2 jl “**  * x f* 

ft  a nee  from  S,  or  ^ — 1 • # = • = \ x r,  and  the 


body  muft  fall  through  a third  of  the  diftance  SA}  or  to  m.  If 
the  force  vary  according  to  any  law  therefore  between  the  direft 
fimple  and  inverfe  duplicate  ratio  of  the  diftance  from  S , the  body 
muft  fall  to  fome  intermediate  fpace  between  S and  m.  If  the 
force  vary  as  that  power  of  the  diftance  inverfely,  whole  ex- 

F f 2 ponent 
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ponent  is  3,  4,  &c.  or  n 
2 Hh  3 I x r 


3,  8cc. ; then  x = 2 2^  , X— r, 


2-5 


2~a 

through  = r 


&c. 


2^  X 2l  X f 

7—,  &c.>  and  the  fpace  fallen 


2 5 


2-i  x r 
7a  > 


S' 

af  x r 
- — i ■ j ccc, 

ST  ' 


F I G. 
CLXIV, 


580.  Prop®  Suppofe  the  force  at  A to  he  x,  00*/  places  to 

vary  as  that  power  of  the  dijlance  whofe  exponent  is  n — I,  it  is  re- 
quired to  determine  the  height  to  which  a body  will  afcend  when  aided 
upon  by  this  'variable  force , and  projected  from  A in  the  direction  SA 

SA 

with  a velocity  equal  to  that  acquired  in  falling  through  — , as  in  the 
loft  proportion. 


Let  B be  the  place  to  which  the  body  afeends,  and  the  force  at 
A or  1 : force  at  any  other  point  0 ::  r"~'  : at”-1,  and  the  force  at 

But  if  the  body  were  impelled  by  a conftant  force 


I 


O 


— s 


equal  to  that  at  A,  it  would  afcend  through  a fpace  equal  to 
and  ( 567)  — 1 = the  fluent  of  — 


n x r 


X' 


axr 


x?  x 

n~~i.  -4-  cor.  = 


2 


nxr 


and  x 


n 2 ■ ' x r 

~ "al* 


Q^  E.  L 


5.8-1.  Cor.  1.  Suppofe  the  force  to  vary  directly  as  the  didance 


from  S,  or  n — 
::  4I ; 2s  ::  2I ; 1 


2;  then 


n 


-+-  2)  " x r 4 i x r 


2&* 


— > and  a (=  SB)  :-x 


582.  Cor.  2.  If  the  force  vary  inverfely  as  the  diftance  from  3} 

, which  expredion.  does  not  flievv  the 


or  a = o,  x. 


2'0  x r 
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magnitude  of  x-,  but  it  may  be  determined  by  the  procefs  in 

(578). 
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583.  Cor*  3.  If  the  force  vary  inverfely  as  the  fquare  of  the  di- 

_ s 

2 — F-1  x r 


fiance  from  £,  or  n 


1,  then  x 


2 r = SB* 


2i~~l 


If  the  force  therefore  vary  according  to  any  law  between  the  di- 
re 61  firnple  and  inverfe  duplicate  ratio  of  the  diftance  from  S,  the 
body  will  rife  to  fome  intermediate  altitude  between  B and  D* 

If  the  force  vary  inverfely  as  the  cube  of  the  diftance,  or  n — — 2, 

_____  9 

then  x :=  - — JLl  X~~  — and  is  infinitely  great*  If  there- 

fore the  force  vary  according  to  a law  between  the  inverfe  dupli- 
cate and  triplicate,  the  body  will  afcend  to  fome.  intermediate 
fpace  between  D and  infinity. 


C'O 
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584*  Def.  /$  BODY. \ or  number  of  bodies , connected  to  a right  line 

SP,  and  moving  about  a point  S to  which  it  is  fufpcnd - 
ed>  by  the  force  of  gravity , is  called  a pendulum . 


585.  Def.  The  motion  of  a pendulum  in  the  fame  diredlion, from  a 
fate  of  ref  till  it  begins  to  return  in  an  oppoftte  dtredlion^  is  one  vibra- 
tion or  ofcillation . 


586.  Cor.  The  velocity  acquired  in  defcending  from  P to  V\ 
fuppofing  SV  to  be  perpendicular  to  the  horizon,  will  make  the 
body  P defcribe  an  arc  Vpy  whofe  perpendicular  altitude  is  equal 
to  that  of  VP  (542),  and  the  motion  through  VP  is  equal  to  one 
half  of  a vibration.  And  becaufe  a pendulum,  compofed  of  any 
number  of  bodies,  will  perform  a given  vibration,  or  equal  parts 
of  a vibration,  in  the  fame  time  as  if  they  were  collected  in  their 
center  of  ofcillation  (512);  a pendulum  compofed  of  any  number 
of  bodies  may  be  reduced  to  one,  where  one  body  is  connected  to 
a right  line  SP , and  the  length  of  a pendulum  is  always  under- 
flood to  mean  the  diftance  between  the  centers  of  ofcillation  and 
fufpenfion. 

587.  Prop.  If  a body  vibrate  in  a circular  arc  P V p,  that  part  of 
the  force  of  gravity , which  accelerates  and  retards  it,  varies  as  the 
right  fine  of  the  arc  intercepted  between  the  body  and  the  low  eft  point . 

Dem. 

* Kell’s  Phyf.  Left.  XV.  Helfham,  Lea.  X.  Mufchenb.  Ch.  XII.  CCXCVII.  Mac- 
laurin’s  Newt.  Book  II.  Ch.  V.  Emerfon’s  Meehan.  Prop.  XL.  Hugen.  Horol.  OfciL 
Part  II.  Prop,  XVI.  Rohault’s  Notes,  Part  II.  Ch.  XXVIII. 
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Dem.  Let  the  force  of  gravity  he  reprefented,  in  quantity  and 
dire&ion,  by  a given  line  LP  perpendicular  to  the  horizon,  and 
be  refolved  into  two  forces,  LM  parallel  to  the  firing  SP,  and 
PM  touching  the  circle  in  P,  of  which  LM  is  the  tendon  of  the 
firing  and  has  no  effect  upon  the  body's  motion,  and  it  is  accele- 
rated and  retarded  by  PM  only  $ therefore  the  accelerating  force 
^A)  : force  of  gravity  (G)  ::  PM : PL  ::  PN : SP  (dm.  triang.), 
G x PN 

and  A = — — , and  confequently  A varies  PN.  QM£.  D. 


588.  Cor.  1.  The  velocity  at  any  point  is  equal  to  that  ac- 
quired in  falling  through  the  perpendicular  altitude  ND  (541),, 

and  varies  as  \/ ND,  or  ^ NV—VD > or  s/iVFx  2 VS  — VD  x 2VS 

or  s/PVz — - ^Vz  (PV  and  being  chords  of  the  arcs  PV  and 
§V),  or  as  the  right  fine  of  a circular  arc,  whole  radius  is  the  chord 
PV,  and  verfed  fine  the  difference  between  the  chords  PV  and 


589.  Cor.  2.  If  the  arc  m V be  fuppofed  equal  to  two  inclined 
planes  mn  and  nV,  touching  it  at  m and  V,  thefe  planes  are  equal, 
and  the  velocity  in  the  horizontal  plane  n V is  uniform,  and  the 
time  of  defcribing  it  is  equal  to  half  the  time  of  falling  down  mn 
(527):  but  the  time  of  falling  down  mn  (/)  : time  (P)  of  falling 
down  mV{~  2 mn),  or  down  the  diameter  zSVwm  n : m P::i:  2,  and 


<T 

t = ~ and  confequently  the  times  of  defcribing  mn  and  n V,  or 
2 

the  time  of  half  a vibration  = - — , and  the  time  of  a whole  vibra- 

4 


tion  : T::  3 : 2. 


SCHOLI  U M. 

590.  If  the  body  P be  acted  upon  by  a force  F,  perpendicular 
to  the  horizon,  which  is  to  the  force  of  gravity  as  the  arc  PV  to 
its  fine  PN,  all  vibrations  are  ifochronal;  for,  let  SP  reprefen t the 
con  (tan t force  of  gravity,  and  PL  — F-,  and  by  a refolution  of 

PL 


FIG. 

CLXVII. 
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PL  into  two,  LM  parallel  to  5P,  and  PM  coincident  with 
the  tangent,  this  laft  is  the  only  part  of  F that  accelerates  JP. 
JBut  PL  : PS  ::  PM:  P N (fun.  triang.),  and 

PL  : PS  ::  PV  : PN  (hypoth.);  and  confequently  PM  — 
PV,  or  the  accelerating  force  is  as  the  diftance  from  the  lowed 
point  V3  and  P will  always  arrive  at  Fin  the  fame  time  {563). 

PV 

The  ifochronal  force  in  a circle,  F,  is  therefore  equal  to  G x 

and,  when  a pendulum  is  urged  by  the  force  of  gravity,  the  time 
of  a vibration  will  be  encreafed  with  the  arc  of  vibration,  becaufe 
the  excefs  of  F above  G is  encreafed  with  that  arc. 


59 T.  Def.  If  a circle  FPE  revolve  upon  the  right  line  BA,  the 
curve  line  BVA  defer ibed  by  any  point  P of  the  periphery  in  one  re- 
volution , is  called  a cycloid : BA  ts  the  bafe , V D bije  bring  BA  at  right 
angles  is  the  axis , V the  vertex , P M parallel  to  the  bafe  is  an  ordinate , 
and  FPE  is  the  generating  circle , of  the  cycloid . 


592.  Cor.  Becaufe  every  point  of  the  periphery  of  the  gene- 
rating circle  has  been  applied  to  the  bafe  BAy  it  is  evident  that 
BA  is  equal  to  the  periphery,  and  BD  to  the  femiperiphery  of  the 
generating  circlea 

593.  LEMMA.  If  a circle  be  defer  ibed  upon  the  axis  as  a diameter , 
and  an  ordinate  PM  ^ drawn  from  any  point  P,  the  part  of  this  ordi- 
nate P L,  contained  between  the  point  from  whence  it  is  drawn  and  the 
periphery  of  the  circle , is  equal  to  the  circular  arc  VL,  contained  between 
the  vertex  and  the  interfeblion  of  the  ordinate  and  periphery . 


Dem.  Let  FPE  be  any  pofition  of  the  generating  circle,  and, 
becaufe  every  point  of  the  arc  PE  has  been  applied  to  BE , 
the  right  line  BE  — the  arc  PE  = the  arc  LDS  and  the  arc  LV 

= ed=mn~pl.  qje.d. 


594*  Cor. 


« 
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594.  Cor,  Becaufe  PL  is  always  equal  to  the  arc  LV  or  PF,  their 
cotemporary  increments  or  decrements  are  equal,  that  is,  the  ini- 
tial motions  of  the  point  P,  which  traces  out  the  cycloidal  arc, 
one  parallel  to  the  bafe  BA , and  the  other  in  the  direction  of  the 
tangent  to  the  circle  at  P,  are  equal  to  each  other, 

595.  Lemma.  An  ordinate  being  drawn  from  any  point  P of  the 
cycloidal  arc>  cutting  the  periphery  of  the  generating  circle , whoje  dia- 
meter  is  the  axis  VD,  in  L,  the  chord  VL  of  the  circular  arc  is  pa- 
rallel to  the  line  touching  the  cycloid  at  P. 

^ . * ' " '*  ' ~ * ' s * ' ' 

« 

. * 1 t • .•  ? > > * • • 1 

V : ’ % * * 

Dem.  Let  GP  be  a tangent  to  the  circle  at  P,  and  producing 
EP  to  C,  the  jL  CP q = z GPE  = Z GEP  (the  tangents  DP  and 
DE  being  equal,  Euc.  B.  III.  p.  36.)  = /L  EPN : but  the  initial 
motions  of  P,  in  the  directions  GP  and  PL,  being  equal  (594),  the 
path  of  P or  P b will  bife6t  the  angle  qPp  (compofition  of  motion), 
and  confequently  the  Z C P b — L.EP b orP^  is  at  right  angles  to 
E P,  and  PP,  which  is  parallel  to  LV , is  alfo  perpendicular  to  PP, 
and  therefore  is  a tangent  to  the  curve  at  P,  Q^E.  D, 


596,  Cor.  A tangent  to  the  cycloid  at  the  vertex  V is  therefore 
perpendicular  to  the  axis  VD  and  parallel  to  the  bafe  BA . 


597*  LEMMA.  The  generating  circle  being  defcribed  upon  the  axis 
as  a diameter , and  an  ordinate  being  drawn  from  any  point  O,  cutting 
the  periphery  of  the  circle  in  R,  the  cycloidal  arc  VO  is  equal  to  twice 
the  correfponding  chord  of  the  circular  arc  V R. 


Dem.  Draw  an  ordinate  ro  infinitely  near  to  RO%  and  rs  per- 
pendicular to  VR  produced,  and  Vr  = V$>  the  angle  at  V being 
evanefcent;  and  Oo  (—  Rv)  and  Rr  are  cotemporary  increments 
of  the  arc  VO  and  chord  VRi  drawing  tangents  to  the  circle  at 
V and  the  triangles  VR  T and  Rrv>  having  the  angles  at  R Ver~ 
r Gg  tical. 


*34 
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tieal,  and  the  angles  TVR  and  R vr  alternate,  are  fimUar,  and 
confequently  Rr  = v r and  Rv  or  0(?  = 2^5.  The  increment 
of  the  arc  VO  is  therefore  equal  to  twice  the  correfponding  incre- 
ment of  the  chord  VR , and,  becaufe  they  are  nafcent  and  evanef- 
cent  at  the  fame  time,  VO  ==  2 VR.  QJE.  D. 

fig.  598.  Prop.  To  make  a body  ofcillate  in  a given  cycloid  AVR; 

CLXVIIL 
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Produce  the  axis  VD  making  SD  = DV,  and  through  S draw  a: 
line  KS H parallel  to  BA,  and  let  two  circles,  each  equal  to  DLV, 
generate  two  femicycloids  SA,  SB,  each  equal  to  BV  or  A V-,  and  if 
one  extremity  of  a firing  SCX , whole  length  is  equal  to  SV  or 
SC  A,  be  fixed  at  S , a body  collefled  in  the  other  extremity  if,  will 
always  be  found  in  the  cycloidal  arc  XVP •,  for,  becaufe  SCX  is  a 
tangent  to  the  cycloid  at  C,  CX  is  parallel  to  EA  (59 5),  and  CG 
z=:EA',  but  CX=^z  2 AE  (597)  = 2CGand  CG~GX,  and  the 
ordinates  XL  and  CE  are  equidiflantfrom  AD,  or  AF=  D Ny 
and  the  arc  AE  — the  arc  LD,  and  the  chord  LD  is  parallel  tp 
AE  or  XG : but  AG  = CE  — the  arc  AE,  and  confequently  the 
remaining  arc  HE{^=LV)  = GD=XL,  and  X is  in  the  cycloidal 
arc  AXV (593). 

599.  Cor.  Becaufe  SCX  touches  the  curve  at  C , it  is  evident 
that  whilft  X defcribes  a very  fmall  arc*  C may  be  deemed  quief- 
cent,  or  CX  is  always  perpendicular  to  the  cycloidal  arc  at  X‘,  and 
very  near  the  vertex  V,  where  SV  is  perpendicular  to  the  curve,  a 
circular  arc,  whofe  radius  is  SV,  will  coincide  for  a fmall  di fiance 
with  the  cycloidal  arc. 


600.  Prop.  Jf  a pendulum  begin  to  vibrate  from  any  point  P,  and” 
a circle  be  defcribed , whofe  radius  is  equal  to  the  cycloidal  arc  VP,  the 
velocity  in  different  points  will  vary  as  the  right  fine  of  an  arc  of  this 
circle , whofe  verfed  fne  is  the  fpace  defcribed  by  P. 


Dem. 
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Dem.  The  velocity  at  any  point  ^is  equal  to  that  acquired  in 
falling  through  the  fame  perpendicular  altitude  NR  (545),  which 
is  as  \/NR,  or  s/NF — RV,  or  V NFx  FD  — FR  x FD,  01 
V FF2 — FE2,  or  \/ VP2 — or  s/Fn% — Fq2,  or  qn.  QJ2.  D. 


601.  Cor.  1.  The  velocity  therefore  encreafes  from  P to  F,  where 
it  is  the  greateft,  being  as  F v,  and  then  it  decreafes  in  fuch  a 
manner  that  the  velocities  at  all  equal  diftances  from  F are  equal ; 
and  confequently  the  cotemporary  changes,  or  increments  as  the 
body  accedes  to  F,  and  decrements  as  it  recedes  from  it,  are  equal 
at  equal  diftances  from  F. 

' "■  ' •••'  i&iJ  hj  . . i i . '■  a T k t » ...  / l i : ; , ’{  1 " . 


602.  Cor.  2.  If  s be  the  number  of  inches  through  which  a body 
defcends  from  reft  by  the  force  of  gravity  in  i",  and  Vbz  the  velocity 
acquired  in  vibrating  through  or  in  falling  down  the  perpen- 
dicular NR,  then  NR  : s as  the  fquares  of  the  velocities  acquired 
in  falling  through  NR  and  s,  or  a&V2 : 4 s2,  and  V—  s/NR  x 4 j 

= v/4  * x NF  —-  FR  = v/S  x s/FF2  -EF2  ==  x 

* ^ • - - • ■-*  v . 

n Tl  . 

into  the  right  fine  ~ ; and  at  the  vertex  the  velocity  is  equal  to 


v/ 


4 s Fv  . , 

x — - inches  in  x . 


DV 


,603.  Cor.-  3.  If  a pendulum,  begin  to  ofcillate  at  different  di- 
ftances P F and  §>F  from  the  vertex  F,  the  velocities  acquired  at 
F in  thefe  different  vibrations,  are.  as  ’NF : \/RF,  or  as  FF: 
FE,  or  as  FP  : F or  the  velocity  acquired  in  vibrating  from  reft 
is  as  the  diftance  from  the  vertex-  at  which  it  begins  to  vibrate.  > 

- - * S , _ . ..  « * ' * * 

■ . . - ■,  , < fjDrj  rjix  ■ • rmirtinn  rip  r- • ■ * . \ , 

\ { _ * i * ' 41  ‘ Un./  i : . i - # v . ■ , v j 1 v t;  n ‘ » 

604.  Cor.  4.  If  s be  the  fpace  defcribed  from  reft,  as  in  cor.  2. 
the  velocities  acquired  at  F,  in  vibrating  from  different  points  P 

G g 2 and 


f l 


PENDULOUS  MOTION, 
and  ^are  equal  to  ffy  x and  v/^'  * 

\ f . 

would  carry  the  body  over  thefe  numbers  or  inches  in  i 


\ f * j 

or  fuch  as 

rt 

..  . V -•  3 V. 
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605.  Prop.  27k  time  in  which  the  pendulum  vibrates  through  any 

arc  QH,  is  equal  to  the  time  in  which  a body  would  defer  i be  the  cor- 
refponding  circular  arc  no  with  the  greatejl  velocity  V v,  continued 
uniformly . r iawu  : 

- 0 ..  ■ - - . aril  vtoft^wpohico  bn& 

Let  M be  infinitely  near  to  ^ fo  that  may  be  deferibed 
uniformly,  and  taking  Fpy  V y,  F my  Vhy  refpeftively  equal  to  FPy 
F^  V My  V H,  and  drawing  the  right  line  n k parallel  to  Fps  nk 
(qm  or  ^M)  inly.qni  Fv>  or  tfM  and  nl  are  to  each  other  as 
the  velocities  with  which  they  are  deferibed,  and  are  therefore  de- 
scribed in  the  fame  time.  The  fame  may  be  proved  of  the  other 
correfponding  parts  of  and  noy  which  are*  confequently,  de- 
feribed  in  the  fame  time.  Q.  £.  D. 

' * n \ * - * * * J * i 

v « W 

\ \ \ ~ a,  •>.'=  V 

606.  Cor.  x.  The  times  of  deferibing  any  arcs  PQ^QV are  to 
each  other  as  the  correfponding  circular  arcs  pn,nv}  becaufe  they 
are  deferibed  with  the  fame  uniform  velocity)  and  the  time  of  a 
whole  vibration  is  as  the  femiperiphery 


607.  Cor. 2.  The  velocity,  with  which  is  deferibed,  is  actu- 


ally equal  to  \Z~jpy- x and  the  velocity  with  which  nl  is  de- 

Fa  5"  FP 

feribed,  is  equal  to  \/-jyy  x The  time  of  a vibration  is 

equal  to  the  time  in  which  a body  would  deferibe  the  femiperi- 

4 s Vv 


phery  pv  x with  an  uniform  velocity  equal  to  %/~jyy x 
ches  in  a fecond. 


111- 


608.  Cor. 
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- 608.  Cor.  3.  If  a body  begin  to  ofcillate  from  different  points 
P and  the  times  of  their  vibrations  are  equal  to  the  times  of  de- 
fcribing  the  femiperipheries  of  circles-,  whofe  radii  are  V P and 

j t \ , > , * * jf  S 

with  uniform  velocities,  which  are  refpe£t-ively  equal  to  s/'ffy  x 

but  thefe  times  are  as  the  fpaces  or  femi- 

2 • ^ U V 2 \ . .... 

peripheries  divided  by  the  velocities,  of  divided  by  their  radii  VP 
and  V and  are  cohfequently  equd : the  times  therefore  of  all 
vibrations,  however  different,,  are  equal. 


237 


s.  V 
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609.  Prop.  Suppofng  a pendulum  to  begin  to  ofcillate  from  any 
point  P,;  the  time  in  which  it  performs  one  vibration , is  to  the  time  of 
defcent  down  the  axis  as  the  periphery  of  a circle  to  its  diameter 

„ V*.  £ t-  • . • i J - t . - s , • ' ' * | 

r X ' " ^ A J * ' J,  X " 3 i ‘ j \ l I 

<•  » * 

Dem.  The  times  of  defcent  down  DV and  FV are  equal  (538), 
and  in  this  time  a body  would  defcribe  a fpace  equal  to  zFV  or 
PV  or  pVl  with  the  velocity  acquired  in  falling  down  FV  or  PV 
continued  uniform;  but  this  is  to  the  time  of  defcribing  p v x 
with  the  fame  velocity,  or  to  the  time  of  one  vibration  (607)  as 
the  fpaces  defcribed,  or  as  p V:  pvx,  or  as  the  diameter  of  a cir- 
de  to  its  periphery.  Q^E.  D. 


610.  Cor.  1.  The  periphery  of  a circle,  being  to  its  diameter  in 
a given  ratio,  it  appears  again  that  the  times  of  all  vibrations  are 
as  the  times  of  defcent  down  the  axis,  and  confequently  are  given. 


a 


VO 


V-i  * ' 


i u 


rh  ?■ 


6 n.  Cor,  2.  The  velocity  with  which  the  femiperiphery  pvx 

& defcribed,  when  the  time  of  deferibing  it  is  equal  to  a vibration, 

f A S PV  „ • Ol  4}  fJ-X  V 

is  equal  to  s/fyj/X  — — (60 7),  and  the  time  is  equal  to  = 

2 pvx  /DV  . e c fxfv 

x s/ — 7~ $ and  the  time  or  lalhng  down  — . 

t rtfif  t 0 fte  ■ lo  litgri  ; rfj . ,b3  sv<  s 


:i 
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cdhfe'quentty-the  time  of  a vibration  is  to  the  time  of  falfihg  ’dowa 

L*0  2 x fiv’x  / DV  f DF  zxfivx  i 

D V it  BF  x \/  : ZdflfrF 

: 2P7,  the  fame  analogy  as  that  in  this  proportion. 


r.-,  t r 

•v 


612.  Cor.  3.  The  tiroes  of  vibrations  in  different  cycloids,  be- 
ing equal  to  the  times  of  defcent  -down  their  axes  multiplied  into 
the  fame  given  quantity,  will  vary  as  the  times  of  defcent  down 
the  axes,  or  lengths  of  the  pendulums  * or  fuppofitig  L to  be  the 
length  of  a pendulum,  and  T the  time  of  a vibration,  and  to  be 
variable*  H will  be  as  %/L7  and  L as  Tz« 


TV  \ Oi 


!,„•  U 


613.  Cor.  4.  If  the  vibrations  be  very  fmall,  the  ftring  is  not 
fenfibly  affefted  by  the  cycloidal  arcs  SA,  SB,  and  the  pendulum 
£ P will  defcribe  a circular  arc,  and  hence  it  appears  that  very 
fmall  vibrations  in  circular  arcs  are  performed  in  equal  times. 
The  times  6f  defcent  down  a circular  arc  and  its  chord  are  there- 

\ i * ^ ^ . i . ^ : i . .. 

fore  unequal,  the  former  being  to  the  time  of  defcent  down  the 
axis  as  half  the  periphery  of  a circle  to  its  diameter*  and  the  lat- 
ter is  equal  to  the  time  of  defcent  down  the  diameter,  or  four  times 
the  axis,  and  is  confcquently  to  the  time  of  defcent  down  the  axis 


<•  t ; 


as  2 : 1. 


614. -  Cor.  5.  If  the  pendulum  begin  to  ofcillate  from  B,  half 
the  time  of  a vibration  is  to  the  time  of  defcent  down  the  inclined 
plane  BV  as  BD  : BFy  for  half  the  time  of  a vibration  is  to  the 
time  of  defcent  down  the  axis,  as  the  femiperiphery  of  a circle  to 
its  diameter,  or  as  DFEF(BD)  is  to  DF,  and  the  time  down  DF 
4 time  down  the  inclined  plane  BF ::DV : BV , and,  ex  aequo,  half 
the  time  of  a vibration  : time  of  defcent  down  the  inclined  plane 
BF::  BD  : BF. 

c?  S ,p;  ii  s bre  , fro  o'  , oi  L.  j ?; 

M - - • 1 ■ , 

6 1 5.  Cor.  6.,  The  fpacc  defcribed  by  a falling  body  in  i",  may 
be  difcovered,  if  the  length  of  a pendulum  performing  one  vibra- 
tion 


P EN  Dll  LOUS  MOTION, 
tion  in  a fecond  be  known : let  the  length  of  this  pendulum  be 

39.2  inches*  and  (609)  1":  time  of  defcent  through  (t) ::  pe- 

riphery  of  a circle  to  its  diameter  ::  3.14159,  &c.  (p) : 1 and  t = 

i.  But  : fpace  fallen  through  in  1"  (x) ~ : i*  and  x =t= 

o n 2 ' '■*  * f 

~—xp2  = 1 93. 1 inches  nearly  ==  i£.i  feet  nearly. 

2 , 


6 1 6,  Cor.  7.  The  length  of  the  pendulum  performing  one  vi- 
bration in  i",  may  be  difcovered,  if  the  fpace  through  which  a 
body  defqepds  in  1"  be  known;  for  let  this  fpace  = 193.1  inches, 

and  (laft  cor.)  the  length  of  the  pendulum  — inches: 

3:-i4i59) 

sss  39,2  inches. 


617.  Cor.  8.  The  time  of  one  vibration  may  be  difcovered,  iff 
the  length  of  the  pendulum  be  known;  for  let  L be  the  given 
length  of  the  pendulum  in  inches,  and  T be  the  time  of  one  vi- 
bration, and  T : time  of  defcent  through  ~ ::  3.14159,  &c.  : 1::; 

. jr  HL 

/>:  ij.but  the  time  of  defcent  through ==*7-^ — , and  confe- 

,2>  «S 

rl7 .. 

quently  T~  px  ./• — feconds,  or  parts  of  feconds.  ML  — 39.2' 


:r 


' 2 

inches,  and  s — i6-i,x  12  inches,  T—  3.14159  x xy 

1"  nearly,  . : , 


618.  Cor.  9.  The  .number  of  vibrations  in  a given  time,  being 

inverfely  as  the  time  of  one  vibration,  will  be  as  —tt-  If  iV  be 

* ' ' ■ ' 1 ' ■'  "i  ‘ vM 

the 
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. > f * 'f  T f » y.  . *•  , 

the  number  of  vibrations  in  a given  time  T,  and  £ be  the  time  of 

cr 

one  vibration,  then  2V=  — ; but,  the  length  of  the  pendulum  be- 

i 

1 • rL  ' ' s f 

ing  Z,  t = p x y/ — •,  and  confequently  N=  ~x  y/—^r-  If 

■ i , 

rr*  r „ , Ar  60  X 60  I93  X 2 ~ , 

T = 60  x 60  , then  Ar— x — - - — — 60  x 60  very 

3-H*59  - 3 9* 2 ; J 

nearly. 


619.  Prop.  L<?/  a pendulum,  whofe  length  is  L inches,  lofe  or  gain 
any  number  of  vibrations  exprejfed  by  n,  in  any  number  of  hours,  h, 
to  find  the  length  of  a pendulum  that  Jh  all  vibrate  once  in  1". 


Let  T — the  length  of  the  pendulum  required,  and  let  the  num- 
ber of  vibrations  performed  by  T in  h hours,  or  h x 60  x 6o/s  = 
m,  and  L performs  mz±zn,  vibrations  in  h hours ; but  L : T : : mz 


i „ .1 


m=t=>ni 2 (618)  and  T =;  L x 


m 


n 


m- 


620.  Prop.  If  the  length  of  a pendulum  and  the  force  of  gravity  be 
variable,  the  time  of  an  ofcillation  varies  as  the  fquare  root  of  the  length 
of  the  pendulum  L,  divided  by  the  fquare  root  of  the  force  of  gravity,  G. 


- \ 


r\ 


Dem.  The  time  of  one  ofcillation  varies  as  the  time  of  defcent 
down  the  axis,  and  that  is  as  the  fquare  root  of  the  axis  directly 

jyy  fp 

and  force  inverfely,  or  as  v/'= — gr  (532),  or  as  Q^E.  D. 


« .4 

621.  Cor.  1.  Therefore  L is  as  V x G,  and  T being  given,  L 
is  as  G:  if  therefore  the  lengths  of  two  pendulums,  performing  a 
vibration,  or  the  fame  number  of  vibrations,  in  the  fame  time  be 

known, 


PENDULOUS  MOTION, 

known,  the  ratio  of  the  forces  of  gravity,  being  the  fame  with  the 
ratio  of  thefe  lengths,  wili  confequently  be  known. 


,4 
i.t  j 


y C\ 
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622.  Cor.  .2.  Or,  if  the  number  of  vibrations  performed  in  the 
fame  time,  in  different  places,  by  two  pendulums  whofe  lengths 
are  L and  /,  be  equal  to  m and  m + n refpedtively,  the  forces  of 
gravity  G and  g , in  the  places  of  obfervation,  may  be  found  s for, 

4 ■ r j ' . m to  ■ t - p AL 

the  times  of  one  vibration  of  the  pendulums  £ and  / are  as  %/~q  • 

' " • . • . • «...  . j 1 ~ ' i 1 1 - • 1 , \ * - 9 » *■  •>{'■’  ' 1 4 ! 

n 

and  02  + n:m  inverfely  as  the  times  of  one  vibration,  or  as 

/i  q _____ 

yZ-ys  : iy/—  (620)5  and  confequently  G : g :i  m2  x L : m Hh  2 x /. 


623,  Prop,  That  part  of  the  force  of  gravity , which  accelerates  or 
retards  a pendulum  vibrating  in  a cycloid , varies  diredlly  as  its  difiance 
from  the  vertex • 


Bem.  Let  the  force  of  gravity  be  reprefented,  in  quantity  and 
direction,  by  the  line  DV>  and  be  refolved  into  two  forces,  DF 
parallel  to  the  firing,  and  FF  parallel  to  the  tangent  at  P,  or  di- 
reftion  in  which  P moves;  and  PP(=  zVP)%  which  only  acce- 
lerates P,  varies  as  VP.  QJE,  D« 


Other  wife ; The  velocities  at  i^and  M are  as  qn , ml;  the  time 
of  defcribing  QMis  as  the  included  circular  arc  n I;  and,  fuppof- 
ing  the  time  n l to  be  very  fmali  and  given,  the  accelerating  force  at 

3>js  as  the  change  of  velocity  kl  (453),  or  as  (firm  trian- 

gles), or,  becaufe  n l and  Vn  are  given,  as  Vq  or  Vgf.  QJE.  D, 


624,  Cor,  i*  The  force  accelerating  or  retarding  the  pendulum 
(A)  1 whole  force  of  gravity  ( G ) VF : VD  ::  VP  1 FB  and  A =7= 

Hh  GxFP 
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G x VP 
VB  5 

G x DP 

tenlion  — ■ — -jyy-  • At  the  vertex  where  DF  z=DV  the  tenfion 

of  the  firing  = G,  and  A — o ; and,  at  B,  VP  ==  VB  and  A = G, 
and  the  tenlion  = o. 

■'  ' ' "»  t ' : AC.Oj);  li  : ( !;  licit;  v 0 1 n 

■ : ! : 

* ^ V 3 

625.  Cor.  2.  The  tenfion  of  the  firing  : force  accelerating  or 
retarding  P DF : VF ::  </DN : s/ VN  (fim.  triangles). 


and  the  tenfion  of  the  firing ; G::DF:DV,  and  this 

* : - , -J  i f - I 
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PROJECTILE  MOTION, 


626.  Def.  Hr" HE  range  or  random  of  a projediile , is  the  rech lineal 
r diftance  between  the  point  of  prof  e 51  ion  and  impulfe  up* * 
on  any  objlacle ; the  horizontal  range  is  called  the  amplitude  j and  the 
angle  of  elevation  is  the  angle  contained  between  the  horizon  and  the  di- 
re 51  ion  6f  projeSlion. 


627.  Prop.  A body  proje5led  in  any  direHtion  DN,  and  a5led  upon 
by  a confant  force , G,  in  a dire5lion  parallel  to  a right  line  D O in- 
clined in  any  angle  to  DN,  will  defcribe  a parabola „ 


*.•  : . r 

■ J [ i i 


> -? 


H •* 


: ! r •; 


Dem.  Let  DO  be  defcribed  from  reft,  by  the  adtion  of  (?,  in 
the  fame  time,  7",  in  which  DE  is  defcribed  by  the  velocity  of  pro- 
jeftion,  and,  completing  the  parallelogram,  the  body  will,  at  the 
end  of  the  time  7",  evidently  be  at  R;  but  DO  varies  as  T2  (526), 
or  (becaufe  the  velocity  in  D N is  uniform  from  the  firft  law  of 
motion,  and  T varies  as  DE)  as  DE2  or  OR2y  which  is  a property 
peculiar  to  the  common  parabola.  QJE.  D. 


’ ’ j s * j?  * ••  “ * ; •?  *V 

628.  Cor.  x.  The  parameter  belonging  to  any  diameter  DO  is 
OR2  DE2 

equal  to  or  (conic  fe£h);  and  if  the  parameter  belong- 


v.-*  VL  c 


DE 


ing  to  any  point  D be  equal  to  the  parabola  will  pafs 

through  the  point  R. 


o 


Hh 


629.  Con 
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629.  Cor.  2.  If  the  velocity  of  projection  be  the  fame;  the  pa« 
rameter  belonging  to  DO  will  be  the  fame,  whatever  be  the  angle4 
of  projection;  for  the  projeftile  velocity  and  G being  given,  DE»  w 


DEZ 

ERS  and  confequently  -g-g-, 


or  the  parameter,,  are  given.  . 


630,  Cor.  3.  Let  T be  the  fpace  through  which*  body  falls 
from  reft,  when  acted  upon  by  the  conftant  force  G,  to  acquire  a * 
velocity,  equal  to  that  in  any  point  D of  the  jmrve,  and  let  y-> 
be  the  velocity  acquired  in  falling  from  E to  R,  by  the  aCtion  of ; 
fame  force  G,  and  V % v ::  DE  : 2 ER  ( 106) : but  TiER  ::  Vz  \ v* 

DEZ 

( 526 ) : : D E* : 4 E R2,  and  24=  ~ ith  of  ;the  parameter  be?»  - 

longing  to  DO*  , 


FIG. 

CLXX. 


Vl  *»  * v-  <■  > «.  ' • . # , ' , , ? ' 

63  tv  Cor.  4.  If  G be  the  force  .of  gravity,  4 he  axrs  and  alf  dia-v 
meters  of  the  parabola,, are  perpendicular  to  the  horizon;  the  ve- 
locities are  equal  at  eqqaldiftances  from  the  principabvertex;  tht 
time  of  arriving  at  the  vertex  of  the  axis,  or  at  the  greateft  alti^* 
iude,  is  equal  to  half  thectima  oLthe.  flight ; the/p^rabola  cuts  the  , 
horizon,  and  all  lines  parallel  to  the  horizon,  in  equal  angles ; and  v, 
D£,  which  ?is  parallel  to  the,  ordinate  OR}  is  a tangent ’to  the. 
parabola,  at  D.; 

632.  Cor.  5.  The -velocity  in  different  points  varies  in-  a fu bi- 
duplicate ratio  of  the  parameter  belonging  to  thofe  points,  or,  if 
JX  be  the  diredlrix  and  DI  perpendicular  to  it,  in  a fubduplicate . 
ratio  of  D I or  D ,S  being,  the. focus,  or,  in  the  fame  parabola, 
as  the  perpendicular  S T upon  the  tangent  DT.  The  horizontal , 
velocity  DHi  determined  by;  drawing,  perpendiculars,  from  the 
body  upon  the  horizon,  varies  as  DE,  and  is  confequently  uni- 
form; and  the  velocity,. therefore,  in  any  point  D,  being  as  DE, 
is  as  the  fecant  of  the  angle  of  elevation  ; and  at  the  principal 
vertex,  the  velocity  in  the  curve  and  the  horizontal  velocity,  are 
equal. 


633.  Prop. 
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PROJECTILE  MOT  ION* 

633.  Prop.  To  find  the  directions  in  which  a body * being  projected 
with  any  velocity,  V, from  a given  point  D*  will  pafs , through  any 
point  P. 


Eecaufe  Vy  or  the  number  of  feet  uniformly  defcribed  in  1", 
with  the  velocity  of  projeftion3  is  given*  the  fpace  DE,  defcribed 

V* 

firom  reft  to  acquire  this  velocity*  is  known,  being  equal  to  ^ 

(art.  529)^  Draw  DA,  equal  to  4 D£,  perpendicular  to  the  ho- 
rizon* B C perpendicular  to  DA  through  its  bifeftion  G,  and  DC 
perpendicular  to  DP;  and  from  C as  a center,  at.  the  diftance 
CD,  defcribe  a circle,  and,  < if  R,  r,  be  the  interfeclions  of  its 
periphery  with  a right  line,  palling,  through  P perpendicular  to 
the  horizon,  D R,  and  D r will  be  the  directions  required ; for 
(fim.  triang.)  DA  : DR  ::  DR  : RP,  and  DA  : D r ::  D r : r P, 

DR2  Dr 2 


and  DA  (=  the  parameter) 


or  ~rrp  1 and  the  .parabola 


~ RP  r 

defcribed  by  a body  projected  in  either  of  the  directions  DR  or 
Dtr  with  the  velocity  V,  will  pafs  through  P (628).  Q^E.  L 


634,  , Cor.  1.  B^caufe- the' arcs  BR  and  Br  are  equal,  the.  line 
D B makes  equal  angles  with  the  correfponding,  directions  DR  > 
and  Dr.  Drawing  B^ a tangent  to  the. circle  at  B , a body  pro- 
jected in  the  direction  DB>  will  pafs  through  and  D^is  the 
greateft  diftance  upon  that  line  to  which  the  body  can  be  project-.- 
ed  with  the  velocity  V . . 


635.  Cor. 2.  If  DP  be  horizontal,  the  range  upon  the  hbrizon  = 
DB~  RN , the  fine  of  twice  the  angle  of  elevation  FDR ; for,  by  the 
property  of  the  circle  JL  FDR  = L.  RAD  ±=.  2 Z.  RCD.  The- hori- 
zontal range  is  therefore  the  greateft,  when  the  angle  of  elevation  is 
450,  the  fine  of  twice  that  angle,  or  of  90°,  being  equal  to  1 DA;  or 
\ of  the  parameter  at  Di  or  it  is  equal.to  the  lams  lecWm,  for  that  is 

DMZ . . DC 2 


always  equal  to  -^y^,which,  in  this  cafe,  is  equal  to,-- -r^ 


— DC 


Becaufc 


245 

FIG. 

CLXXL 


.F  fG. 
G LX  XI  I. 


f.  ‘ 


*4'6 


P R O JECT  I LB  MOTIO  N. 


Becaufe  the  fine  of  any  angle  varies  as  the  radius  or  diameter,  if  the 
circle  be  defcribed  upon  any  other  diameter  DE  or  ~th  of  DA,  the 
horizontal  range  will  be  equal  to  the  fine  of  twice  the  angle 

D A 

elevation  of  this  circle  multiplied  into  -ryg,  or  into  4. 


636.  Cor.  3.  If  the  axis  MV,  produced,  be  interfered  by  the 
tangent  in  T,  the  greateft  altitude  MV  =\MT  (conic  feet.)  — 
l FR  = fh  of  the  verfed  fine  of  twice  the  angle  of  elevation  $ and 
when  this  angle  is  right,  ~th  of  the  verfed  fine  ~\DA.  Becaufe 
the  verfed  fines  of  any  angles  are  as  the  diameters  of  the  circles 
defcribed,  if  the  circle  be  defcribed  with  a diameter  equal  to 
the  altitude  is  equal  to  the  verfed  fine  of  twice  the  angle  of  ele- 
vation of  this  circle. 


637.  Cor.  4.  The  time  of  the  flight  is  equal  to  the  time  of  de- 

feribing  DR  with  the  projedlile  velocity,  and  varies  as  DR,  or  as 
IDRy  which  is  the  fine  of  the  angle  of  elevation  ; and  confequent- 
ly  the  time  is  the  greateft  when  the  angle  FDR  = 90°,  and  it  is 
then  equal  to  the  time  of  defeent  from  reft  through  the  parame- 
ter AD . The  time  is  alfo  equal  to  the  time  of  falling  from  reft 
through  RF , and  therefore  varies  as  </ RF , or  as  the  fquare  root 
of  the  verfed  fine  of  twice  the  angle  of  elevation,  or  as  the  fquare 
root  of  \RF , or  the  greateft  altitude.  r 

% 

638.  Prop.  The  velocity  of  projection,  V,  and  the  angle  of  eleva- 
tion being  given,  to  deferibe  the  path  of  the  projeSiile . 

‘ •» 

* * ^ ..  . ^ ' » 

fig.  Let  V be  the  number  of  feet  uniformly  defcribed  in  i",  and 
CLXXIII.  Vz 

7-  =DE  — 'f  of  the  parameter,  is  the  fame  whatever  be  the 
O4 

angle  of  elevation,  and  the  periphery  of  a circle,  whofe  radius  is 
DE,  and  center  D,  will  pafs  through  the  foci  of  all  parabolas 
defcribed  by  a body  projected  from  D with  the  velocity  V.  Let 
DE  be  perpendicular  to  the  horizon,  and  DR  the  dire&ion  of 

l 

pro- 


1 


•;  » ■'  - X!  ■'  x ■ 


- 

i 


i. 


v • . . ■ ■ 


247 


PROJECTILE  MOTION. 

projeftion,  and  making  the  angle  S DR  = /lRDE-,  S will  be  the 
focus  : EX  drawn  perpendicular  to  DE  is  the  dire£Irix;  V the 
bifection  of  SX  drawn  parallel  to  DE,  is  the  principal  vertex* 
and  SV  the  axis;  DM  perpendicular  to  VM  is  an  ordinate;  S E 
bifefts  DT  hi  R and  is  perpendicular  to  it,  and  RV  is  a tangent  to 
the  parabola  at  V (conic  fe£t.}. 

639*  Con  Again*  it  appears  that  the  amplitude  D F is  (as  in 
art.  635)  equal  to  four  times  the  fine  of  twice  the  angle  of  eleva- 
tion* for  LMDR  — A.RDC—  ztLRCN,  and  DF  = 2 DM  = 
2NF=4tRNJi 

'■  ' . ' ' ' ' V ..  [ ' , ' 

640.  Prop,  To  find  the  leajl  velocity  with  which  a body  proje£ledy 
from  a given  point  D,  will  hit  a given  point  P» 

Draw  BP  H perpendicular  to  the  horizon*  and,  making  P B 
equal  to  PD  joined,  bifedt  the  angle  DPB  by  the  right  line  P C , 
meeting  DC  perpendicular  to  JDP,  in  C9  and,  becaufe  the  trian- 
gles CBP  and  CDP  are  equal  and  fimilar,  CB  — CD,  the  z_s 
CBP  and  CDP  are  right  angles,  and  BP  is  a tangent  to  the 
circle  defcribed  from  C,  as  a center,  at  the  diftance  CB . Bifedt 
DGy  drawn  perpendicular  to  the  horizon,  in  £,  and  a body  pro- 
jected in  the  direction  DBy  with  a velocity  equal  to  that  acquired 
in  falling  through  ££),  will  pafs  through  P (634),  and,  becaufe 
DP  is  the  greateft  range  (634),  the  velocity  muft  be  the  lead 
poflible*  Q^E.  L 

641.  Cor.  If  P be  in  the  horizon,  CD  and  GD  coincide,  and 
the  angle  of  elevation  BDH  is  equal  to  45°. 

642.  Prop.  The  range  upon  any  plane  D P,  is  equal  to  the  produM 
of  the  parameter  and fines  of  the  angles  formed  by  the  plane  and  direc- 
tion of  projedliony  and  the  plane  and  a perpendicular  to  the  horizon , di- 
vided by  the  fquare  of  the  cofine  of  the  plane  s elevation , 
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Dem.  From  trigon.  DP : DR:: fm, lDRP or /-ADRi{\n:/.DPFi 

DRiDA::im./-DARorLPDR:tm,ARDor/.RPDovDPF; 

and  confequently  DP t DA : : fin.Z.  ADR  x fm.Z_  PDR i fin  ?L.DPF or 

. Dns?  , DA  x fin.  L.  ADR*  fin.  L.  PDR 

coi*  z.  PDF , .and  DP  — —— 

&E.  D. 


cof.2  /-PDF 


FIG. 

CLXXV. 


6430  Cor.  I. Xet  S — the  fine  of  the  angle  contained  between 
the  plane  and  the  directions  the  fine  of  the  angle  contained  be- 
tween the  direction  and  the  parameter  DA  perpendicular  to  the  ho* 
rizon  j and  C~  the  cofine  of  the  angle  contained  between  the  plane 

and  the  horizons  and  the  rang eZ)P=— ~ ^ 3 and,  becaufe  DA 

varies  as  the  fquare  of  the  velocity,  or  Vz%  DP  is  as  ^ 

.This  corollary  may  be  demonftrated  differently  by  the  following 
procefs : let  V be  the  velocity  of  projection,  or  number  of  feet  de- 

n jy/ 

fcribed  uniformly  in  1",  and  V : DR  ::  i" : —pr-  — the  time  of  de- 


fcribing  DR  or  RP3  and  RP 


, DRZ  . 

l6  X -T7^—  (529) 


Vz 


c s 

DR  = DP  x - , therefore  DP  x : 


DP  X bu»t 


, DP2  X C2 
16  x~pT^e>T’  and  con- 


sequently 


DP  _ 

— jf)  xC 16  * 


644.  Cor.  2.  If  DP  be  bifefted  in  AT  and  MV  be  drawn  perpen- 
dicular to  the  horizon,  the  greateft  altitude  MVxsz  -MT  = \PR’} 

J^iJp  V 

but  PR  : DP  ::  S : ^ and  PP  ==  — — • = (fubftituting  the  va- 

V2  x S2 

lue  of  DP)  — pi — 1 and  confequently  A/P,  or  the  greateft  alti» 

. ' V*xS*  ■ 

tude  vanes  as  — 7-.- — v 


645.  Cor. 


H9 
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645.  Cor.  3.  The  time  of  the  flight  is  equal  to  the  tim*  of  de- 

D R 

fcribing  DR,  and  is  as  i or,  if  V~  the  number  of  feet  de- 
feribed  uniformly  in  1"  with  the  velocity  of  projection,  the  time 

is  actually  equal  to  — (fig*  171.)  and  becaufe  DA 

Vx  $ 

is  as  Vz,  the  time  varies  as  — . The  time  is  alfo  equal  to  the 

time  of  defeent  from  reft  through  RP , and  confequently  varies  as 
%/FR,  or  as  S/'MF- 


* 

646.  Cor.  4.  Suppofing  V to  be  given,  the  range  DP  is  the 
greateft  when  S — or  when  the  direction  bifeCfs  the  angle  con- 
tained between  the  plane  and  the  vertical  DA-,  and  if  the  plane 
DP  coincide  with  the  horizon,  the  amplitude  DP  = D F (= 

C2  — ~ ) =* — — — (making  DP  the  radius)  = 
D F or  RN  the  fine  of  twice  the  angle  of  elevation,  DA  being 


f DP2  , DAxFR  , . 
equal  to  and  DRz  ~ being  given. 

DAxS 2 DAxFR 2 __  r> 

"TC2'  ~ 4 DP2 


The  greateft  altitude 


647.  Prop.  If  both  the  velocity  of  project  on,  V,  and  the  angle  of 
elevation , wry,  ^ horizontal  range  or  amplitude  will  vary  as  the 
frjuare  of  the  velocity  and  fine  of  twice  .the  angle  of  elevation. 


F2  x SxF 

Dem.  The  range,  being  generally  as  ^ — - (643),  will. 


when  DP  coincides  with  the  horizon,  be  as  • — ^7— r ; and,  if 


the  radius  be  unity,  S x %j=  i of  the  fine  of  twice  the  angle  of 

elevation  (trigonom.),  and  the  amplitude  confequently  is  as  Vz  x 

fine  of  twice  that  angle.  Q^E.  D. 

I i 
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Another  demonftration : . i * ; * . . 

Let  V — the  number  of  feet  defcribed  uniformly  in  i by  the 

DL" 

velocity  of  projection,  and  V:  DL  ::  i" : or  the  time  of  de- 

fcribing  DL  with  the  velocity  of  projection,  which  is  equal  to  the 

s x DLz" 

time  of  defcribing  LF  from  reft,  and  LF  — — — , fuppofing  s 

to  be  the  defcent  from  reft  in  the  firftfecond  (5.29);  but,  defcribing 

DL  x DR 


a circle  with  any  diameter  DA , LF  — 


DA 


(fim.  triang.), 


s x DL2 

and  consequently  — y- — 


DLxDR  DRxF 2 

DA  ’ andI)i  = Tx“DZ: 


DL  x RN  RN  x V ^ 

and  DF  (=  - —jjR — from  fim.  triang.)  = ~xDA~*  and  varies 

as  V2  x RN3  becaufe  s and  DA  are  given.  QFB.  D. 


V2  x S2 

648.  Cor.  The  greateft  altitude  is  generally  as  — y- — (644),  or 

V2  x S2 

when  DP  is  horizontal,  as  - — or,  the  radius  being  unity,  as 

V2  x verfed  fine  of  twice  the  angle  of  elevation  ; for  Sz  ~ { of  this 
verfed  fine.*  This  corollary  is  alfo  deducible  from  the  fecond  de- 
mon lira  tioix;  for  the  greateft  altitude  = ^ ^7j)A  ^ ~ 

DR 2 x V 2 V 2 x D N 

(fubftituting  the  value  of  DL)  ~ as  x DA?  an<^  con” 

fequently  varies  as  V2  x DN%  $ and  DA  being  given. 

649.  Prop. 


* Let  the  arcs  DFy  EFr  and  the  angles  DCF  and  ECFy  be  equal,  and,  FCD  being  the 
angle  of  elevation,  EL  drawn  perpendicular  to  the  radius  C/>,  is  the  fine,  and  DL  the  verf- 
ed fine,  of  twice  that  angle;  and,  joining  ED  and  drawing  GH  from  G,  the  interfe&ion 
of  CF  and  ED,  parallel  to  DL9  E H zz  * the  fine,  and  the  verfed  fine.  But  the 

triangles  EGH  and  ECG  are  fimilar,  the  angles  at  fif  and  G being  right,  and  the  Z EGH  ~ 
Z EDC  =:  Z CED  ; therefore  EG  (=  FN  = S)  : EHuCE  (~  i)  : CG  (=  CNzz  £J,  and 
EH^,  $ X And  EG  or  S 1 GH  (zz  \LD)  ;;  CE  ; EG,  and  confequently  GH  =.  S1* 


0 


PROJECTILE  MOTION. 

649,  Prop*  The  'velocity  of  projection,  V,  or  number  of  feet  de- 

fer the  d,  uniformly  hi  T with  that  velocity , and  the  angle  of  elevation , 
E,  being  given , the  amplitude , altitude , and  time  of  flight . 

1.  The  fpace  deferibed  from  reft  to  acquire  the  velocity  of  pro- 

Vz 

to  — 

41 

vation  — 45°,  is  equal  to  — (635)1  but  the  amplitudes  are  as 
the  times  of  twice  the  angles  of  elevation , and  confequently 

fTz  * , ; 

fin,  of  90° : fin.  of  2£  ::  — , or  \ parameter  : amplitude,  which  is 

v 2 S 

therefore  known. 

r 

2.  When  the  angle  of  elevation  = 45%  the  altitude  = | of  the 

Fz 

parameter  = gj,  and,  the  altitude  being  always  as  the  verfed  fine 

of  twice  the  angle  of  elevation,  the  verfed  fine  of  90°  : verfed  fine  of 

Vz  » 

2E  ::  o~  : altitude,  which  is  therefore  known* 
o s 

3.  When  the  angle  of  elevation  is  90%  the  time  of  the  flight  is 

Fz 

equal  to  the  time  of  falling,  from  reft,  down  the  parameter,  — , 

J/" 

and  = y — pg  — — , and  the  times  of  flight  being  as  the  fines 

fT" 

of  angles  of  elevation  (637),  the  fine  of  90°  : fine  of  £ ::  — : 
time  of  the  flight,  which  is  therefore  known*  QJE.  1 

650.  Prop.  The  amplitude  and  the  angle  of  elevation , E,  being 
given , to  find  the  velocity  of  projections  and  the  altitude • 

I i 2 


jection  is  equal 


and  the  amplitude,  when  the  angle  of  ele- 
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PROJECTILE  MOTION. 

x.  Let  the  parameter  = P,  and,  when  the  angle  of  elevation  is 

P 

45°,  the  amplitude  = - i therefore,  the  fin.  of  a E : fin . of  90° 


given  amplitude  : — , which  is  therefore  known;  and  the  ve~ 

4M 

locity  of  projection,  being  equal  to  that  acquired  in  falling  from 

P . / P 

reft  through  — , is  alfo  known,  being  equal  to  4 s x — feet  in 

j"  (529)*  - ■ ■ 


2.  The  altitude  is  found  when  the  parameter  is  known,  by  the 
laft  propofition. 

Gr,  The  altitude  is  eafily  found  by  the  following  procefsr  Bu 
F I G.  feft  the  amplitude  D P in  M,  and,  drawing  MT  perpendicular  to 

C kxxvn.  j)  q the  angles  in  the  triangle  D.M-%,  and  the  fide  DM%  are 
known,,  and  MT  may  be  found  from  trigonometry;  and  confe- 
quently  MV  — \MT  is-  known.  C^E.  L \ - 

S C H OLIU  M. 

651..  By  a fimilar  proeefs  the  converfe  of  thefe  propofitions  are: 
eafily  folved,  that  is,  i.  the  amplitude  and  altitude  being  given,  to- 
find  the  velocity  of  projection  and  angle  of  elevation ; z.  the  ve- 
locity of  projection  and  altitude  being  given,  to  find  the  ampli- 
tude and  angle  of  elevation  * and,  3.  and  the  angle  of  elevations 
and  altitude  being  given,  to  find  the  amplitude  and  velocity. 


S C Hi  O L I U M JL 

652.  In  the  theory  of  projectiles,  the  medium  is  fuppofed  to  be 
void  of  refiftance3<  which  fuppolitiou  does  not  obtain  in  practice, 
the  refiftance  of  the  air  being  variable  according  to  the  different 
velocities  and  magnitudes  of  the  projectiles,  and  always  confider- 

able* , 


. 


■ -i . • ••  »«.•  • - 
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* 
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PROJECTILE  MOTION. 

able.  I.  If  a mulket  ball,  of  Jth  of  an  inch  diameter,  be  fired, 
from  a piece  forty-five  inches  long,  with  half  its  weight  of  pow- 
der, its  velocity  is  nearly  1700  feet  in  1",  and  its  horizontal  range, 
when  the  angle  of  elevation  is  45°,  ought  to  be  about  feventeen 
miles ; but  from  practical  writers  it  appears,  that  the  range  is 
lefs  than  half  a mile.  An  iron  ball  of  241b.  weight,  difcharged 
with  a full  charge  of  powder,  has  a velocity  of  1650  feet  in  1", 
and  its  horizontal  range  at  450  would  be  about  fixteen  miles,  were 
the  path  defcribed  a parabola;  but,  from  experiments,  it  appears 
not  to  be  three  miles,  and  not  ^th  part  of  the  fpace  inveftigated  by 
the  theory.  When  th&  velocity  of  the  fhot  is  about  400  feet  in 
j",  the  refiftance  of  the  air  is  ftill  confiderable,  and  neither  the 
amplitude,  height  or  time  of  flight,  correfpond  with  the  theory. 
This  refiftance  is  confirmed  by  the  conftant  obfervation  of  all  con- 
verfant  in  the  projection  of  bombs;  for  the  ranges  at  elevations 
equally  diftant  from  450,  ought,  according  to  the  theory,  to  be' 
equal;  but  the  ranges  of  a fhell  projected  at  an  elevation  of  150 
or  200,  are  always  found  to  be  greater  than  thofe  projected  at 
elevations  equal  to  6o°  or  65°,  though  equally  diftant  from  450. 

ProjeCtiles,  whofe  motion  is  fenfible  to  the  eye,  are  feen  to  de- 
fcend  in  a curve  obvioufly  fhorter,  and  inclined  in  a greater 
angle  to  the  horizon,  than  that  in  which  they  afcended;  and 
whoever  views,  in  a proper  fituation,  the  flight  of  (tones,  arrows,, 
(hells,  &c.  projected  to  any  confiderable  diftance,  may  fee  evidently 
that  the  vertex  of  the  curve  or  greateft  altitude,  divides  the  path 
defcribed  into  two  unequal  parts,  and  is  more  remote  from  the 
point  of  projection,  than  where  the  projectile  falls  to  the  ground. 

s c h o Liu  m in: 

653.  A*  body,  projected  with,  a confiderable  velocity,  is  often 
npt  only  affeCted  by  the  refiftance  of  the  air,  and  defleCled 
from  a parabolic  path  in  a direction  perpendicular  to  the  hori- 
zon, but  is  made  to  deviate  laterally  and  change,  the  plane  of 
motion.  The  path  of  a tennis-ball,  ,ftruck  with  great  force,  is; 
plainly  obferved  to  be  incurvated  fideways  as  well  as  downwards, 
and  to  move  in  a different  plane  from  that  arifing  from  the  com-- 
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PROJECTILE  MOTION. 

bined  action  of  gravity  and  force  of  projection.  Ballets  are  not 
only  deprefl'ed  beneath  the  line  of  projection,  but  defleCted  to  the 
right  or  left  of  that  direction  by  the  refiftance  of  the  air,  or  aCtion 
of  fome  other  force.  Mr.  Robins  fixed  a barrel,  carrying  a ball 
of  Jth  of  an  inch  diameter,  and,  firing  at  a mark,  one  foot  and  ;th 
fquare,  at  the  diftance  of  180  feet,  miffed  it  only  once  in  fix  teen 
fuccefiive  trials ; but  when  the  fame  barrel  was  fired  with  a fmaller 
quantity  of  powder,  he  found  the  ball  to  be  defleCted  ioo  yards 
to  the  right  or  left  of  the  line  aimed  at  and  placed  at  the  diftance 
of  760  yards ; and  its  direction  in  the  perpendicular  was  equally 
uncertain,  its  range  differing  fometimes  200  yards.  Becaufe  the 
force  of  gravity  aCts  always  in  a direction  perpendicular  to  the  ho- 
rizon, a body  projected  in  any  direction  would,  if  unrefifted,  be 
always  in  the  fame  vertical  plane,  which,  as  is  obferved,  is  not  true 
in  faCt;  and,  therefore,  befides  the  refiftance  of  the  air  to  the  pro- 
greflive  motion  of  the  body,  there  is  another  lateral  force  producing 
a deviation  from  the  plane  of  projection,  which  is  probably  the 
inequality  of  refiftance  upon  its  fin  face : for,  if  the  furface  of  a 
projeCtile,  protruding  the  particles  of  a fluid,  be  equally  refilled  in 
every  point,  it  is  obvious  that  the  plane  in  which  it  firft  moves  is 
not  altered.  But  fuppofing  the  refinances  upon  different  fides  of 
a body  to  be  unequal,  it  will  be  impelled,  by  the  greater  refiftance, 
towards  thofe  parts  where  the  refiftance  is  leaft;  and  thus  either 
diverge  laterally  from  the  firft  plane  of  motion,  or  afcend,  or  de- 
fcend  in  that  plane,  beyond  the  altitude  inveftigated  by  the  theory. 
A motion  of  rotation  round  an  axis  will  produce  this  inequality 
of  refiftance  upon  the  different  fides  of  a projeCtile,  and  confe- 
quently  its  irregular  motions ; for  the  parts  of  a revolving  body 
are  expofed  to  the  air,  which  is  protruded,  in  different  angles  of 
obliquity  and  with  different  forces,  and  mull  therefore  be  differ- 
ently refilled.  If  the  axis  of  rotation  be  perpendicular  to  the  di- 
rection, the  body  will  be  defleCted  naturally  from  the  vertical  plane; 
and  becaufe  the  velocity  of  the  body,  and  confequently  refiftance 
of  the  air,  are  variable,  this  deflection  will  be  different  in  different 
points,  or  it  will  be  a curve  line.  That  this  lateral  deviation  is 
produced  by  a motion  of  rotation  feems  to  be  confirmed  by  expe- 
riments. Let  a fphere  of  wood,  fufpended  freely  by  a cord  in  a 

current 
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current  of  air,  be  made  to  revolve  round  a firing  as  an  axis,  and 
the  parts  of  its  furface,  on  oppofite  tides,  oppofing  or  confpiring 
with  the  motion  of  the  particles  of  the  fluid,  are  unequally  im- 
pelled by  it,  and  the  fphere  is  always  defledled  towards  that  fide 
whofe  refiftance  is  ieall.  Or,  let  a wooden  ball,  loaded  with  lead, 
be  fufpended  freely  in  a ftream  of  water  by  a twilled  cord;  and, 
as  the  cord  returns  to  its  natural  ftaic,  the  ball  revolves  round  it, 
and  moves  gradually  towards  the  fide  where  the  refiftance  is  leall, 
or  where  the  parts  confpire  with  the  motion  of  the  water.  When 
the  ball  arrives  at  its  utmoft  extent,  it  is  quiefcent  for  a moment, 
and  returns  gradually  to  its  firft  fituation,  and  is  again  quiefcent 
till  the  motion  of  the  ball  twill:  the  cord  the  contrary  way,  and  it 
then  moves  alfo  towards  the  other  fide;  and  in  this  manner  the 
ball  continues  to  vibrate  till  its  motion  be  deftroyed  by  fridtion, 
and  it  remain  quiefcent  in  its  firft  fituation*  The  magnitude  and 
diredlion  of  refiftance  of  the  air,  and  confequent  deviations  from 
theory,  can  only  be  afcertained  by  a feries  of  experiments,  which,, 
refulting  from  the  operation  of  caufes  apparently  fluftuating  and 
uncertain,  produce  an  inconfiftency  in  the  fame  experiments,  and 
render  the  fubjedt  at  leaft  very  complicated  and  difficult  ■*. 

V • • «-  . ! * « , 

• See  Robins’s  Tra&s  of  Gunnery,  p9  i B j,  &c»  and  Euler’s  True  Principles  of  Gunnery  ? 
by  Mr,  Brown, 
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ERRATA  xt  ADDENDA. 

. , . * . . .i  ,v  . - . > * * . , • . t * * > 

' . 1 ' T • t t » ' ' f ’ ' ' ’ * r . » » v * , * **  f 

Pag.  2.  tin.  7®  /of  of  that,  read  that. 

to.  art.  1 5.  for  the  exiftence  of  ratios,  read  the  exigence  of  the  fneafures  of  ratios# 

24.  art®  48.  ex.  1.  for  LA,  read  Lm,  and  for  L a,  read  LA. 

29.  ex.  2.  deft  or  clofenefs. 

37.  art.78.  for  all  infinitely  great,  &c.  read  all  infinitely  great  or  fm all  magnitudes  com- 
pared with  each  other,  admit  of  the  fame  inequality  of  ratios  with  finite 
magnitudes. 

42.  art.85.  dek  the  remotenefs  of  the  elementary  particles. 

67®  lin.  8.  after  velocity,  read  when  in  motion, 
fig.  26.  the  letters  L,  M,  wanting. 

g I # art.  1 94.  for  M BN,  read  P B N. 

82.  art. 200.  after  BD,  put  BE* 

83.  art.  204.  dele  in  the  fame  direftion# 
fig.  48.  the  letter  D wanting. 

Hi.  ex.  3.  for  fire,  read  fibre. 

si 5.  line  the  laft.  after  velocities,  put  in  oppolite  direftions. 

148.  for  fig.  16.  read  fig.  106. 

152.  1.  .by  the  direftion  of  the  refinances  is  underftood  the  right  line  in  which  the  re- 
filling forces  aft,  and  by  the  quantities  of  the  refiftances  are  underftood,  not 
the  quantities  really  exerted  upon  the  wedge,  but  which  would  be  exerted 
if  no  part  were  loft. 

186.  the  following  corollary  wanting  to  art.  470.  If  the  circle  does  not  cut  or  touch  the 
line  DU,  the  bodies  will  never  meet. 

^ c Tr  * * , velocity  of  V x SJ 

197.  art.  500.  jor  =*=  velocity  of  V X SA,  read  = — ~y '* 

,198.  art.  500.  I.  2.  for  m X S E,  read  m X SV  X SC* 

231.  art.589.  for  arc,  read  chord,  in  which  corollary,  the  body  is  fuppofed  to  vibrate 
in  the  chords. 
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